t

Mathematical Models
of Target Coverage and
| Missile Allocation

A. ROSS ECKLER
STEFAN A. BURR

i

AT

DT~

GCT 1 01584

7" Reviewed & Edited by the MORS
Standing Publications Committee

>
- % DR. JAMES K. ARIMA CDR JAMES J MARTIN, USN
] 2 DR. WALTER DEEMER MR. SIDNEY MOGLEWER, Chairman
3 '».J:IJ DR. STANLEY L. DOLINS MR. ALFRED S. RMODE
;: DR. ROBERT J. LUNDEGARD DR. JACOB A STOCKFISCH
=3 Sponsors
E:" The Chief of Naval Research

The Chiei of Research & Development, U.S. Army |
The Assistant Chief of Staff, Studies & Analysis, U.S. Air Force .

ol i b e R s
bt

84 07 51 069




MORS Board of Directors

LTC Richard Wm Anson, USA
Dr James K Anma

Mr Lous Baeriswyl Ji

Dr Albert 8 Bishop. It

Dr Jack R Borsting

Dr. Marion R Bryson

COL Rodenick W Ciarke, USAF
Mr John P Coyle

Mr Charles J DiBora

Mr Norman Farrel!

Mr John D Kettelle

Mrs Joann K Langston

Dr. Stanley J Lawwill

Dr Glenn F Lindsay

Dr. Robert J Lundegard

Mr. Sidney Moglewer

CAPT E€dward D Napier. USN
Mr. Alfred S. Rhode

Mr. Richard H Rose

Mr. Bernard B. Rosenman
Dr. Robert K. Squire

Mr. Robert M Stevens

Dr Jacob A Stockfisch

Mr. Clayton J. Thomas

Mr. Eugene . Visco

Or. Sigmund L. Waleszczak
Dr. Kenneth L Yudowisich

Mr John K Waltker Jr

Sponsors’ Reprasentatives

Mr Robert J Miler. Navy
Mr F_Pau! Dunn, Army
Dr Carroll L. Zimmerman, Air Ferce




Mathematical Models
of Target Coverage and
Missile Allocation

A. ROSS ECKLER
STEFAN A. BURR

PRI ST e
{.’ 3 1 ‘jﬁ )
!,;’ B ERE ’

PUBLISHED BY o
Y ) \\;$Y,’(&\\An_“j_}}[}['{{r{/, | I

\ \'\“\\” R ;s Socpn,
o ﬂ\\\; - . (:/1)
o 3

Reproduction in whole or 1n part 1s permitted
for any purpose of the U.S Government.

- — g e

1972

——
4

§
E
*§
%;;

sl

I,

T

3 I 1 R A | et S}



o1 i

EERE

Copynght By ©
Military Operations Research Soctety
1972




HISTORICAL NOTE

The art of projecting missiles is very old, dating back at
least to the Roman ballista, but it was placed on a scientific
footing unti] the sixteenth century, when the Italian mathematician
Niccolo Fontana Tartaglia studied the trajectories of missiles fired
from weapons ranging from pistols to cannon. As the first mathe-
matician to optimize the aim of a weapon one might call him the
prototype of the modern missile analyst. Yet his knowledge was
purchased al a price, as revealed by the following passagc toward
the end of the dedication in his Nova Scientia Inventa (1537):

"But then in reflecting one day it struck me as blame-
worthy, infamous, and cruel, and meriting no small
punishinent before God. to wish to refine an art so
injurious to one's fellow men — a vile destroyer of
the human race, and especially of Christians in their
incessant warfare."

Similar misgivings about the social consequences of scientific work
devoted to war have been expressed ever since, culminating in the
angst of the atomic scientists after World War II. The authors of
this monograph are not immune: but our concern has been tempered
by the hope that a quantitative understanding of missile defense
strategies may actually reduce the probability of intcrnaticonal con-
flict. At the very least, this monograph should discourage any
naive belief that a perfect defense is possible.
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FOREWORD

The publication of this monograph represents a new venture
in our continuing effort to broaden the services that the Military
Operations Research Society (MORS) offers to the professional
military operations research analyst. It is our hope that the re-
sponse generated by this publication will enccurage a continuing
series of monographs of special interest to our society. In particu-
lar, we place high value on the encouragement to authors that such
a series might offer and the consequent enlargement of the litera-
ture of military operations research.

The MORS is extremely fortunate and proud to have Drs.
Eckler and Burr's monograph as cur first publication. A first pub-
lication always sets a standard for others to follow. As such, this
monograph represents the highest standards of both technical excel-
lence and relevance to military operations research.

I also want to recognize the MORS committee on publication
and its Chairman, Mr. Sid Moglewer, who conceived of this project
and carried it through to the very successful conclusion. Particu-
lar recognition should go to Dr. Walter Deemer, who as a member
of that Committee identified the original manuscript and gave gener-
ously of his time to its publication,

ROBERT H. STEVENS
President 1971-72
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PREFACE

It is commonplace for the authors of a survey monograph to
invite readers to submit additions or ccrrections for a possible
later edition. We are keenly awarc that we are guilty ot sins of
omission, for the literature on the target coverage and missile al-
location problem is widely dispersed, and much of it is virtually
inaccessible to the layman. We are interested in giving credit for
priority associated with each methodology; however, our major in-
terest 1s not in tracing the historical thread of a development but in
making sure that the most important ideas have been brought to-
gether and systematically compared.

In a book with two authors, questions inevitably arise concern-
ing the nature of each one's contributions. The senior author (A. R.
Eckler) has been responsible for searching the literature for rele-
vant material, for deciding upon the basic structure of the book, and
(for the most part) for writing up results in a form intelligible to
the non-mathematical reader. The junior author (S, A. Burr) has
been responsible for correcting, claritying and occasionally develop-
ing in detail the mathematics, as well as improving the organization
and exposition of the monograph in many sections. This division of
responsibility may help the reader decide to whom any criticisms,
additions or inquiries should be addressed.

Many sections of this monograph were originally developed
by Bell Telephone l.aboratories colleagues of the authors during
the years 1965 through 1970; their work has materially enhanced
the scope of this book One of the motivations for writing this book

was to bring their excellent work to the attention of a wider audience.

These contributors were:

D.J. Brown* J . A. Hooke M. J. Spahn*

J . Eilbott S . Horing C . W, Spofford

M. L. Eubanks* D.Jagerman R.E. Thomas

D. Guthrie* H . Polowy* M. S. Waterman*

H. Heffes W. L. Roach F. M. Worthington*
S. A. Smith

An asterisk after the name indicates that the author is no longer as-

sociated with Bell Telephone Laboratories. It is hoped that sufficient

details of their work have been given to satisfy the needs of most
readers interested in missile allocation strategies. However, the
occasional reader who requires more detailed information about
these models may telephone the senior author at Bell Telephone
Laboratories, Holmdel, New Jersey.

A. Ross Eckler
May 7, 1972 Stefan A, Burr
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CHAPTER ONE

AN OUTLINE OF CBJECTIVES AND SOME
UNDERLYING ASSUMPTIONS

Durmy the past twenty years a large number of mathemati-
cal investigations have bheen carried out in two broad arecas: (1)
properties of attacks on point and area targets by weapons having
various aiming-errors and destruction capabilitics: (21 allocation
of missiles for the defense of a vroup of point targets, and alloca-
tions of weapons for attacks acainst a group of point targets, Un-
fortunately, these investigations are so varied and so widely scat-
tered that it is difficult to obtain a unified view of the subject.
Some are fouad in the classified literature: others are reported on
in government and company documents: many have been published
in the Annals of Mathematical Statistics, Journal of the American
Statistical Association, Technometrics, Biometrika, Journal of the
Operations Research Society of America, SIAM Review, American
Mathematical Monthly, and similar journals. The object of this
moncgraph is to bring together these investigations and present
them in a more or less logical pattern.

None of the references actually cited in this monograph is
classified. Perhaps surprisingly, it has not been found essential
to cite any. Mathematical models, by their nature, do not normally
require classification, and it appears that the authors of classified
studies have usually tried to publish the mathematical aspects of
such studies in the unclassified literature. It is hoped that this
monograph may serve to encourage this practice.

Although all references are unclassified, many (particularly
government and company documents alluded to previously) are not
easily obtainavle. Many documents are available through the
Defense Documentation Center (DDC), Cameron Station, Alexandria,
Va. The general difticulty of obtaining such information was onc of
the motivations for writing this book.

This monograph is directed toward two different classes of
readers. The more important reader is the engineer who is
charged with the responsibility of designing a rvational inissile de-
fensc of a group of targets threatened by an offensive weapon force
(such as intercontinental ballistic missiles, or shorter-range
submarine-launched missiles). Generally he has neither the time
nor the inclination to wade through detailed mathematical proofs
in order to extract the cssentia! ideas in a potentially relevant
article. Accordingly, this monograph omits most mathematical
proofs except those of a trivial nature; the reader interested in

.3
3
%




e

i il KT

proofs must zenerally examine the original references. The few
exceplions o this policy generally represent cases where no ude-
guale prool exists in the litersture, and even then proofs are often
only sketehed. Instead, great emphasis has been placed on dis-
playing the underlying assumptions of cach model, comparing or
contrasting it with other models,

This monograph is also directed toward mathematical ana-
lysts, particularly game theorists and probability theorists, It is
clear that there are many challenging unsolved problems in missile
offense and defense. In varicus places in the text, conjectures are
stated: sometimes, these arc supported by numerical examples or
by Montc Carlo simulation. In other places, the omission of coer-
tain topics sugeests areas ol further research. For example,
damage assessment strategies ure discussed when the targets being
defended have the same value, but no mention of this topic is made
when considering targets of unequal value,

This monograph may interest thosc concerned with opera-
tions research in general. Even though the models in this mono-
graph are idealired, for the most part they have arisen from at-
tempts to apply mathematics to real problems. There is something
to he learned from examining the compromises betlween realisia

and mathematical tractability that have been made.,

Finally, somc of the models considered may be applicable to
topics other than missile allocation. In fact, a number of the ref-
erences in this monograph use either non-military examples, or
are formulated abstractly. For the sake of exposition, such ref-
ecrences are often presented here in a manner that may suggest
the author had missile allocation in mind when in fact such was not
the case. Perhaps the most striking example of this is Kabak's
paper at the end of Scction 3.6: he applied the mathematical model
to the scheduling of the delivery of babies. Further, the reader is
forewarned that minor changes and corrcections have been made
(usually without comment) in the formulations and solutions of the
models of the references. However, these changes do not affect
the basic results of the original work.

In many missile offense and defense studics (particularly
those which appear in the classified literaturel, a large number of
detailed assumptions arc made in order to mirror reality as close-
ly as possible. The resultant mathematical model is usually so
complicated that analytic solutions are impossible. Typically, it
then becomes necessary o resort to Monte Carlo simulation on a
dirital computer in order to evaluate the results of strategies ar-
rived at externally to the model. Simulation can rarely generate

enoush different results to {ind an approximate optimum with high
confidence. This monogravh, in contrast, attempts (o dissect these
complex models into their component parts, examining the effects
of assumptions taken a few at a time, By doing this, an analytic
formulation is often possible, and one can better understand the
effects of cach assumplion upon the final answer. In short, 1t is
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unlikely that the modeis presented in this monograph can be used

directly to solve realistic missile offense and defense problems,

but it is hoped that they may provide insight into such problems
and may be used as part of a practical solution. At the very least,
the missile analyst should gain sonie idea of the likelihood that an
analytic approach to this problem would be fruitful.

1.1 THE CHOICE OF A CRITERION OF EFFECTIVENESS

If the defense knows the size of the offensive stockpile to be
used against a set of targets, and the offense knows the sizc of the
defensive stockpile, the c¢riterion of effectiveness generally used
is that of expected target value destroyed (or saved). The defense
wishes to select strategies which minimize this quantity, whereas
the offense wishes to select strategies which maximize this quan-
tity., One speaks of expected target value destroyed, rather than
actual target value destroyed, because of the typical uncertainties
of the outcome of the engagement; for example, it is usually as-
sumed that an unintercepted offensive weapon has a probability p
of destroying the target against which it is directed, and a defens-
ive missile has a probability p» of destroying the offensive weapon
it is directed at, Furthermore, in multiple target situations, the
actual number of defensive missiles and offensive weapons asso-
ciated with each target is likely ‘o be unknown to the defense.

Although the criterion of expected target value destroyed has
the great virtue of mathematical tractability, it may not be the
most suitable criterion in a specific missile oftense or defense
problem. For example, the defense may be much more anxious to
know how much target value will survive (say) 90 per cent of all
attarks of a given size. Ordinarily, criteria such as these are
much more difficult to deal with analytically: however, they can
easily be used in Monte Carlo simulations. Instead of dctermin-
ing the probability density function of surviving target value, one
might perhaps seek to calculate the mean and variance of this
density.

Instead of minimizing the expected target value destroyed,
the defense can elect to maximize the probability that no target
value is destroyed. This alternative criterion is particularly
appealing when the number of defensive missiles available at a
target (or group of targets) equals or exceeds the number of of-
fensive weapons directed at that target (or group of targets), This
might be the situation in an accidental attack; however, it scems
plausible that a determined and rational offense will not normally
attack a target unless he can count on fairly heavy damage. Anal-
ogously, the offense can elect to maximize the probability that all
target value (or a predetermined function of target value) is de-
stroyed, if surviving targets are intolerable from his standpoint.

It is likely that the choice of a criterion will depend more
strongly upon the nature of the target than on the relative numbers

AR bl IRt e ibiand o it i)

A R S



4 1.1

of defensive missiles and offensive weapons. 1t seems reasonable
to use the expected target value destroyed criterion for targets
such as buried silos containing ICBMs; the usefulness of undamaged
targets does not depend upon the fraction cf targets destroyed.
However, if one considers targets such as cities, it may happen
that even a relatively small amount of damage will have almost as
catastrophic effects as a large amount of damage. (Penetrators
after the first contribute very little more to the general catastro-
phe.) If this is so, a defense stratepgy which maximizes the proba-
bility of no damage (even though the probability of no damage is
rather low) may be the rational one tc cho2se. These are difficult
and controversial choices, and the reader will not find the answers
to them in this monograph.

A third criterion of effectiveness is defined if one minimizes
the expected number of weapons not intercepted by the defense.
This asymptotically approaches the first criterion when the proba-
bility of target destruction (or the expected {raction of the target
destroyed) by an unintercepted weapon approaches zero. There
exist at least three significant cases in which the second and third
criteria lead to identical defense strategies, and many in which they
differ. It would be of considerable interest to specify the precise
range of conditions under which different criteria lead to the same
strategy. Three cases where they do lead to the same strategy are:

1. A single target is attacked by A weapons and defended hy
D missiles. Each missile destroys the weapon at which
it is aimed with probability ;; missile engagement out-
comes are independent of each other. Target damage is
proportional to the number of weapons which are not de-
stroyed (in other words, the expected target value de-
stroyed is proportional to the expected number of
weapons which are not destroyed).

2. A set of T equal-valued targets is attacked by one offens-
ive weapon apiece, and defended by D missiles. Each
missile destroys the weapon at which it is aimed with
probability ;1; missile engagement outcomes are inde-
pendent of each other. The probability that the ith target
is destroyed if the weapon directed at it is not inter-
cepted is permitted to depend on i,

3. A single target is attacked by A weapons and defended by
D missiles. Each missile destroys the weapon at which
it is aimed with probability »: missile engagement out-
comes are independent of each other, The defense uses
a two-stage shoot-look-shoot strategy; that is, it allo-
cates D-m missiles to the attackers, observes which
attackers survive this defense, and then allocates m mis-
siles to the survivors. Target damage is proportional
to the number of weapons which are not destroyed at
2ither stage (in other words, the expected target value
destroyed is proportional to the expected number of
weapons which are not destroyed).
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1.1 5

However, the two criteria lead to different defensive alloca-
tions in the folfowing single-target situation. Assume that the de-
fense has D missiles and the offense has A weapons, but that the

- actual attack size is given by the probability density function
- - Pr (i attackers) = D i=1,...,4, Epi = 1. The probabilities P

are assumed to be known by the defense. A simple numerical ex-
ample will illustrate that different defense strategies are required.
Assume that A = D = 3, and that Py = 0.3, Py = 0.1 and Py = 0.6.

Assume also that the defensive missile reliability p is equal to 0.5.
The defensive strategy minimizing the expected number of pene-
trators consists of allocating one defensive missile to each offen-
sive weapon that arrives; the expected number of penetrators is
equal to 1.15, and the probability of no penetrators is 0.250. The :
defensive strategy maximizing the probability of no penetrators
consists of allocating two missiles to the first arriving weapon and
one missile to the second arriving weapon; the expected number of
penetrators is 1.30 and the probabilily of no penetrators is 0.265. .
As in the above example, however, the two criteria lead to fairly -
similar results.

If the defense has no information about the size of the offen-
sive stockpile, it is not pnssible to design a strategy which mini- =3
mizes the expected fraction of targets destroyed (or maximizes the
probability that no targets are destroyed). However, other criteria
can be formulated. If the offense fires weapons one at a time against =
a single target, one natural objective for the defense is to maximize =
the expected number of weapons until the first penetrator (that
weapon which destiroys the target). =

Alternatively, the defense can design its strategy so that the =
expected payoff per offensive weapon is as small as possible. To B
do this, the defense selects a strategy so that the expected fraction '
of targets destroyed (or, for a single target, the probability of tar- =
get destruction) is essentially proportional to the attack size. Ob-
viously, it is not possible to maintain proportionality beyond that
attack size which exhausts the defensive stockpile.

Let A denote the attack size which exhausts the defense, and
let F denote the expected fraction of targets destroyed at that time. :
For attacks of size a = A, and under appropriate assumptions, the
expected fraction of targets destroyed will follow un exponential :
law: =]

E=F+ (1-F) (1 - exp(-a (a-A))) s
where a is a measure of target hardness and offensive weapon vield

and accuracy. The object of the defense is to select the pair (F,A)
- so that

- F/A =max E/a . '_
a=A -4




It is not hard to show that if the pair (F,A) is selected so that
F = a A/(1 + ¢A), then for all a > A, dE/da < F/A, and the de-
fense objective is assured.

Other criteria of optimality can be proposed. What seems to
be needed is an underlying logical framework within which these
and other criteria might be placed and compared. What is a natural
criterion to choose in a given defense situation? 1f (as appears to
be the situation) the criterion is related to the degree of knowledge
each side has about the other, such a choice may have to depend
heavily on intuition.

As a final comment, it should be emphasized that the choice
of a criterion is usually sumewhat arbitrary and its definition is
usually based on imprecise data. For this reason, it may often be
appropriate to choose a criterion for its mathematical tractability,
rather than for its closeness to some possibly arbitrary objective.

1.2 SOME COMMENTS ON THE SCOPE OF THE MONOGRAPH

No attempt has been made to formulate and compare mathe-
matical models for all aspects of missile offense and defcnse; this
scction briefly describes tne scope and limitations of this work.

To begin with, yuestions involving costs or economic use of
limited resources have been ignored (with the sole exception of
Sections 6.3 - 6.3.5). The mathematical models in Chapters 4 and
5 usually begin with assumptions about offensive weanon and defen-
sive missile stockpile sizes, and the probabilities that a target
survives an attack by either an intercepted or unintercepted weapon.
To calculate such probabilities, it is necessary to know such param-
eters as the reliability of the defensive missile, the yield of the
offensive weapon, the aiming-accuracy of the oftensive weapon, and
the hardness of the target. In Chapter 2 the aiming-accuracy is
included in the mathematical model, but the yield of the weapon and
hardness of the target are lumped together in a single quantity (the
radius of effectiveness of the weapon%. However, parameters such
as these are not fixed quantities given to the missile defense engi-
neer; many different possibilities can be considered. For example,
a budget-constrained offense can manipulate weapon vield, stockpile
size and aiming-accuracy; similarly, a budget-constrained defense
can spend money either on hardening targets or procuring more
(or more reliable) defensive missiles. Economic choices are usu-
ally difficult to formulate in realistic mathematical models; often,
the missile defense engineer is reduced to proposing various equal-
cost systems and evaluating the performance of each one. The
missile allocation models of this monograph may he helpful in de -
signing a system, but they can do only part of the job.

In Sections 6.1.1 - 6.1.6 models are considered in which it is
assumed that the offense overwhelms the defense by means of radar
destruction, defensive stockpile exhaustion, or offensive leakage
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(offensive weapons penetrating when defensive missiles assigned

to them fail to destroy them)., However, the offense has other op-
tions, such as the use of concealment (blackout of radars by mcans
of chaff or atmospheric ionization) or active jammers. The mathe-
matical models in this monograph do not take tactics such as this
into account; in effect, perfect radars and adequate data-processing
facilities are assumed. (The only exception is in Section 3.5.2,
where it is assumed that the radar requires T seconds to process

each intercept.)

The only decoy model discussed in the monograph can be
found in Section 3.4.0. It is quite difficult to specify in a mathe-
matical model the changing visibility of a decoy as it approaches
the target. Also, it is not certain that the offense will want to use
decoys at all; he may prefer to use many weapons of relatively low
yield, counting on leakage or defensive stockpile exhaustion to de-

stroy the target,

With so many topics excluded, one might plausibly conclude
that there remains little for this monograph to discuss. Yet this
is far from the case; coverage and allocation problems reveal an
unsuspected wealth of possibilities, It does not seem to be gener-
ally realized that offensive and defensive strategies depend strong-
ly upon what each side knows about the other's plans, capabilities
and resources, For example, can the offense see the defensive
allocation of missiles 1o targets before allocating weapons to tar-
gets? Or must each side allocate in ignorance of the other? Does
the offense know that the defense is allocating missiles to individual
targets, or defending any of a group of targets with its missile
stockpiie‘? Does the defense know which targets have heen de-
stroyed, and cease allocating defensive missiles to them? Can the
defense predict at which target an offensive weapon is directed, at
the time a defensive missile is assigned to that weapon? What does
the defens do if he does not know the offensive stockpile size?
Questions such as these hint at the almost endless variety of pos-
sible models based on different states of knowledge.

It may be prudent for the defense to select an allocation
stratezy which makes as few assumptions as possible about the
offensive stockpile and strategy. Although such a defensive strategy
will perform less well than one using more assumptions, when
these additional assumptions are true, it may perform much better
than one using more assumptions, when these additional assump-
tions are false. The above is one way of attempting to produce a
strategy which performs reasonably well under a variety of condi-
tions., Such strategies are often called robust strategies; for ex-
ample, attempts to make damage proportional to attack size tend to
lead to robust strategies. Robusiness is clearly a desirable prop-
erty of a strategy. Unfortunately, very little investigation has heen
made of the robustness of the strategies in this monograph, One
can only reason from analogy in the {field of mathematical statistics,
where for many years statisticians have investigated the properties
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8 1.3

of various estimators of population parameters when assumptions
about the nature of the population are incorrect.

Mathematical analysis is {requently easicr to carry out if
idealized models are postulated. For example, if the area of a tar-
get is small with respect to the destructive area of a weapon, it is
convenient to treat it as a point target. On the other hand, if the
area is large, the target may be approximated by a uniform or a
Gaussian distribution of value, instead of an irregular two-
dimensional figure. Similarly, 1n order {o avoid integer constraints
on missiles or targets, it may be convenient to assume that large
numbers of missiles or targets are present and use real numbers
instead, Two limiting models of defensive missile performance
are especially useful. In one, missiles are assumed to have perfect
(or near-perfect) reliability, so that one-on-one engagements are
the only ones that occur, In the other, a very large number of indi-
vidually unreliable missiles are postulated, so that any probability
of successful interception can be achieved by a suitable allocation.
As another example of useful limiting cases, offensive weapons
may be assumed to arrive and be dealt with ecither one at a time,
or all at once: intermediate cases are generally not considered.

In general, partially overlapping defensive missile coverage is not
considered; instead, one assumes that all defensive missiles can
defend all targets in a group, and different groups are defended by
independent sets of missiles. It is usually possible to bracket the
real situation by one or more of the idealized ones, and from the
idealized ones obtain somie notion of reasonable defense strategies
to use.

1.3 ANOTHER SURVEY OF THE MISSILE ALLOCATION
PROBLEM

Matlin (1970) is '.. . only author prior to this monograph to
attempt a general surveyv of the missile allocation problem. He
briefly analyzes a total of 40 unclassified articles: ten papers
published in the Journal of the Operations Research Socicty of
America, one talk given at an ORSA meeting, and twenty-nine
government and company reports (Rand Corporation, Lambda Cor-
poration, Analytic Services Operation, Stanford Research Institute,
Boeing, General Electric, etc.). Each article is represented by a
brief abstract; it is necessary to go back to the original references
for the analytic formulas or computing algorithms.

Matlin proposes that all articles relating to the missile allo-
cation problem be fitted into a nine-part classification system:

1. weapon scope (one or more weapon types? decoys?)
2. weapon reach (what payloads can reach which targets?)

3. weapon commitment (one or more waves? launch reli-
ability ? offensive damage assessment?)
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4. target types (point targets? area targets? collateral
damage ?)

5. target value (equal values? ranked in value? different
values ? value of defensive system?)

6. defense level (undefended? terminal defense? area
defense also? defense allocation unknown 10
offense ?)

-3

engagement model (hard or soft tarygets? reliable or
unreliable defensive missiles ?)

8. damage model (zero-one or probabilistic ? total or
partial damage from a single weapon?)

9. algorithm used to calculate optimum allocation.

Unfortunately, not all missile allocation models fit conveniently in-
to this somewhat Procrustean bed; Matlin creates a special cate-
gory for models in which a probability pij is given that the ith

weapon penetrates the defense and destrovs target j.

Many of the above concepts are treated in this monograph.
However, there is a subtle difference between Matlin's work and
this monograph — his article is organized around the concept of
optimizing oftensive weapon allocations, whereus this work is
organized around the concept of optimizing defensive missile al-
locations. (Of course, there is considerable overlap between the
two topics, especially when two-sided optimizations must be con-
sidered.) Reflecting the latter philosophy, the basic chapter organ-
ization of this monograph proceeds from the no-defense case to
isolated targets, groups of equal-valued targets, groups of targets
with different values, and finally interactions between the targets
and their defense system. Chapter 4, the core of the book, con~
siders a large number of defense models principally distinguish-
able by the degree of knowledge the offense and defense have about
each otler and about the nature of the engagement; such knowledge
is less emphasized by Matlin. On the other hand, Matlin places far
more stress on such topics as decoys, multiple weapon types, and
weapons reach than this monograph does. Hence, the two surveys
should be regarded as complementary rather than competitive,

A second difference hetween Matlin's work and this mono-
graph is the degree of organization of the material. As noted
above, Mathin classifies all papers in a fairly rigid system, but this
monograph has adopted the contrasting philosophy of letting the
existing papers suggest the overall organization. Because the sub-
ject of missiie allocation has developed in an uneven fashion, this
sometim:s leads to unexpected changes in the narrative. To amel-
iorate this coufusion, detailed chapter headings and summarics at
the end of cach chapter have been introduced.
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10 1.4

1.4 A SURVEY OF MATHEMATICAL TECHNIQUES

Even a casual reader will observe that a great variety of
mathematical models are to be found in this monograph, It is,
therefore, somewhat surprising that most methods of analysis can
in fact be loosely assigned to a small number of general classes,
Although there is enormous variety within each class, such a clas-
sification is useful in studying the relationships between various
models and solutions.

The remarks to follow apply primarily to Chapters 3 through
6, and to 2 much smaller extent to Chapter 2. In fact, the content
of Chapter 2 is somewhat anomalous: the characteristic techniques
are evaluations of (or approximations to) multiple integrals, and
estimation of unknown parameters from data.

Undoubtedly the most prevalent technique to be found is that
of permitting the continuous variation of parameters which in
reality can take on only integral values, A typical example of this
approach can be found in Section 3.1. This technique creates

round-off problems which can sometimes make the results useless.

However, the round-off problem can often be controlled as demon-
strated in Section 4.3.3. The continuous approach may well be
selected more often than necessary, because fcwer people are
trained in the use of discrete mcthods than continiuous ones. Al-
though discrete methods are not as difficult to use as commonly
supposed, frequently there is considerable insight to be gained by
the continuous approach.

Standard elementary optimizalion is a technique which oft:n
goes hand-in-hand with the above. Although it is based on strai :ht-
forward calculus and algebra, the analysis can sometimes become
rather involved, as demonstrated in Section 3.1. In addition, con~
siderable care must be exercised to include all endpoint eptima
and multiple stationary points that occur when an objective func-
tion assumes different forms in different regions; for examjple,
see Section 5.5.1. Tho references in this monograph contain many
examples of {ailure t.. exercise such care; often such errors have
been corrected without comment,

The technique of Lagrange multipliers is widely used for
finding constrained optima. Often this is just a simple extension of
standard elementary optimizatioin, but it can also be applied to
problems well outside the context discussed in textbooks. For in-
stance, it can be applied to problems in which the variables are
integers: see Section 5.2.2 for a fairly general discussion of the
principles involved. The Lagrangian approach can even be applied
to max-min problems, as in Section 5.3.1; however, in this case
the procedure generally leads to only an approximate solution.

Two very important techniques, sometimes used together,
are those of game theory and linear programming. For example,
these occur in an indirect form in Sections 4.3.1 - 4.,3.6, It is
somewhat surprising that game theory has not been explicitly used
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more often in missile allocation problems, since game theory can
be defined as the mathematical theory of conflict. This seems to
be in part due to the fact that most such problems are too hard for :
game theory to be appilied directly. It can be argued, however, that 3
. the basic concepts of game theory underlie most of the field of E
- missile allocation.

Another frequently-used technique is that of dynamic pro-
gramming. Where it can be used at all, it tends to be very effect-
ive, It can take many forms; a simple introduction to the concept
is to be found in Section 5.2.1. It is best applied with the aid of a
digital computer.

Another technique sometimes used has no convenient name,
although it might be called direct optimization. To apply this tech- =3
nique, one determines a condition that the optimum must satisfy, )
finds a point that satisfies it, and shows that the point is unique. 2
Although this idea is often involved in other optimization techniques, =
it can often have the status of an independent technique; Danskin's
application of Gibbs' lemma in Section 5.1 is an example. The
Zechnique can also be applied to discrete problems, as in Section

.6.1.

Yet another technique is the Monte Carlo method. Here the

problem is simulated probabilistically a large number of times

and the results averaged to give an approximation to the expected g
outcome. An example of its application is to be found at the end of
Section 3.6. The method is widely applicable, but it is generally e
slow and expensive, and its accuracy is often too low for satis-
factory sensitivity studies. However, it can be of great value when

other approaches fail. &

A final technique is the prosaic one of scarching among a set
of possibilities, as in Section 4.2, It usually appears as a step in ,
the application of other methods, as in Section 5.2.2. When two or
more dimensions are involved, the search can become expensive, E
and rather sophisticated analysis miay be needed to make the prob-
lem tractable.

The techniques emphasized in this monograph tend to be those
that do not require a digital computer to implement. This may 3
seem to be an unnecessary restriction, since almost all users of .
this monograph are likely to have access to a computer. The two o
primary reasons for this preference are that computer-oriented
solutions are often ad hoc and difficult to describe concisely, and
often fall outside the notion of a mathematical model. Because of
this, they frequently confer less insight than a more analytical ap~
proach. The authors of this munograph are not opposed to
: computer-oriented techniques. Indeed, the construction of effect-
- ive, practical algorithms for a computer often is a very challeng-
ing problem worthy of serious study. This field is often ignored by =
both mathematicians and engineers, which is unfortunate, since an
efficient algorithm can make the difference between the feasibility
or the infeasibility of a method.
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1.5 SOME COMMENTS ON TERMINOLOGY AND NOTATION

Each chapter of this monograph is essentially sclf-contained,
and the necessary terminology and notation is either defined as
needed or used in a self-explanatory way. Nevertheless, some
terminology and notation is widely used with rather consistent
meaning in this monograph, and it seems worthwhile to summarize
it here.

In the typical conflict situation, onc side, called the offenr -,
has a stockpile of A devices, called weapons, with which to attack
a target or targets of value to the other side, called the defense,
If the targets consist of isolated points, the number of such tar-
gets is denoted by T. The defense has a stockpile of D interceptors,
called missiles, with which to defend the targets. (However, in
Chapter 3, A and D are denoted by n and m, respectively.) On a
few occasions, the word weapon is used to mean both offensive
weapons and defensive missiles; these occasions will be clear from
context. Frequently, it is desirable to consider the stockpiles on a
per-target basis, in which case normalized stockpiles a = A/T and
d = D/T will be used.

The probability that a missile will destroy the weapon it is
assigned to is called its reliability, and is designated by ,,. The
probability that an unintercepted weapon will destroy its target is
desipgnated by p. The probability that an unintercepted weapon [ails
to destroy its target is designated by Qg =1-p. The probability

that a weapon to which a missile has been assigned fails to destroy
its target is designated by q; = 1 - p(1-p). If targets have different

values, the various values are designated by VVas e ooy Ve The

expected value surviving an engagement is designated E(V); if onc
is interested in the expected fraction of value surviving, this is
designated E(f).

Certain mathematical notation is used throughout this mono-
graph. [x| denotes the greatest integer < x; brackets are used only
for this purpose, never for grouping. The symbol (E) denotes the
binomial coefficient n!/k! (n-k)!; T'(x denotes the gamma function.
Almost all logarithms are natural; to avoid confusion, they will
nevertheless be written loge. In a few places the base of the

logarithm makes no difference, and is omitted. The expression

Pr( ) means the probability of the event described within the paren-
theses. The usual convention that various sums and products equal
zero and one, respectively, are used. Also, the convention 00 =1
will be adopted when the expression represents a probability.

1.6 SUMMARY

This chapter sets the stage for the rest of the monograph
with a discussion of the various criteria by which different
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offense-defense strategies are to be judged, some comments on
mathematical models, and a list of topics that are (and are not)
emphasized. Specifically, this monograph is contrasted with a
survey article by S. Matlin in the 1970 Journal of the Operations
Research Society of America; the two should be regarded as com-
plementary in that Matlin orients his survey around the offense
whereas this survey is oriented toward the defense. The chapter
concludes with a summary of mathematical techniques commonly
required, as well as terminological and mathematical conventions

to be followed,
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CHAPTER TWO

POINT AND AREA TARGETS IN THE NO-DEFENSE CASE

At first glance the subject-matter of this chapter may ap- =
pear to be rather elementary. No questions of offense or defense =
strategies are involved; one is interested solely in calculating the '
probability that a point target survives a salvo of one or more
weapons, If the target has an extended area, the probability of sur-
vival 18 replaced by the expected fraction of the target surviving.
One might reasonably conclude that a few simple mathematical 3
arguments involving independent random events are all that is 4
required. =3

However, appearances are deceptive. Since World War Il a
large number of authors have dealt with problems of this type and =
the results of their researches are widely scattered through the E
mathematical literature under the general name of coverage prob- 2
lems. A few answers can be obtained in closed form, but the
majority run into difficulties which can be overcome only by nu-
mevical integration or simulation. This chapter attempts to clas-
sify these researches into a more or less logical pattern, empha-~
sizing ideas and results rathesr than derivadons.

This chapter is written for the engineer rather than the =
mathematician. Specifically, it is restricted to two-dimensional
coverage problems rather than n-dimensional ones. Furthermore, -3
little if any attention is given to that part of the literature which =
deals with the mathematical properties of various probability G
density functions useful in coverage problems. The reader inter- =
ested in these details is referred to Ruben {1960). Part of the =
material in this chapter is discussed in two excellent review arti-
cles oun coverage problems by Guenther and Terragno {1964) and
Guenther (1966).

The results of this chapter may be useful for calculating de- 3
fensive intercept probabilities as well as offensive success proba- =
bilities. Specifically, a point "target’ can be identified as an in-
coming attack weapon, and the "weapon'' can be identified as a =
defensive missile. Of course, this transformed nroblem is three- =
dimensional; hcwever, it may sometimes he possible to use a two-
dimensivnal approximation if the defensive missile aiming error is ,
small in one dimension,

Much of the material in Sections 2.1 through 2.6 in this chap-
ter was earlier published as a survey article on coverage probiems -
in Eckler (1969). However, the reader should be warned that in ==
cercain sections substuntial revisions have been made. A very 3
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16 2.1

useful yeneral reference, containing properties, tables, ete., of
many of the special functions appearing in this chapter is
Abramowitz and Stegun (1964),

2.1 SURVIVAL/DESTRUCTION PROBABILITIES FOR ONE OR

MORE PQOINT TARGETS

When the size of the tarpet is small compared with the effect-
ive radius o! celion of the weapon, it is represented by a point in
the muathematical model of the atlack, As will be shown below,
point targets in general are relatively simple to deal with. In par-
ticular, salvos of weapons can be handled with ease; if P denotes
the probability that a single weapon destroys the target, then the
probability that it is destroyed by at least one out of n independently

aimed identical weapons is given by 1 - (1-P)"". This assumes, of
course, that dairage is not cumulative; that is, if one weapon fails
10 destroy the target, the probability that another one does is un-
changed, In particular, area targets do not have this simple prop-
erty except in certain trivial situations.

Assumec that a point target is located at the origin of coordi-
nates (0,0) in the xy-plane. Denote the probability density function
of the impact-point of the weapon by p{x,yi, and lct the probability
of target destruction be given by the damage functicn d{x,y) if the
weapon impacts at (x,y). Then the unconditional probability of tar-
get destruction by a single weapon is given by

>0 20
P - 4( f d(x,y! p(x,y) dx dy .
- - OC

One can note in pessing that this formula is also useful if the
target can incur partial damage; in this case, d(x,y) may be taken
to represent the expected fraction of the taryget destroyed if a
weapon impacts at %x,y), and P becomes the unconditional expecfed
frrction destroyed.

In general, the damage function is circularly symmetric —
th..t is, the probability of destruction is a function of the single

. 2V1/ L. . .
variable r = (x2 +y L 2. Furthermore, 1t is a nonincreasing

function of r. In this section, a damage functio is assumed in
which d(x,y) equals unity when r < R and zero elsewhere. Here-
after, this will be called a cookie-cutter damage function. One
then has

P = J p(x,y) dx dy
(,2 2)1/2 .
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2.1.1 17

The remawnder of this section is concerned with the problem of
evaluating P for various choices ol the impact-point probability
: density function pix,y). In general, p(x,y) is assumed 1o have a bi-
- variate Gaussian probability density function:

N2 2
2= lA exp | - (Hg) - (Y'yg) ’
,,ux-\'r\, 2(!:\: 2:’)'\‘

i p(x,y) =

where (\xo,y()) is the mean of the impaczt-point distribution, UZ is
the variance in the x-coordinate, and vy the variance in the y-
coordinate. Note that the covariance ”;W is assumed to be zero:
this can always be achieved by proper choice of the x- and y-axes.
Four cases are considered:

2 2 (___ UZ)

—0: [8) =17
X y

(a\; XO = }'0 =
(b} XO # 0, yO # Ol (}}2( = 05_(: 0"2)

(c) Xy = Yo =0, ()i £ U

;2
A

LY

(@ x, %0, vy 70; o

= 2.1.1 Equal Variances, Distribution Centered at Origin

If oi = 02, = 02 and Xy = ¥ = 0, then pix,y) is a function of r
alone and can be rewritten

pir! = (1',.'};2_\) exp (-1‘2 /202)

This is knewn as a Rayleigh distribution, and is frequently used in
problems of noise theory. It is closely related to the exponential

distribution (the chi-squared distribution with two degrees of free-
dom), which is the probability density function of 2 . yz = 1‘2:

i'(rz) = (‘1,"202) exp(-rz "202> .

T TR AT

It is casy to write down the prohebility of target destruction
in closed form:

R
P(R/o) = s (x',"gz) exp (—1‘2/202> dr =1 - cxp(—Rz_.-/202> .
0
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18 2.1.2

2.1.2 Equal Variances, Offset Distribution

If 02 = 03 = o‘3 but xq #0, Yo # 0, the destruction probability
Pisa functlon of the offset aiming-point distance rg = ’\xz + v‘(?'))l /2
Rotating the coordinates axes so that o lies along the positive x-
axis,

)2
P(R/o ryo ) -—lz.exp -t(_-l_())_-lz_ dx dy
(x2+y2)1/2sn 2o 20 20"

Transforming to polar coordinates by setting x = r cos #,
y =r sin ¢, this becomes

f 2
P(R,/o,ro/o') = —1—-2 exp (— i%-)

2z0 207
sz fﬁ ( r2 rrycos 6

. rexp{- r— d¢ dr .
0”0 . E;Z Iof

Integrating out the variable 8,
P(R/o,ro /0) = (1/02> exp (-r%_/Zcz)

R
. S r exp (-1‘2/’202) I <rr0/02> dr ,
0

where In(z) = Jn(iz) exp(-7ni/2) is a modified Bessel function of the
first kind of order n.
This function ca not be integrated in closed form, but several
tables or graphs of P(R/g,r 0/(;3 are available:
Bell Aircraft Corporation (1956): P(R g,rg/0 > o}
5 decimals for ro/o =0(0.01)3,
R/0 =0.01(0.01)4.59 .

Marcum (1950). 1 - P(R/o,ro/o> to 6 decimals for
R/v = 0.1(0.1)20, rO'/U = by intervals cf 0.05
to cover arange of PfromOto 1.
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Rand Corporation (1952): also Owen (1962):
1- P(R_/o,ro /o> to 3 decimals for
(R-ro) /o = =3.9(0.1)4.0,
rO,./c = 0.1(0.1)6(0.5)10(1)20 .

Burington and May (1953): P(R/0,ry/0) to 3 decimals
(4 decimals for P -2 .01) for R/a = 0(0.1)1(0.2)3,
1‘0_/0 = 0(0.1)3(0,2)6 .

DiDonato and Jarnagin (1962): R/o to 7 significant
figures for ro /s = 0(0.1)5(0.2)10(2)20(5)120,

P =0.01(0.01N0.99 .

Solumon (1953): Figure 1 depicts P = 0.05(0.05)0.95
graphed over ranges 0 < ro,.-"o =< 10 (horizcntal
axis) and 0 < R/¢ = 8 (vertical axis) .

Rice (1945): Figure 7 depicts 1‘0/’(; =0,1,2,3,5,»
graphed over ranges 0.0001 < P < 0.9999 (vertical
axis) and -4 = (R-I‘O)/’o =< 4 (horizontal axis) .
Groves and Smith (1957): Figure 2 depicts
R/¢s = 0.1,0.5,1(1)12 graphed over ranges
0= g /o0 = 9 (horizontal axis) and
L0001"= 1 - P = ,9999 (vertical axis) .
If none of thesc tables or graphs is available, many approxima-
tions to P(R/o,ro/’o) have been nroposcd which use functions com-
monly available in statistical tables. Gilliland (1962) suggests ap-

proximating P(R/¢,ry/0) by the first few terms of the infinite
series

0
P(R /o,ro/o) = exp (-rg/zo‘?) Z (1'(2),’202)111 Pn“l(R2 "202> m!
m-=0
i'p (v2 /2 2) 2 2> (Rz,z 2>
- ( m\'0' "7 )~ P111«1(10'2” \).Pm+1 A
m=0
o]

where Pm().)

i

E e')‘),u,/u!, the upper tail of the Poissou

u=ma21
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distribution. The more complex second expression may be useful
for hand computation, since it uses values from a single table.

Grubbs (1964a) suggests approximating P<R/’U,I‘0/o) by looking up
in statistical tables the probability that a chi-squared random vari-
able with [th/v] degrees of freedom is less than or equal to

tR” /vo®, wheret =1 + 1‘0-’202 andv =1 + rg,f'gz. Read (1971) cites
a Rand Corporation memorandum which suggests three different
.approximations for P(R,/'/u,l‘o/"o), depending upon the values of

R’y and 1'0./0. Two of the approximations use exponential func-

tions, and the third uses the cumulative distribution function of a
Gaussian variable. it is claimed that the maximum error is 0.02.

A similar (but more accessible) approximation to P(R/o,ro /o) is
given on p. 940 of Abramowitz and Stegun (1964):

2 N
. 2 -2r
(1) P(R/o,l‘o/o> > -Z_R_Eexp (— 02> if R< 1,

4.R 4 +R%
1
() P(R/u,ry/o) = \/% sm exp (-x%/2) dx
=y (Leert(x,AT)) i R>1,
shore x, - _(Rz,-’(Z.»rO))l/S - 1.(2/9) (24.2%‘?2!(2&%)2
(1279 (24203 /(213) ‘ )
X2
@ P(R/ory/o) = \rlét S—w exp(-x% /2) ax
A (taeri(xyV2)) it R>S,

where Xy = R - (1% - 1)1/2
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Finally, Brennan and Reed (1965) sugpest a recursive method of
computing the function P(R.-"o,ro /o) with the aid of a digital com-
puter to any desired degree of accuracy. Specifically, they replace

. the Bessel function IO(x) by its series expansion

0

o .2n
23
n=0 2 (nl)
P(R,-'U,I‘O o> can be written in the form
Pl
P(R '/O’FO '/U> =1- gnkn
i=1
where
_ nil 1 ' )
1 R n /
gn"F<_2> g u exp (-R u/2c0 )du
20 0

g

2
.
{70 1 2.5 2\ _
k‘“(ﬂ Ao (o) s

Details of the errcr involved in truncating this series are given in
the original paper.

2.1.3 Unequal Variances, Distribution Centered at Origin

Suppose now that Xy =Yg = 0 but oi # o‘:‘;. Without loss of

Let ¢ be

2,2
y.' ]X.

renerality, one may assur = ¢.: denote’ ; .
generality, one may ne o, oy d eoxby O max

the ratio of the smaller variance to the larger; thatis, ¢ =¢
Transforming to polar coordinates by setting x/¢

y"'/omax = r sin ¥, the probability of destruction becomes

5

L D, BRI .0
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I
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P(R/omax,c) = (1/27¢) j S r
0 0

.- exp <- (rz/z) (coszu + (smzd ’c2>>> dg dr .
Transforming to the variable ¢ = ¢/2, one obtains

R,/O‘ max 17

= (1/27c) f
C) c ) Jor

- exp <- <r2/4cz> ((1+c2> - (l-c‘?') cos (,-‘)))dc'w dr

R/
"Imax

:(1/C) “ 1
0

- exp <-r2 (1+C2>_/402> I (rz (1-62>/’4cz> dr

Harter (1960) derives an alternative form of P(R/ :u(’c> more
suitable for numerical integration, Let z = rz/qc in the second

equation above, and integrate with respect to z:

P(R/Omax’

P(R"/cmax’c> =ZTC s‘“ ((1+C2> - (1-c2>cos C’>-1

0

-(l—exp (r /e )(1c) ( )cos c)i)d@

The function P(R/o ax’C ) cannot be integrated in closed
form, but is tabulated in several places:

Solomon (1960): P az,a1>,t) to 8 decimals for
(az, ) (.5,.5),(.6,.4),(2/3,1/3),(.7,.3),

§75 25),(.8,.2),(.875,.125),(.9,.1),
105.(:99..01) and t - .005(.005).1(.01)
02)2 5(,028)3.5(.05)5(.25)6(.5)7(1)10 .

e

‘
k



Wm\www\mum’-‘

o4 e

2.13 23

To transform to the above variables, set c2 = al/a2 and

2

(R’/Umax> = t,-’a2 . |

Grad and Solomon (1955): p((az,al),t) to 4
decimals for (az,al) = (.5,.5),(.6,.4),
(11,.3),(.8,:2),(.9,.1),(.95,.05),(.99, 01)
and t = .1(.1)1(.52(1)5 .

Esperti (1960): P(R/omax,c') to 6 decimals for
R’/Uma}( =0.00(0.01)4.99, c = 00.1)1.0 .

Beyer (1966): P(C,R/omax> to 7 decimals for
R/0 oy = 0-10.1)5.5, ¢ = 0(0.1)1.0 .

Harter (1960): P(R,/omax,c) to 7 decimals for
/ - o =
R0 ax = 0.1(0.1)6, ¢ = 0(0.1)1.0, and
R-'/Umax to 6 significant figures for
c =011, P = 5,.75,.9,.95,.975,.99,
.995,.9975,.999 .
DiDonato and Jarnagin (1962): R/omax to 7
significant figures for ¢ = 0,.1(.051,
P = .99(0005).999(.0001) ,9999(.00001)
199999(.000001).999999 .
Weingarten and DiDonato (1961): R’/Umax to 6
significant figures for ¢ = .05(.05)1,
= .05(.05).95(.01).99 .
If o, and oy are not too greatly different (say, ¢ = 0.9), it is tempt-

ing to calculate an approximate radius, R, for the circle which con-
tains P of the bivariate probability. Obery (1947) suggests three
such approximations. He notes first that the ellipse centered on

i i ' V1,72
(0,0) with semi-axes Ox( 2 loge(l/(l_p))/ ;
and ¢ (2 log, (1_/'(1-P))>1- contains cxactly P of the bivariate

probability, and suggests using the radius of the circle with the
same area. This gives

Rl = (Zox()y log, (1/(1-?)»1 2 .

Ifo,= Ty it has already been proved that P-=-1-¢xp (-RZ »’202 )

1f 202 is replaced with ui + 03, a second approximate R i8 obtained:
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Ry = (02 + 03) (10g, (1/(1-p)) 12

Finally, one can combine R1 and R2 into a third estimate:

v 1/2
_ 2 2 ) ;
Ry = ((R] +Ry)/2
Oberg gives tables showing the relative performance of Rl’ R2 and
R3 for 0.1 = P<0.9and 0.5 < c = 1. However, much better ap-

proximations (not dependent upon c being near unity) arc available,

Gilliland (1962) suggests approximating P(R ‘o c) by the first

b
few terms of the infinite series max

0

P(R'/Omax’c> - 2 p) (anln) 272
1+c m=0
’1-c2“'2m 71,21 p2 /4.2
. (1 ) Py (\1+c ) R® /4c > ,
o]
where, as before, Pm(k) = Z e xu/u!, the upper tail of the

u=m+1 /
Poisson distribution. Grubbs (1964a) approximates P(R,/omax,c>

by means of the probability that a Gaussian distribution of zero
mean and unit variance is less than

: , 2
3 (RER])) -1y oy)foled )

172
V2 (U:+03> /(0,2(+0§.)

This is the Wilson-Hilferty transformation of a chi-squared random
variable to a Gaussian random variable, and is given in Equation
(20) in the paper by Grubbs. Lilliefors (1957) also approximates

P(R_./omax,c by the first few terms of an infinite series. Note
that his approximation requires no tabulated functions whatever:

o0
/ o n+l n
AR yz :(-1) 2 o 2
P\R'/Omax’°> “U—x —hr (R '/20y> ;-
n=1

1/3

i el
i

IS =
R
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where an(n) =1,
aj(n) = Aajd(n) + Bbj+1(n), 1<j<n-1,
bn(n) = 0,

by(n) = ((j-l)/j) (Baj__rl(n) + Abj+1(n)> , 2=j<=n-1,
and where

02

A=1+( 2

'/40x> and B = ((O’)zrlgi)_ 1)/_/2 ]

The first few al(m are:

al(l) =1,
a1(2) = A,
a,(3) = A%+ B2 /2,
3 .2,
a (4 = A% . 3B%A 72,
a,(5) = A% . 38%4% L 388 .

However, higher al(n) become increasingly tedious to compute,

2.1.4 Unequal Variances, Offset Distribution

If x #0, vy £ 0 and gi £ 62, the destruction probability P is

a function of four variables which can be selected in various
(equivalent) ways. Gilliland (1962) has derived the following ex-
pression for P:

x2 y2 hod
1 1% Yo z : 2\ 2,2
p —mexp "E '—2 +—2~ BrnPn] ((1*—(: )R /40 ) y
Ox Oy m=0

where ¢ and P _(}) are defined as before, and
m

m! (4c2,/(1+c2>> nngDmi ,

1=

Bmz

DO s

Ll

il 4 W—— “‘i“‘.ﬁ\ g

om0

(L
I

I
or

e




TSR RT3 ey

26 2.1.4
where
gl m- 2, 2 g\m-i-i
D 1-c 1 Z /o ) (vg/c™s y)
mi c il ~ )T Cm-2i- 2131—
G(i,2j,2m=-2i-2j) ,
with
27
G(p,q,t) = S cosP2: cosda sinte dg .
0

Again, scveral tables are available,

DiDonato and Jarnagin (1960): R is given to 5
significant figures for P = .05,.2,.5,.7,
:9,.95, xg = 0(0.25)1(1)6,8,10,20,50,

Yo = 0(0.5Y1(1)6(2)10(10)30,50,80,120, and
1/c = 1(1)8,10 .
Groenewoud Hoaglin and Vitalis (1967) P is given to
b decimals for }\O/u - 0(0.5)5, }0 y = 0(0.5)5,

Ve =0.1(0.1)1, and R/ 0 nax = 0 for those values for
which Pis nearly one, Ma¥

e e St i

J
b

Rosenthal and Rodden (1961): P is g,u ento 5

decimals for ¢ =0.2(0.2)1, x,/0, = 0(0.5)3, =
¥o/0, = 0(0.5)3, and R/ omax - 0 for those 3
values for which P is nearly one, in steps E
of .05.

Lowe (1960): P is given to 3 decimals. For
various choices of 1-/¢c and R_:-"a\,, tables of

64 entries of P are presented in which 8
values of x, /ox and 8 values of yo,-"oy are

sclected to cover the region in which the
variation in P is applicable, The following
36 tables are given:

/ / e/ e y
17¢c R oy Range of X/ 0y Range of Yo oy

1 1 0 to 3.01 0 to 3.01
1 2 0 to 4.06 0 to 4.06
1 4 0 to 6.02 0 to 6.02 5
1 8 4.5 to 10.03 0 to 2.03 E
1 8 0 to10.01 2 to 5.01 E
1 8 0 to 8.68 5  to 10.04 E
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« 1/c R,--'gy Range of xO,/'(rx Range of Yo ’/”y
2 1 0 to 2.52 0 o 3.01
2 2 0 to 3.01 0 to 4.06
. 2 4 0 to 4.06 0 to 6.02 k|
- 2 8 0 to 6.02 0 to 4.55 4
- 2 8 0 to 5.46 4.5 1o 10.02 |
2 16 4  to 10.02 0 to 17.00 = |
2 16 0.75 to 9.29 7 to 12.81 3
2 16 0 to 7.28 12 75 to 18.00 =
4 1 0 to 2.31 0 to 3.01 g
4 2 0 to 2.52 0 to 4.06 =
- 4 4 0 to 3,01 0 1o 6.02 3
4 8 0 to 4.06 0 to 10.01 3
4 16 0 to 6.02 0 to10.01 E
4 16 0 to 5.18 10 to 18.05 1
4 32 4  to 10.02 0 to 15.05 3
4 32 2.15 to 9.15 15  to 24.03 4
4 32 0 to 7.42 24  to 28.55 g
4 32 0 to 5.88 28.5 to 34.03 3
8 1 0 to 2.17 0 to 3.01 3
8 2 0 to 2.31 0 to 4.06 E
8 4 0 to 2.52 0 to 6.02 4
8 8 0 to 3.01 0 to 10.01
8 16 0 to 4.06 0 to 18.06
8 32 0 to 6.02 0 to 20.79
8 32 0 to 5.11 20.75 to 34.05
8 64 4  to10.02 0 to30.03
8 64 2.9 to 9.13 30 to 42.53 3
8 64 1.5 to 8.01 42.5 to52.51 =
8 64 0 to 6.58 52.5 to 58.8 3
8 64 0 to 5.25 58.75 to 66.03

Grubbs (1964a) gives the only reasonably simple hand-calculation
for P, He shows that P is approximately equal to the probability
that a Gaussian distribution of zero mean and unit variance :s

less than

B2/ (52 4 o)t 1/8 92

»R ; (Ox +Gy, ~ |1=v, :

(\,/9t2>lf ’

2 2 2 2\
wheret =1 + (xo + 3;0)/(0)( +Uy) and
. 4 4 2 2.2 2 2 - .
v =2 (ox + oy T ZOXXO " 20yy0 )/(‘Gx + Gy) . Note that this general- ;
izes the formula of Grubbs given in the previous section. :
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2.1.5 Targets With More Than One Point

If the target consists of a single point, it is obvious that the
weapon should be aimed at it in order to maximize the probability
of target dectruction — in other words, X and Yo should be chosen

equal to zero if possible. Suppose, however, that the target consists
of more than one point; where should one aim a single weapon in
order to maximize the probability that it lands within a distance R
of at least one of the points?

Consider the simplest possible configuration: two point tar-
gets located at (-d0) and (d0). The probability density function of the
impact point of the weapon is assumed to be circular Gaussian with
o’i = gf' = 02. Gilliland (1964) proved that if R < d < 7, then the opti-
mum aim point is (0,0). Marsaglia (1965) derived the general solu-
tion to the problem. He provides a , “aph dividing (R /v,d/o) space
into two regions — in one, the optimum aim point is (0,0}, and in the
other the optimum aim points are +(z,0), where z ¢ is the positive
solution to the equation

min(1,d/R) )
(1-y2 )' 1’/2y sinh ((z/u) {Ry +d) /r_r\

/
~1 2
- exp (~dRy/o ) dy =0

If the target consists of more than two points, the problein of
finding the optimum aim point becomes much more difficult. Gilli-
land (unpublished work) has proved that if three target points are
located at the vertices of an equilateral triangle with mutual sepa-
rationd, and if R < d < 4¢0/(1+/3), then the optimum aim point is
at the center of the triangle. This is « somewhat stronger result
than the one given in Gilliland (1966), wiich requires R=d < ¢.

In the latter reference, he also proved that if a target consists
of a symmetric array of points around the origin (xi,yi ), <-xi,-yi>,
i=12,...,n, and if these points have the properties
2 2172 5 o\172

) ) =2

R < (xi A < ¢ (for all i) and ((xi"xj> + (yi-y].)

(for all i #j), then the optimum aim point is at the origin. The
latter propert?' can be eliminated if the first property is replaced
1/2

R

by (Xi + y?) = g - R. Gilliland (1968) has derived analogous re-

sults for a class of bell-shaped probability density functions of the
impact-point of the weapon.

(RN
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2.1.6 Models of Aiming Error Associated With a Salvo

In Sections 2.1.1 through 2.1.4, various models of an attack E
upon an undefended point target were introduced. These models :
explicitly formulated the widely-held belief that it is reasonable to
regard weapon alnming-error as the sum of two components:

1. a constant otf{set in aim, equal for all weapons in the
salvo,

2. a random error taken from a Gaussian probability =
density function with standard deviations o and S and ]
independent from one weapon to the next,

Furthermore, it was assumed that the constant offset was known =
beforehand. This assumption is rather unsatisfactory (if the off-
set is known, why not correct for it?), and in the models to be pre-
sented later in this chapter, 1t is usually assumed that the constant
bias is a random value drawn from another Gaussian probability
density function with known mean and variance,

Helgert (1971) points out that a more realistic model of
weapon aiming-error should include not only the above two compen-
ents but also a time-varying component which he calls aim-wander.
This reilects the physical fact that the path traced by the inter-
section of the gun barrel mean line of sight and a planre perpendicu-
lar to it would, as a function of time, appear to wander in a more =
or less random fashion. In principle, this wander can be mathe- =
matically modeled by a sequence of bivariate random variables 1
that are partially correlated with each other (i.e., neither perfectly =
correlated with each other, as in (1), nor completely uncorrelated i
with each other, as in (2)). However, it may be difficult to specify
the precise correlation in any practical probiem:; even more -
important, the mathematical complexities introduced by such a 3
model make it impossible to calculate such quantities as the ex- 5
pected fraction of an area target destroyed by a salvo of n weapons. e
Helgert, in fact, finds it necessary to calculate a much more ele-
mentary measure of target damage: the probability that a speci-
fied subset of the n weapons will impact within the target area,
viven the partial correlations. Perhaps the most interesting of his
partial correlation models is a Markov model — one in which the
probability that the ith round hits the target depends only npon the
success or failure of the (i-1)st round. It is an open question as to
whether the Markov model is superior to the two-compunent model
of weapon aiming-error discussed above: this is 2 matter for
further research.

2.2 EXPECTED FRACTIONAL DAMAGE OF A UNIFORM.-
VALUED CIRCULAR TARGET

_ As in Section 2.1, only cookie-cutter damage functions will be
considered. If the radius ol the damage function is large with re-
spect to the size of the target, the latter can be approximated by
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a point. However, this is not always the case — often, only a (rac-
tion of the target 1s destroyed when a weapon hits it. Assume a
target whicl, has wniform value anywhere within a distance K of the
origin (0,0) in the xy-plane, and zero value outside K. Let the
probability density function of the impact-point of the weapon be

pix,¥) and let a point (xt’yt) in the target be destroyed with proba-
bility d(x—xt,y—yt) by a weapon impacting at (.\j,y). By a_nalogy with
ithe veneraliza'ion mentioned in Section 2.1, d(x—.\'t,y-yt) may bhe
taken to be the expected fractional damage at the point (_.\'t,yl ).

Then the expected fraction of the target destroyed by a single
weapon is equal to

E(D) - f[ j j d{x-x,¥-y¢ )
172 -0 L
(2 .2 -
(‘\t ¥y ) =<K
| PLX,Y) dx dy dxg dy.l

If a cookie-cutter damage function is assumed, this simplifies to

E(f) = U 5‘ plx,y) dx dy dx dy, ,

-

A B
2 2172
where A is the region (\t < yl) < K and B is the region
o1/
((x-xt>2 + (y-yt)2> < R. As before, p(x,y) is ordinarily as-

sumed to have a bivariate Gaussian probability density function.
Because of mathematical difficulties, the one generally considered
in this scction is

plx,y) = Llf’2n02> exp (- <x2¢yz) /2(72> ,

which is circularly symmetric and centered on the target,

Although the material in this section is discussed in terms of
a uniform-valued circular tacget, it can be equally well applied to
a point target having an unknown location. Specifically, assume
that the location of the point target is given by w probability density
funciion assizning uniform probability insidc the circle

1’/‘
(xf - ‘f) = K and zero outside it. The uncertain location of the

B A

S L B b
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point target might be due to a map error, or the target might be
mobile, having last been spotted some time before the attack. In
the latter case, the radius K is equal to the maximum distance the

target could have covered in the elapsed time. (Note that a knowl-
—edge of target direction might be helpful in reducing the unknown

area.)

2.2.1 One Weapon Impact, Gaussian Aiming Error

- The expected fraction of the target covered is a function of
R/o and K/o. Guenther (1964) shows that it can be written

“)

E(f) = (1+ (R/Ki“) P(R/o,K c)

- (R/K) exp (-(Rz *‘K2,).-""202> 1,(RK/) |

where
P(R/¢,K/0) = (1,/"02) exp (-Kz,"202>

R
. S r exp (-1‘2 202> I (1*1(,-"02) dr .
0

(In(z) = Jn(iz) exp (-7ni/2) is a modified Bessel function of the first

kind of order n.) P(R/¢,K- o) is the probability of destruction of a
point target by a weapon with a circular Gaussian distribution and
offset aiming-point distance K. In other words, the tables of

P(R/g,ro/g) described carlier can be used lo evaluate E(f). One
table gives E(f) directly:
Germond (1950): E(D to 4 decimals {or

K/ = 0(0.1)6.5, R ‘0 = 0(0.5)3(1)6 and for
(K-R) /o = -3.2(0.1)3.5, R/ = 3(1)6(2)20 .

Smith and Stone (1961) derived E(f) under the modified assumption
that the center of p(x,y), the weapon impact-point probability den-
sity function, is ofisct a distance g from the center of the target:

KL
(Y = 27KR S (1'1) exp (-1‘2,"2 )
0

Eoffset

+Jo(rgrie) Jy(Kr /o) Jy(Re ‘o) dr

E
E

Wb L ‘\ b
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where Jn(z) is a Bessel function of the first kind of order n.
If one is interested in the probability Pc that the fraction of

the target destroyed exceeds ¢ (instead of E(f), the expected value
of this fraction), one can use a pair of graphs supplied by Solomon
(1953). Actually, Solomon considers a generalization of the above
problem; he allows the mean of the impact-point probahility den-
sity function, p(x,y), to be circular Gaussian offset a distance o

frem the center of the target. His graphs yield P, asa function of
R/o, K/0 and ro./o. E(f) can be approximated by reading off the

- value of ¢ corresponding to 2, = 0.5 (the median) in Solomon's

graphs. To accomplish this, leta = (1.2 - (K/o)> /(R/0), enter with

this value on the abscissa of Solomonn's Figure 2, and read off the
appropriate ¢ (a function of a and K/R) on the ordinate.

2.2.2 Multiple Weapon Impacts, Gaussian Aiming Error

What is the expected fraction destroyed of the target if there
are n weapons directed at it? Guenther (1966) assumes that each
weapon has an impact-point error which is the sum of two inde-
pendent components: an offset aiming-point ervor (the same for
all weapons), and a dispersion error around the offset aiming-point
(different for each weapon). Such a complex model is not abso-
lutely necessary; the offset aiming-point error can be lumped in
with the point target location error. In other words, the impact-
point errors can be regarded as independent samples from a com-
mon probability density function pix,y). However, since independ-
ence does not hold,

E (0 41-(1-E/D)"

In general, En(f) will be smaller than the expression on the right.
The following derivation of En(f) is due to Jarnagin {1966). Let
P(R/o,r/o) denote the probability that a point r distant from the

origin is destroyed by a weapon; in Section 2.1.2 this was seen to
be

P(R/0,r/0) = = exp (-1°/20°)
g

. f X eXp (-xz /202) Io(xr --’02> dx .

0

Lo ot i,
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The probability that this point is destroyed by one or more of n
independent weapons is 1 - (1 - P(Ro,r /o)™, To determine the
expected fraction of the target destroyed, this expression must be

integrated over the target area: (xt + yt) =r =< K.
27 K
E (0= (\1~:K2 ) \ ] (1 - P(R/o,r /o\.)n rdrdé
0 "0
K
) .
=1 - (2/K°) S (1- P(RG,r ‘)" rdr
0

En(f) has heen tabulated by Jarnagin (19€5) as a function of

R/ = 0.005(0.005)0.05(0.01)0.1(0.02)0.2(0.05Y1(0.1)2(0.2)4(0.5) 10,
K/c =0.05,0.1(0.114(0.5)12, and n = 1(1)20. The value of n (when
less than 1000} has been tabulated for the same ranges of R/o and
K/o, and corresponding to En(f) = 0.05(0.05)0.95.

In a related paper, Jarnagin and DiDonato (1966) consider a
somewhat more involved salvo attack on a uniform valued circr>»
target. Specifically. they assume that each weapon has an erro:
which is the sum of two independent comiponents:

1. An offset aiming-point common to all n weapons, with a
probability density function which is Gaussian, centered

on the target, and with standard deviations 0}2( = 05 = 02.

2. An aiming-error independent from weapon to weapon,
with a probability density function which is uniform in-
side a circle of radius D centered on the offset aiming-

peint,
They evaluate En(f), the expected fractlion of the target destroyed,

by numerical methods. Jarnagin and DiDonato (1965) present their

results in an extensive set of graphs,

2.2.3 Offense Can Place All Weapons Exactly

For the sake of completeness, the reader should be aware of
a body of mathematical literature which was originally developed
for purposes unrvelated to weapons attacking undefended targets,
but which may have a bearing upon the latter problem. Specifi-
cally, assume that the offense can place his n weapons on the
uniform-valued circular target without any aiming errors whatso-
ever. How shall he place his weapons on the target in order to
maximize the fraction of value destroyed? Assumingthat K > R,
two extreme cases can bhe distinguished:

o sl
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1. if n = ny(K/R), the offense can place all his weapons

completely within the target boundary without any
weapon overlapping any other;

2. ifn= nl(K,-"R), the offense can cover every point of
the target with at least one weapon.

In the literature, these are referred to as packing and covering
problems, respectively.

On pages 67 and 93-4 of his book, Fejes Téth (1953) gives
bounds for packing aud covering rather general regions with iden-
tical circles. These may be specialized to yield bounds for ny and
ng: '

1.

(=23 (KR - 1)2 < ng (KR (5 273K R)?

(27 /3/3) (K/R)2 ny(K/R) = (273 J3(K/R)2

< (43K R) v 1

Unfortunately, it is not easy to determine the exact values of
nO(K,/R\, and nl(K_/R) unless K/R is quite small. Since n can only

o up by integral jumps, it is more convenient to turn the problem
around and specify the largest target circle which can be com-
pletely covered by n weapons, and the smallest target circle into
which n weapons can he packed without overlap,

The largest target circle which can be completely covered by
Lwo weapons has a radius K = R: thus two weapons have no advant-
age over one in covering a circle., Three weapons can be placed
at the midpoints of the sides of an equilateral triangle inscribed in
a circle of radius K = 2R/V3, and four weapons at the mic/ipoints of
the sides of a square inscribed in a circle of radius K = +/2 R.
These placements clearly cover their respective circles. The cor-
responding K are the largest for which complete coverage is pos-
sible; however the proof is less trivial than it might appear,

However, this sort of construction is no longer available for
five weapons. In fact, the {ive-weapon coverage problem is not
easy to solve. Intuitively, one might think that the best coverage
is obtained by placing the five circles at the vertices of a pentagon
of such a size that all {ive circles pass through the center of the
pentagon; the radius of the circle covered by this arrangement is
K =2R cos 36 = 1.6180R., However, Neville (1915) proved thal the
radius of the largest target circle coverable by five weapons is
K = 1.6409R; to find this constant, it was necessary for him to
solve four nonlinear equations in four unknowns. (Specifically,
each equation consists of the sums and differences of circular
functions; the unknowns appear as linear functions of the argu-
ments.) The five-circle covering problem was a popular diversion

- - bl

L

Sl s e D st il

AT b b b

il et it

€
£
£
£



2.3 35

at English country fairs and shows of more than 50 years ago. For

a nominal entrance fee, the player was invited to drop 5 circular

discs on a larger circle so that it was completely covered; if he

succeeded, he was awarded a much larger sum of money. Of

course, the operator of the concession eliminated the ''obvious"

ioéution by setting the radius of the larger circle equal to (say)
L3R,

The smallest target circle which can contain two non-
overlapping weapons nas a radius K = 2R. The corresponding radii
of the smallest target c1rcles containing three, four, five, six and

seven weapons are R(1+2/v3), R(1+/2), R(1isec 54° \ 3R ‘and 3R,

respectively. Forn greater than seven, the solution to the packmg
problem is not known,

2.3 EXPECTED FRACTIONAL DAMAGE OF A GAUSSIAN TARGET

In the preceding section the value of the target was consid-
ered to be spread uniformly throughout the interior of a circle of
radius K. It is perhaps more realistic to consider targets which
have greater value per unit area concentrated near the center and
less near the edges. Such a target can be approximated by a
Gaussian value density function:

) - (o) xpl- (e ) )

2.3.1 One Weapon Impact, Gaussian Aiming Error

The expected fraction of total value destroyed by a single
weapon is equal to

E(D = J Jr J (xp¥ ) d(%-x,¥-y, ) P(x,y) dx dyy dx dy

Assume the cookie-cutter damage furction of previous sections,
but a Gaussian probability density function of weapon impact-points.
Then the above simplifies to

E() = Jif pl(X,y\ dx dy ,
1/2
(x2+y2>

<7
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where
py(%,y) = 1/,12 7
27(0)2( + 0,21,> ((73 4 O?I‘)
(x"‘o)2 3 (5"yo.\)2

N W 2 " 2(02 . 2)
<UX+OT <0Y+GT

To see why this is so, remember that one can replace the Gaussian
target with a point targef having its location determined by a ran-
dom variable with a Gaussian probability density function. Because
the sum of two independent Gaussian random variables is again
Gaussian, the position of the target relative to the impact-point of
the weapon is distributed according to pl(x,y). In other words, all

the derivations in Sections 2.1.1-2.1.4 can be immediately applied
to the Gaussian target if the probability of target destruction is
reinterpreted as the expected fraction of total value of the target

destroyed, with Ui and 02 replaced by 0)2( + c‘?r and 02 i 0?1‘
respectively. y y
2.3.2 Multiple Weapon Impacts, Gaussian Aiming Error

However, this simplicity does not carry over to the problem
of determining En(f) when n weapons are directed at the target. To

simplify the problem, assume that the weapon impact-points have
a circular Gaussian probability density function centered on the

target, and set oi = 02 = 02 as before. From McNolty (1967), one
obtains the expected fraction of total value of the target destroyed:

y
27 =
E_(f) (1_./2m,2r) fo J’ ¢ oxp (_rz'/gogr )
0

(1- (1- P(R/,r/0) ") dr do

w© .
2 2
1 J nr r
=1- ~5 5= rexp |- — "=
oY n 0 ( 200 20 )

20 ) . n
2
-t tr
j t exp (5;2.> 10(7/ dt) dr

R a

ad
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As before, E_() = 1 - (1 - E4(0)". Actually, McNolty gives E_(f

when there is also an offset aiming error; but this additional com-
plication has been omitted. If one talks in terms of a point target
having an unknown location given by a Gaussian probability density
function, McNolty puts down for the record three other probability
expressions:
a. The probability that exactly m weapons out of n will im-
pact within distance R of the target.

bh. The expected number of weapons required to obtain ex-
actly one impact within a distance R of the target,
¢. The probability that n or fewer weapons will be required
to obtain exactly one impact within a distance R of the
target.
The latter two quantities are useful only if the offense has a shoot-
look-shoot capability; that is, if he can observe whether or not the
iarget has been destroyed before committing another weapon. (It
is hard to see how this would happen when the offense cannot even
locate the target; but the target could perhaps be a hidden radio
transmitter,) It is difficult to see why McNoity included the last-
mentioned probability, for it is identical to E n(f): both are equal

to 1 - Pr(first n weapons all miss the target). If the offset aiming
error is zero the expected number of weapons required to destroy

the point target is
2 22
j r exp - —-—2- + —_—

E(n) =2
gp 70 200 20

R -1

[ teXp<- t2>1 /tr>dt dr .
It o) ol
In general, this is larger than the inverse of the single-weapon
probability of target destruction, 1 - exp (-Rz /2 (02 + n‘?[.» .
Apparently, the quantity En(f) has never been tabulated for

targets having a Gaussian value density function. The following
short table was obtained by simulation:
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Salvo Sizen =2

0/"UT
'R/GT 0.25 0.5 0.75
0.6 224 235 201
1.2 D74 .582 .563
1.8 .834 .832 814
2.4 .949 951 .942
3.0 990 .988 .985

Salvo Size n =5 ﬁ ‘

0../0T
R,/oT 0.5 0.75 1.0
0.4 225 214 .187
0.8 521 551 516
1.2 128 K] 163
1.6 .865 .892 .893
2.0 945 956 957

Salvo Sizen =20

0/ch
R'/UT 0.25 0.5 0.75 1.0 1.5
0.2 151 .209 201 176 113
0.4 280 447 531 .499 386
0.6 404 595 116 .740 .640
0.8 528 .706 811 .864 .828
1.0 639 7192 .882 .924 924
1.2 135 .856 .926 .958 970
1.4 .822 .900 953 975 .984

These tables were derived by the following Monte Carlo procedure.
Obtain from a table of random Gaussian deviates (of mean zero and
variance unity) 2n + 2 independent values X,Y,x
Calculate the quantity

min <(X + (o/oT‘) X-1>2 + (Y + (U"/OT)yi)z)

1<i<n

l’yl’ « e @ ,Xn’yl]'

1/2

Repeat this procedure 5000 times and arrange these minima in or-
der from smallest to largest, The table entry is the fraction of the
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minima that are less than R/oT; i.e., when n was 2 and o-/oT

was 0.25, 1120 of the 5000 minima were less than 0.6. As is typi-
cal of a Monte Carlo approximation, the accuracy is low. The
standard deviation of the estimate indicates that the above values
are accurate to about two or three places.

Those interested in other approximations tor En(f) can use an

approximate method developed by Groves and Smith (1957). These
authors outline a crude numerical integration of En(f). They ap-

proximate the Gaussian value density function with a set of ten
rings each containing one-tenth of the target value. The ith ring
has a radius, r;, such that

)
b | R (e

(This is quickly read off from the curve labeled b/oA = 0 in their
Figure 1.) For each ring, the expected fraction of value destroyed,
E (tr;)=1- (1- P(R/o,r, /o))" is readily calculated with the aid
of a table of P(R/u,r/0) as defined in Section 2.1.2. Finally,

10
' \
E_ () =Z E_(f,r;)/10 .
i1

Note that Groves and Smith actually supply graphs for a more gen-
eral problem: an offset aiming point, b.

2.3.3 Non-Gaussian Aiming Error

Somewhat more complicated attacks on Gaussian-valued tar-
gets have been considered in the literature, McNMolty (1962) ~on-
siders an attack by one weapon which has an error which is the
sum of two independent components:

1. An offset aiming-point with a gamma, beta, or Maxwell-
Boltzmann probability density function.

2. An aiming-error with a probability density function
which is circular Gaussian with mean at the offset
aiming-point and variance oi = 03 = 02.

Unfortunately, the three resulting expressions for E(f) are quite
involved and laborious to compute. No tables or approximations
are available. In a later reference, McXolty (1967) derives En(f)
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for attacks by n weapons in which each weapon has the same offset
error (1) drawn from the probability density function
2x-1 : 2)

exp ( -)/or ,

g(r2,6 = (2/T) (2 /a) Ay

but an independent circular Gaussian aiming error (2).
I ¢

Holla (1970) derives complicated expressions for the proba-
bility of target kill under the assumption that the offset aiming-
point is a random value drawn from the noncentral chi-square prcb-
ability density function (the square root cf this random variable is
distributed according to the probability density function discussed
in Section 2.1.2). Holla claims that for certain special cases the
kill probability can he easily ascertained. It is unclear whether
any of McNolty's or Holla's models of aiming-point error is likely
to arise in a real-world bombing problem.

In an attempt to derive a more tractable expression for En(f),

Duncan (1964) somewhat modified the assumptions of the problem.
He postulates a target having a circular Gaussian value density

function with variance ozT, bul replaces the circular Gaussian prob-

ability density function of weapon impact-points with a uniform
probability density function of impact-points inside a circle of
radius D > R centered on the target. Specifically, he ignores edge-
effects by assuming that the entire lethal area of each weapon,

7R2, falls at random within the circle of radius D. The expected
fraction of total value destroyed is given by

En(f) = (1 - exp (-—Dz/202T>) (1 - exp (-nRZ/D2 » .

Duncan then determines that value of D which maximizes
En(f). Differentiate En(f) with respect to D, set the result to zero,

and solve for D. One obtains the optimum value of D:

(Dopt'/gT)2 =V2n (R-/OT> :

The corresponding expectation is

A

En(f) = (l - exp (-x’—rVI-Z (R/OT)))Z .

2.3.4 Offense Can Place All Weapons Exactly

Suppose that the offense can place his n weapons on the
Gaussian-valued target without any aiming errors whatsoever,
How should he place his weapons on the target in order to maximize
the expected fraction of value destroyed? If he has only one

il
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weapon, the answer is obvious: place it at the center of the target.
The corresponding El(f) is

E,(D =1- exp (-R? /202 ) .

For two weapons, the problem of positioning has been solved by
Marsaglia (1965). If the destruction radius of a weapon is equal to
R = ROOT’ he shows that one should place the two weapons on oppo-

site sides of the center of the target, each offset a distance d = dOUT
from the center, where

1 ,

-4y 'R,y

He does not give the corresponding value of Ez(f). For three or
more weapons, the problem remains unsolved.

Gilliland (1966) has examined the easier problem of maximiz-
ing the expected fraction of value destroyed when the centers cf the
weapons must all be at least 2R apart (no overlap allowed). If
R/oT < 1, two weapons should be placed on opposite sides of the

origin, each offset a distance R from the origin: if R/cT = 2/(1+V3),

three weapons should be placed at the vertices of an equllatexa tri-
angle with sides 2R centered on the origin; if R‘oq < 1/V3, four

weapons should be placed at the vertices of a rhombus with sides 2R
and smaller diagonal 2R centered on the origin,

2.3.5 A Generalization of the Gaussian Target

McNolty (1968a, 1368L) introduces a family of targets having
a value density with non-uniform phase; the Gaussian target (with
uniform phase density) is a special case. Specifically, he assumes
that the probability density function of target value with respect to
the origin of coordinates has the following radial component:

g(r) = ((lr)Q,/‘-'Q_l) exp (-()’2/’2)) (A/Qr ) IQ {0

where In(r) is a modified Bessel function of the first kind of order

n. Note that g(r) is a function of the three parameters x >0,Q > 0
and ¥ = 0. If one makes the additional assumption that the x- e
component and the y-component of the target value density are in-
dependent and have identical probability density functions, then one
can derive the phase component of the probability density function =3
of target value: :
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o X0

10 Q-1\ oy (.27 z 5 /912142]
h(g) =5 (,sm 26 /2| )exp (-; ;2>\> . (y/2)
j=0 i=0

+ T(Qsi+)sin?te coslo A i1 r((@/2)4) T{Q/2)4 )

Transforming from polar to rectangular coordinates, the x-
component of the probability density function is

f(x) = 29/4-3/2 (|x5Q’/2 ,Q/2-1) ,Q72

. exp (-()-'2,/47\) - (A/Z)x2> IQ2-1 (",/( |x|,/\/5.);)

If one assumes a cookie-cutter damage function and a circularly
symmetric Gaussian probability density function of weapon impact-
points centered at the origin of coordinates and with variance

02, then the expected fraction of total target \ alue destroyed is

o
ED = (32 /(i26%))Q exp (-~,f2,/2x)2 y(1:1,R /26%)
im1

- F (Qi1,00%6% 2(1d?)) /i(1000?) 11BGLQ)

where 1Fl(x,y,z) is the confluent hypergeometric function, y(x,y)
the incomplete gamma function, and B(x,y) the Beta function

T(x)T(y)/T'(x+y). The corresponding expected fraction destroyed

by a salvo of n weapons, En(f), is not known,

One can gain a little insight into McNolty's generalized tar-
get value densities by considering special cases. If one sets Q = 1,

y=0and A = 1,/0,21., one has a Gaussian-valued target centered at
the origin with variance ozT, and the expected fraction of total tar-

get value destroyed reduces to the expression derived at the start
of this section:

E(f)y =1- exp (\-R2/2 <02 + 0%))

The parameter X is a scale parameter, inversely proportional to
the area covered by the target (more accurately, to that area with
a value density greater than a certain minimum amount). The
parameter y is a non-centrality parameter, denoting the distance
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from the center of the target value density to the origin of coordi-
nates. The parameter Q specifies the non-uniformity of the phase.
For example, if Q = 3 /2, the value density resembles a four-leaf
clover (one petal in each quadrant); if Q = 1/2, the value density
resembles the letter X (aligned with the two axes),

The weapons analyst who has a good knowledge of the value
density of his target (and who plans to fire only one weapon at the
target) may wish to approximate his target using one of McNolty's
models. However, if his knowledge of the target is rather vague,
he may be better advised to assume the target both uniform-valued
circular and Gaussian, and determine how much difference exists
between these two simple models.

2.4 THE DIFFUSED GAUSSIAN DAMAGE FUNCTION
By far the most frequently-used damage function has been the

1/2
: . N g 2 AV AR
cookie-cutter: d(x—:ct,y-)t> = 1if ((x-xt) + (y-yt) ) = R and
d(x-X,¥-V,) = 0 otherwise. Its wide popularity seems to be due to

conceptual simplicity; furthermore, Weidlinger (1962) has devel-
oped a physical argument involving cumulative damage from repeat-
ed impacts which appears to justify its use. However, the previous
three sections show that a cookie-cutter damage function frequently
leads to mathematical difficulties. Analytic expressions for proba-
bility of target destruction or expected target value destroyed usu-
ally cannot be obtained, and one must resort to tables or approxi-
mations. Is it possible that other damage functions might lead to
easier mathematics?

2.4.1 Alternative Damage Functions

A wide variety of different damage functions have, in tfact,
been proposed. In general, a damage function is circularly sym-

metric (a2 function of r = ((x-xt>2 + (y-yt>2>1' ’ alone) and non-

increasing from one to zero along any radius outward from the ori-
gin. (However, there have been exceptions to even these modest
restrictions — for example, Bronowski and Neyman (1945) analyzed
the coverage-properties of a rectangular cookie-cutter.) The fol-

lowing have been proposed by Guenther and Terragno (1964), Hunter

(1967) and McNolty (1965):

=3
e

p—
u

exp (-1’2 /2b2)
d(r) = exp(-br) , b>0

(max (bz-r2,0)>l/z b, b>0

2
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—
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d(r) = max(1-r/b,0) , b>0
d(r) = min (1, (r-Rd)-z)
d{r) = min (1, exp(—(rz-R2>,/’2b2 ))
k
dir) = Z Cy-Xp (-1‘2 ,.-’21)12 > , ¢, ™0,
i=1
“ . . R S SNy .
diry =1, 0§1€R.d(1\._ce:~.p(-1 .JZb), ¢ ™0, r>R

Of these alternative damage functions, the first is the most fre-
quently encountered in the literature. For convenience, it is called
the diffused Gaussian damage function. (Morgenthaler (1961) calls
it the diffused exponential, but his terminology seems movre appro-
priate for the second function.)

For the reader who desires a damage-function somewhere Le-
tween the cookie-cutter and the diffused Gaussian, the Operations
Evaluation Group (1359) and Galiano and Everctt (1967\ have pro-
posed a family of damage functions expressible in terms of the
Poisson distribution:

i-1
di(r) exp (-11‘2/2132) Z (irz/’2b2>j_/j!

=0

1-p,_, (ir?/20%)

Note that dl(r) is the diffused Gaussian damage function and d_(r)

is the cookie-cutter. If one assumes a target with a circular Gaus-
sian value distribution having a variance 02,1,, and a circular Gaus-
sian probability density function of weapon impact points centered on

the target with variance 02, Galiano and Everett (1967) show that
the expected fraction of target value destroyed by one weapon is

E(f = 1- <1(02 . g?r)/(bz vi(o® + o?r)»l .

The Operations Evaluation Group (1959) provides a graph of El(f)
for i equal to two, generalizing it to an offsct aim point.

bl bl
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The rest of this section (with two exceptions: Read (1971) and
McNolty (1965) at the end of Section 2.4.2) is restricted to the dif-
fused Gaussian damage function.

2.4.2 One Weapon Inipact, Various Target Characteristics

Assume that the probability density function of weapon impact
points is Gaussian centered on (xo,y0> and with variances oi and oy;
assume also that the target is centered on (0,0) and has a circular
Gaussian value distribution with variance o%. The expected fraction
of the target value destroyed by a single weapon, El(f), is deter-.
mined by a characteristic~function argument in McNolty (1967}:

/ / <2 v2
2 1 *0 "0
bexp - = +
exp\ z< 02 4 g2 b2+02+02>)
El(f):- X T T,
(2 2\120 2 2\ 172
+Ux' D 'O)‘G

El(f) also represents the probability of destruction of a point
target Jocated at (0,0) if one sets UZT = 0 in the above expression.

Note the great analytic simplicity gained by changing from a cookie-
cutter to a diffused Gaussian damagc function; no longer does one
have to deal with tabulated functions such 2- P<R,"o,r0 .-"g\, and

/ ’
P(R max’c>
If the target consists of two orr more isclated points, how
should a single weapon be aimed in order to maximize the proba-
bility of target destruction? Consider the simplest possible con-
figuration: two point targets located at (-d,0' and (d,0). Assume
that the probability denqjt\ function of the lmpact pomt of the weapon

2

is circular Gaussian with oi = U:', = 02. Generalizing an argument
used in Operations Evaluation Group (1939), it is ot difficult to
show that the prohability of destxoying both targets with a single
weapon aimed at {d-c,0), 0 = ¢ = 24, is

P(both) =T ..2. exp |- 5 - _2____?_;‘ .

This is maximized by sctling ¢ = d: in other words, the optimum
aim point is at the origin. However, it appears quite difficult to
find the aim point which maximizes the corresponding probability
of destroying at least ore iarget,

o s b o
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When ci = 02 = u2 and Xg = Yo = 0 (a circular Gaussian distri-
bution of impact-points centered on the Gaussian-valued target),

McNolty (1965) also derives El(f) for the diffused exponential
damage function d(r) = exp(-br):

o0 5/
E,(f) = Z D' (2(o% + 02‘))1' : (1 +(1/2)) /it

When 0,2{ = of, = 02 and ¥, # 0, Yo # 0 (a circular Gaussian dis-

tribution of impact-points offset from the Gaussian-valued target),
Read (1971) derives El(f) for the generalized cookie-cutter damage

functiond(r) =1 (0 = r = R), d(r) =c exp (-1‘2/2b2), (r >R). The

gxgression is a very complicated function of R, b, é, 0~y Orps and
(:;0 + yg), and the reader is referred to his paper for details.
2.4.3 Gaussian Target, More Than One Impact

What if more than one weapon is directed against the Gaussian

target? Grubbs (1968) introduces the inost general model; he as-
sumes that each weapon impact-point is the sum of two independent

random variables:
1. An offset aiming-point (common to all n weapons) with a
Gaussian probability density function centered on the tar-

. : 2
. ? v
get, and with variables Oxa and Oya’

2. An aiming-error (independent from one weapon to the
next) with a Gaussian probability density function centered
at the offset aiming-point (ax,ay) and with variances

2 2
Oy and gy

The expected fractional value destroyed of the Gaussian target is
approximated by

n .
E.(f) ~ Z (_1)i+1 (?)bz,l ((b2 . Ui)(\bz \ 03»-(1-1)/2

n
i=1

o - o w) =172
x(bz * Ui) * i("'zr * Oia» «bz - 03 )+ 1(0%‘ i Ofra»i

(o (22) " (1 o (-422))
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where

A>2( = ¥ (bz * Gi - i(g% - oia)) /U%‘ (bz * 0>2( * iaia)

and

A\‘)?; = k2 (bz + 03 + i(ozT + Uf,a>)/0%‘<b2 + 03, + iuf,a) .
This will be abbreviated

n

E (D ~Z(-1)i*1(‘f) H, .

i=1

The latter expression brings out the point that this approximation
to En(f) behaves like the binomial series, which is notoriously ill-

suited to computation. The partial sums of this series may oscil-
late in sign, initially with increasing magnitude, until at some value
of the summation index the magnitude begins to decrease. To get
around these difficulties, Breaux and Mohler (1971) have developed
three transformed series based on Jacobi polynomials that are
well-adapted to computation and require perhaps fewer than one-
half of the number of terms required by the binomial series. Un-
fortunately, the Jacobi polynomial coefficients are much more com-
plicated than the binomial ones. Grubbs, Breaux and Coon (1971)

suggest for the purposes of standardization that the simplest of the
Jacobi polynomials be used:

n j
E (D ~Z a4, Z AH,
j=1 i=1
where
Aji =1 for i=0,

i
Aji=z (j+keas{) (- 1k-1) /(asK)k  for i=1,2,...,j ,
k=

—t

a = /n) _(_?ji—aﬂ'h-l) D{j+a+3+1) T(j+a+1) T(n+is1)
n \J [(1+a) T(n+j+a+3+2) T(j+341)

As a consequence of numerical experimentation, o was chosen to be
.99 and /5 to be 0. For compulational purposes, Grubbs, Breaux and

i
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Coon (1971) use a slightly modified formula in which a, is ex-
pressed interms ofa; ;. m

Guenther (1966) derives the same equation for En(f) assuming
that Oxa = Oya and o, = Oy If in addition there is no offset aiming
point distribution (o va 0, then the equation simplifies to

“" =

n
Ef0 =Y -0 (Pnt/aan
i=1

where p = bz/(b2+02> and A = o?l,./(bzwz). Breaux (1968) shows
how this can be reduced to

/
E (D =1-B(1/4n0/0 7,

where Bx(p,q) is the Incomplete Beta Function, which may be cal-
culated from Ix(p,q) = Bx(p,q)/B(p,q), tabulated by Pearson (1934).

The above transformation also follows easily from formula 26.5.6
in Abramowitz and Stegun (1964).

2.4.4 Uniform Circular Target

Consider now the uniform-valued circular target of radius K
centered at (0,0) instead of the Gaussian-valued target. Morgen-
thaler (1961) and Guenther and Terragno (1964) both derive the ex-
pected {raction of the target destroyed by a single weapon, assum-
ing that the impact point has a Gaussian distribution centered on

U 2 2 .
(xo,y0> and with variances Oy and oy The result is

E (0 =2(® &%) P ,

where P is the corresponding probability of destruction of a point

target by a single weapon with cookie-cutter damage function, as
2

analgzed in Sections 2.1.1-2.1.4. However, one must replace oi, Uy

or ¢° with o’}z( + bz, 02 + b or 02 + b and R? with K? in the earlier
formulas. For example, if 0 =¢_ = 02, then

2 2
X
5 1/\{2/<02+b2)1/2>: if x5 =y =0,

P - P(K/(ozmz)l/z, (x84 y2)

p - p(K/(ofnax . bz)l'/z, (ofnm . b2>1/2/(03m;x . bz)l'!2> . if

both conditions hold, P = 1 - exp (—K2/2 (02 +b2)> .
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If more than one weapon is directed against the uniform-valued
target, Grubbs (1968) assumes the same model of weapon impact-
points as before. Unfortunately, the resultant expected damage
function cannot be integrated. In order to obtain a simple expres-
sion, Grubbs resorts to two approximations:

1. Instead of integrating over an elliptical region, he inte-
grates over a rectangular region of equivalent area, and

2. He replaces the integral (irom -x to x) of the Gaussian
probability densxty function with the expression

(1 - exp (-Zx /‘:T))l/z
The expected fraction of the target destroyed is, approximately,

B~ Z 1+1 (2/1;( ) 21 (<b2 ;2(><b2+03>)-(i-1)/2
} 3 1 - exp (—iKZ,/z <b2 . G)z{ . 10}2{& ))%1'/2

. 31 - exp (—iK2/2<b2 + 03 + iof,a))il/z

This will be abbreviated

1
B0 =2 -0 () e
i=1

As mentioned in Section 2.4.3, the latter expression behaves like
the binomial series and is ill-suited to computation, Breaux and
Mohler (1971) have developed three transformed series based on
Jacobi polynomials; the simplest one (suggested by Grubbs, Breaux
and Coon (1971) in the interest of standardization) is given {)elow

n j
Byl =2 20 D 4G
j=1 i=1
where A.. and a, have already been defined in Section 2.4.3. For

computational purposes, Grubbs, Breaux and Coon use a slightly
modified formula in which a, is expressed in terms of a(] I)n’

The reader is referred to thelr article for comments on the com-
parative accuracy of the binomial and Jacobi approximations.
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Guenther (1966) gives the integral for En(f) assuming that

O%a = Oya and Oy =0y but cannot integrate it. If in addition there is
no offset aiming-point distribution (oxa = Oyg = 0), then the integrai

can be easily evaluated:

n

i+l /ny i . .
En(ﬂ =Z (-1)** (i>p (1 - exp(-x.*)) /it ,
i=1
where p = b2 /(6%+0%) and 7 = K2/2(b?+0? ). Notice that Grubbs' bi-
nomial series approximation for En(f) reduces to this exact expres-
sion when Oxa = Oyg = 0. In addition note the (not surprising) simi-

larity between the above two formulas to those of the previous
section,

When n is moderately large size (say 20 to 50, depending on
the word length of the computer) this formula becomes subject to
serious round-off problems. To meet this difficulty Breaux (1968)
transforms the above into a numerically stable form. The result-
ing expression has the added advantage that El(f),Ez(f),. . .,En(f)

are all available as partial sums of the same series:

n
50 -3 (1 exten) - 1)
i=1

Morgenthaler (1961) considers a more general problem in
which each weapon has an individual aiming-point; the resuiting ex-
pressions are so cumbersome that he must resort to simulation.
He also replaces a salvo of n weapons with an annulus of appropri-
ate area having its center distributed according to a circular Gaus-
sian distribution centered on the target. Unless the salvo can be
arranged so that none of the weapons '"overlap'" (i.e., unless the
impact-points are at least 3b or 4b apart), this approximation is

likely to be rather poor.

2.5 MATCHING THE ATTACK DISPERSION TO AN AREA TARGET

In Sections 2.2.1-2.4.4, it has been assumed that the attacker
aims all of his weapons at the center of the area target. If the
radius of the target is large with respect to the standard deviation
of the impact-point probability density function, and it is also large
with respect to the radius of the damage function, then the center
of the target will be overkilled by the salvo and the edge of the tar-
get left untouched. This problem can be overcome by "spreading
out'' the salvo in some sense — either by scattering the
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aiming-points throughout the target area, or by retaining the single
aiming-point and increasing the standard deviation of the impact-
point probability density function. (The latter technique is seen in
the design of a shotgun choke.) A somewhat less practical solution
to the problem is the precise tailoring of an impact point probability
density function to maximize the expected fraction (or expected
value) of target destroyed. However, the latter problem is worth
investigating in its own right because it provides an upper bound to
the damage achieved by optimizing either the placement of aiming-
points or the standard deviation of the impact-point distribution.
These three approaches to the problem of matching attack dispers-
ion to target size, then, are the subject of the next sections,

2.5.1 Multiple Aiming- Points

It is not hard to see that the problem of selecting the optimum
set of aiming-points against an area target is an exceedingly diffi-
cult one. The work of Fejes Toth (1953), Neville (1915), Marsaglia
(1965) and Gilliland (1966) well illustrates the difficulties when
there is no error in the placement of the weapons on an area tar-
get. To combine this work with that of {(say) Grubbs, Breaux and
Coon (1971) to obtain a reasonably realistic multiple aiming-point
model appears to be impossible at the present time.

What, in fact, has been accomplished? Bressel (1871) has de-
veloped perhaps the most comprehensive model. Specifically, he
considers an attack of n weapons against a rectangular (instead of
circular) uniform-valued target. Each weapon has its own aiming-
point specified in a rectangular grid. Each weapon has an error
which is the sum of two independent components:

1. an aiming-point error (common to all n weapons!, with a
Gaussian probability density function centered on its in-

ya’

2. an individual dispersion (independent from weapon to
weapon) with a Gaussian probability density function with

dividual aiming-point, and with variances Gia and ¢

variances g, and o .

He assumes a diffused Gaussian damage function. The resultant
equation giving the expected function of target damage is far too
cunbersome to optimize with respect to the two components of
airning-point spacing. In order to illustrate the optimization pro-
cedure, he considers a special one-dimensional case: the determi-
nation of the correct spacing between the aiming-points of two
weapons dropped by an airplane perpendicularly crossing a railroad
track. Setting Uyn = Uya = 100 feet, o, =0, = 25 feet, a target of

2 feet by 200 ieet (effectively infinite), and the damage function
parameter b = 25 feet, Bressel determines that the optimum weapon
spacing is about 74 feet (each weapon should be aimed 37 fcet from
the target center). He plots the expected damage as a function of
weapon spacing in order to demonstrate that a true maximum is
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52 2.5.2

achieved; for sufficiently small values of Oya = Oya (20 feet or less

in this example), the optimum spacing is actually zero (both weapons
should be aimed at the center of the target).

Using the same model as Bressel, Sangal (1969) and Jaiswal
and Sangal (1972) have derived expressions for the expected fraction
destroyed of a rectangular target attacked by (a) three weapons in a
string, compared with an equilateral triangle aiming-point pattern,
(2) four weapons in a string, compared with a square aiming-point
pattern, and (3) five weapons in a string, compared with a quincunx
aiming-point pattern (i.e., the arrangement of the pips on a die).
Unfortunately, the expressions are so lengthy that it is tedious to
determine either the optimum spacing of a given pattern (a function
of target dimensions, aiming-point and dispersion variances, and
damage function spread), or the conditions under which one or
another of the optimized aiming-point patterns should be usad.

The Bessel model can be specialized by retaining the diffused
Gaussian damage function but simplifying the weapon aiming-errors,

i.e., setting “>2<a = cza =0 and oi = 02, = 02. Hunter (1967) uses this
model to calculate En(f) for a Gaussian target, and Read (1971) uses
the same model to calculate En(f) for a uniform-valued circular tar-

get. Unfortunately, the rcsultant expressions are so comvlicated
that it is impossible to find the optimum set of aiming-points,

2.5.2 The Maximum Expected Damage if the Attacker Selects the
Variance of the Weapon Impact-Points

In this section, a cookie-cvutter (i.e., all-or~-nothing) damage
function with radius R is assumed. Two types of area targets will
be considered, a uniform-valued circular target and a Gaussian-
valued one. As will be seen, no analytic procedures are known, and
it is necessary to treat the problem emyirically. For simplicity, a
circular Gaussian distribution of weapon impact points will be con-
sidored. The attacker's problem is to determine theo = o =0
which maximizes E_(f). opt Xy

Consider a uniform-valued circular target with radius K. The
evaluation of En(f) for a given value of ¢ has been discussed in

Section 2.2.2; Topt MAY be found empirically from tables of En(ﬂ.

The process is simplified by the fact that for fixed n and for h any
constant, hgopt = f(hK,hR), so that O opt /K is a function of R/% and n

alone. One can use the extensive tables of Jarnagin (1965) to deter-
mine the optimum standard deviation. This brief table has been
compiled from that source:
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n-= 5 n= 10 n-= 20
R/K o.,./K E_() Oopt/K En(f) Uopt/K En(f)

opt n

0.05 - - 0.29 0.024 0.33 0.047
0.1 031 0.047 0.36 0.090 0.39 0.165
0.2 0.38 0.168 0.42 0.293 0.45 0.471
0.3 0.40 0.3217 0.45 0.514 0.50 0.728
0.4 0.42 0.492 0.48 0.702 0.53 0.882
0.5 0.43 0.642 0.50 0.835 0.55 0.958
0.6 0.42 0.766 0.50 0.919 0.56 0.987
0.7 0.39 0.861 0.48 0.965 - -

0.8 0.35 0.928 - - - -

It would be of some interest to determine the asymptotic behavior
of OOpt and its associated E(f) as n approaches infinity and R ap-

proaches zero such that nR? is a constant.
Consider next a Gaussian-valued target with variance o%. The
calculation of En(f), given g, was discussed in Section 2.3.2. Analo-

gously to the uniform-~valued case, ¢ /O'T is a function of R./UT

and n alone.

Using the table in Section 2.3.2 for a salvo size of 20, one can
conjecture that as n approaches infinity and R approaches zero so

2 A 2
that nR™ = ¢, the Topt is given by <°opt/GT> ~1.5 (R/oT>. It seems

plausible to assume that ¢ t is roughly proportionral to vn; there-
fore, one obtains op

opt

(OOpt/UT)z ~0.34 Vn (R/’OT> .

Note that this is of the same form as D, in Duncan (1964), con-
sidered in Section 2.3.3. What is the corresponding value of En(f) ?

Normalizing to op = 1, one can show that the limiting maximum
E_(f) is
n

o0
lim E_(f)=1- j r exp (—rz,/?,) (1 - P(R/o,r/o)> M 4r
N~ 0
R?‘:c/n
C,_/ZU2
=1- OZ(ZOZ/C) 0 -1 exp(-r) dr
0

1- (204/c> 7'(02,0/202 ),

=
=
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where 1 is the incomplete gamma function. If one substitutes in

int =0.34 Ve op for 02 and uses Pearson (1951) to evaluate the
integral, one obtains the approximate table:
c,/"ch Uopt'/OT lim E_(f)
2.5 0.733 0.455
5.0 0.872 0.635
7.5 0.965 0.738
10.0 1.037 0.804
12.5 1.096 0.849
15.0 1.148 0.882
17.5 1.193 0.906
20.0 1.233 0.924
22.5 1.270 0.937

2.5.3 An Upper Bound to the Expected Damage if the Attacker
Selects Any Probability Density Function of Weapon
Impact-Points

It would be quite interesting to find a method of determining
the optimum p(x,y) among all possible impact-point probability
density functions, instead of restricting oneself to Gaussian ones.
'This appears to be an intractable problem: however, Walsh (1956)
treats a related problem that could often lead to satisfactory ap-
proximations. His method is applicable to targets of arbitrary
value-structure, not only Gaussian or uniform ones. Furthermore,
Walsh solves this problem for many dimensions; this section re-
stricts Walsh's argument to the two-dimensional case. It is con-
venient to formulate Walsh's problem in terms of the original
problem.

Letting, as usual, d(x-xt,y-yt) be the probability that a point

(xt,yt ) of the targel is destroyed by a weapon impact at (x,y), define

0 oC
P(x,y,) = j f d(x-X,¥-v, ) px,y) dx dy
- - 0

Thus, P(xt,yt> «S the probability that the point (xt,y‘L \ is destroved
by a weapon launched at the target, Let T(xt,yl) be the density
function of the fractional value of the target; that is, T(xt,yt> inte-

grated over a region gives the traction of the total value conlained
in that region. It is convenient, although not necessary, to insist
that T be a bounded function, so that the integral of T is continuous.
Then the expected fraction of the target destroyed by n independent
weapons 1is
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Ef=1- f / x¥y) {1 - P(xpy, )" ax dy,

The first problem mentioned in this section can now be precisely
formulated: maximize En(f) over possible densities p(x,y), given

the above expression for P(xt,yt). Unfortunately, there seems to
be no way to solve this highly nonlinear variational problem.

Walsh, however, is able to find, for a class of possible
P(xt,yt), that P(xt,yt) which maximizes E_(f). It is easy to derive
a constraint for P (xt,yt) by integrating the formula defining

P(xyyy )

o0 0

[ / P(x,¥ ) dxg dy,

20 20 0 ©
) f f f f d<x'xt’y‘yt> p(x,y) dx dy dx dy,

o 0 0 20 °
= / / ix,y) / / d(x-xt,y-yt) dxt dyt> dx dy
- -0 -0 =)
o0 o0
= f f p(x,y) + D dx dy
-0 «00
=D ,

where D is the total lethality of a weapon:

o0 o0
- / / dlx,y) dx dy
-0 -0

One assumes that D > 0, since otherwise the attacker can accom-
plish nothing. For brevity, the subscripts t are henceforth dropped

in the expression P(xt,yt\),
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Walsh finds that P(x,y) which maximizes En(ﬁ, subject to the

above constraint on P(x,y). If a p(x,y) exists which generates the
optimal P(x,y) found by Walsh, then clearly p(x,y) is optimal in the
sense of maximizing En(ﬂ . However, it is possible (in fact, likely)

that in a specific problem no such p(x,y) exists. In such a situation,
one must settle for a p(x,y) which leads to an approximation of the
optimal P(x,y).

The problem to be solved can be restated slightly as {olliows:
Find that P(x,y) which minimizes

/ f T(x,y) {1 - P(x,y)}n dx dy ,

subject to the constraints

o0 ke
f / P(x,y) dx dy =D s 0< P(x,y) <1
-0 -0

Because Walsh gives an incomplete derivation of the solution {citing
Svesnikov (1948), a source not readily available), it is worthwhile
giving a full derivation, using a simple Lagrange multiplier
argument.

First, consider the following problem: Let x >0 and minimize

oL

[ Az (1- 2oy - mpeey} axay

subject only to 0 = P(x,y) = 1. Suppose that for some A the Px(x,y)

solving this problem satisfies the additional constraint. Then
clearly this Px(x,y) solves the original problem, since the term

nxP(x,y) has no effect on the minimization, This is the Lagrange
multiplier principle.

To minimize the above integral, observe that there are no
constraints connecting values of P(x,y) at different points. There-
fore, it is sufficient to minimize the integrand independently at each
point. Thus one is led to the problem of minimizing

T(1-P)" . mP

where T is a constant and 0 < P < 1. Elementary calculus yields
the solution P = max {O, 1- (A/’I‘)l’l(n' 1)}. Hence, the solution is
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. (11- 1)1
given by Px(x,y) = max {0, 1 - <,\ r’T(x,yS)l' (n U}. Observe that

for each (x,y), P,(x,y} is a continuous monotone nonincreasing iurc-
tion of i, '

To complete the Lagrange multiplier solution, it is necessary
to determine ) so that

(2] X
f f P, (x,y) dx dy
0 - )
/] 1 _ x T(\\\)l (n-li}d dy =

T(x,y) ™)

This integral is a continuous monotone nonincreasing function
of x. Its value is zero at sup T(x,y). As X approaches zero the
value of the integral approuches A, the total extent of the target.
That is, A is the area (possibly infinitey of the region for which
T(x.y) \ 0. Thus the above equation has a unique solution in X pro-
v1ded that D < A. But if D= A the original problem is trivial,
since a P(x,y) can be chosen satis{ying the constraints and for which
D(x,y) = 1 whenever T(x,y) > 0: thus the entire target can be de-
strayed by a single weapon. (This fact is additional evidence for the
lack of realism of the model used.) In the case of interest, there-
fore, the equation has a solution. In practice, however, solving for
A 1S not too simple. In general, analytic solutions will not exist, so
that it will usually be necessary to employ a search procedure,
However, this may not be too difficult if a computer is available,
since it should not be necessary to determine X very accurately, and
since the continuity and monotonicity of the integral would simplify
the search.

In any case, the solution may be summarized as {ollows,
Firsl, determine ) {rom the equation

// )\/T(x v\) 1.’(11—1)} dx dv = D .

xy\ )

Then the optimum P(x,y) is given by

1- (x.'T(x,y\‘)l-"(”'l‘ it Tix,y) oA

2

P(XyY) =

0 i T(x,y) <2
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The corresponding En(f) is given by

oc 20
En(f) =1 - / f T(x,y) (1 - P(x,y))n dx dy
-0 -
=1 - /f T,y dx dy - [/ T(x,y)

T{x,y)<A T(x,y)-=>

. (X/T(x,y))n"(n'n dx dy

/f ) dx dy - / (\ /T,y ) /1) ax gy

T(x,y) =)

/] {Tey) - (/10 VDY ax gy
X,y)= X

It is instructive to carry out these calculations in the simple
case of a uniform-valued region N'. Iet the area of N’ be A; then

T(x,y) = (X,¥) € N,

L
A 3
T( ) 0 s (X,Y) 6 J\y

Thus the equation for X becomes (if 0 < x «J 1/A):

ali- ot /-1y . p

SO
y - (1-D ‘a1
A
Hence
. 1/(n-1)
san=1
( 1 - (Ll’_D_A_\__. . A\ -D’A if (%,y) € N
P X,Y) = /
0 if  (x,y) €N
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: : The resulting En(f) 18 given by

1 _[(a-p/anin-b L)

_/ 1
A\

E (i = A
D Al A

=1 - (1-D/AY

Therefore, the optimum P(x,y) is a uniform density over the
whole targel. However, it is not possible in ceneral to find any
p(x,y) which leads to this distribution. To be specific, assume that
N is a circular region and that the damage function is a circular
cookie-cutter. Then it is easy to see intuitively thal for any p{x,y),
either the resulting damage function overlaps the boundary or it
approaches zero near the boundary. More formally, one sees from
the definition of P(x,y) at the beginning of this section that P(x,y) is
a continuous function, provided p(x,y) is a bounded function. Even
if p(x,y) is not bounded, a soiution s impossible., In fact, it can bhe
seen that in general, whatever the nature of the target value and
damage functions, a solution is unlikely.

Nevertheless, the given Eq(ﬂ, provides an upper . .nd. Thus
if one can find a p(x,y) which gives an En(f‘, close te that bound, one

iyt ot b bl is BE LTI SURRULE TRV

knows that p(x,y) is a good approximation to the optinium result,

[l

2.5.4 An Asymptotic Probability Density Function of Weapon
Impact-Points for a Gaussian-Valued Target
When one attempts to apply Walsh's method to a Gaussian-

valued T(xt,yt> instead of a uniform one, one runs into mathemati-
cal difficulties immediately. To find X, one must solve the equation E

Lot bl

IE i

b , T
2~ f r (l -l ‘(n-1) ((l."Z:U,zr) C.‘(p(—l‘z.?o%» tin 1))d1, - ERZ :
a

where a and b are the values of r which satisfy
X = (r/oz,r)exp <— 1'2,/20%,>. Thus any solution of the problem would
certainly make cxtensive use of a computer.

However, if one allows n to approach infinity and R to approach

zero in such a way that nR™ remains equal to a constant ¢, then it
is possible to determine even the impact-point probability density
function which maximizes En(f\ in the 1imit. Onec derivation can be

found in the second half of a paper by Galiano and Everett (1967); a
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different one is given in Duncan (1964). In the limit, the expected
fraction of total value destroyed is :

1/2 g 172
Ain; E (fh=1- ( 1 (c,/o,zr> ) exp(— (c,/rsz> > . "ff

R%-c /n =

This is often referred to in the literature as the square-root law of E
target damage. The lmpact-point probability density function is e
circularly symmetric about the center of the target. At a distance

: 7
r from the target center, ¢ = r == (ZUT)I"‘? el 4, the density is

2
proportional to the quantity (c /"o,2r> - (rz ,."ZUZT); for all

Y, "i
r> (on)l'z ¢1 the density is zero. Obviously, this truncated A

probability density function is not Gaussian: the table below shows E
how much the offense pains (in the limit as n approaches infinity) i
by switching from the optimum Gaussian probhability density to the
unconstrained optimum probability density.

EXPECTED FRACTION OF TARGET DESTROYED ==
lim En(f)

c,’bZT Gaussian  Optimum
2.5 0.455 0.469 =
5.0 0.635 0.652 E
7.5 0.738 0.758 A
10.0 0.804 0.824 =
12.5 0.849 0.868 3
15.0 0.882 0.899 E
17.5 0.906 0.921
20.0 0.924 0.938
22.5 0.937 0.950

2.6 ESTIMATING THE PROBABILITY OF TARGET SURVIVAL/ £
DESTRUCTION FROM IMPACT-POINT DATA E

If the probability density function of weapon impact points,
p{x,y), is completely specified, one may apply directly the proba-
bility calculations outlined in earlier sections. However, a more |
realistic situation is that the form of the probability density func- -
tion is known but certain parameters are unknown, For instance, 3
one may know that p(x,y) is a Gaussian distribution function but may

know neither the mean u = (“x’“y) nor the covariance matrix
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However, one is assumed to have a set of observations of actual

weapon impacts (xl,y1>, <x2,y2), . ,(xn,yn). How can one use this
data to estimate the probability that a weapon will impact within a
circle of radius R, or (conversely) estimate the radius of a circle
within which a weapon will impact with probability P?

The reader is warned that the following sections draw rather
extensively on material fromi mathematical statistics; however, he
should be able to understand the results in this section without a de-
tailed kmowledge of the field.

2.6.1 Estimation of the Probabil.ty of Impact Within a Circle

Consider the problem of estimating the probability P that a
single weapon will impact in a circle of radius R centered on a point
target, given a series of observaticns of actual weapon impacts

(x5 1)s (%s¥g )5 - s (X )-
It is clear thal a relatively straightforward estimate of this
probability is immediately available. If m out of the n quantities

1/2
(xiz + y%) are less than or equal to R, then one can estimate the

probability P by

~

P=m/n

The variance of this estimate is estimated using the binomial prob-
ability distribution:

var(i") = (m/n) (1 - (m /n)) (1/n)

However, it should be possible to make more complete use of the
available information and obtain an estimate with as small a vari-
ance as possible. To accomplish this, one can apply a well-known
theorem from statistics:

Assume that X is a random variable with a probability
density function f(x,8), and assume that one wishes to
estimate a function g(6). If a statistic t for 6 which is
complete and sufficient exists, and if an unbiased esti-
mate W of g(0) is known, then the minimum-variance
unbiased estimate for g(@) is given by the ¢xpaectation
of W given t, E(W[t).

Laurent (1957, 1962) has determined the minimum-variance unbiased
estimate P under the assumption that neither ; nor T is known. The
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estimate given below is a somewhat simplified expression due to
Kabe (1965}, Let Ay and 2, be the eigenvalues of the sample covari-

ance matrix S; that is, Ay and A, are the solutions to the equation

<Si"‘)(53“’*> -siy=o ,

where
n
2 —\2
8, =0, (x=x)"/n,
i=1
2 n
S, =2 (y7y)"/m
i=1
n
Sxy = (- )(y.-y Jm o,
i=1
n n
X =Exi/n and vy =Zyi/n .
i=1 i=1
Assume that )‘1 > >\2. Then, assuming n is even,
. (n-4)/2 ,
P - 2m ! (n-2) (xz,/“)l"'z Z (“"ff)/z) B<i+1/2,1/2>
i=0

- (1- (’*2:/’*1))1 B(i+1,(n/2) - 1- 1) 1<R2 ) (i+1,0n/2) -1 1,

where B(p,q) is the Beta Function I'(p) T'(q)/T'(p+q), and where
Ix(p,q) is the Incomplete Beta Function tabulated in Pearson (1934):

X

B, (p,Q) = f P (1-y% 1 ayl/Bip,a)
0

This function is also described on page 263 of Abramowitz and
Stegun (1964). The variance of this estimate is unknown;
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it is impossible to say how much gain has been achieved over the
simple estimate P = m/n.

If one is willing to assume that Oy = 0, Kabe (1968) derives
minimum variance estimates for P under three conditions: X un-
known; pu known; ¥ known, p unknown; both ¥and y unknown. Un-
fortunately, these are given as bivariate integrals which are not

easy to evaluate. For example, il £ is unknown and p is kaown;
then the minimum-variance estimate of P is

- (81720022 [ (5,05%)(5,+2)

)-(11-2)/2

n-3)"2

. (sty dudv |,

where the integration is taken over the region u2 + v2 = Rz, and

n n

Sy =2 % Sy:Zyi

i=1 i=1

Kabe outlines how to evaluate this intcgral by means of a triple
summation,

If one is willing to assume that p(x,y) is a circular Gaussian
distribulion with mean centered on the target, then the only unknown
parameter is oi = “3 = 02. The problem of determining the
minimum-variance unbiased estimate of P, the probability that a
weapon will land within a distance R of the point target, is consid-
erably easier., Inselmann and Granville (196%7) have carried out
this computation using the same theorem as Laurent. They find

that

R }(211S?‘)2n"3 - (211S2-R2)2n'3$ (n-1)
P =
2n-2

(4n-6)nn'1 2n'2 S

where

n
229 (<« %) 2m .
i=1

Again, it would be desirable to know the variance of P.
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2.6.2 Estimation of the Radius of a Circle Corresponding to a

Given Impact Probability

This seclion considers the converse of the previous problem.
As before, assume that p(x,y), the probability density function of
weapon impact-points, is Gaussian with arbitrary mean p and co-
variance matrix . The problem is now to estimate the radius R of
a circle centered on a point target at the origin of coordinates,
given that the probability of target destruction is P, and given a

series of weapon impacts <x1,y1>,<x2,y2), cee ,(xn,yn>. This can be
readily done by first estimating u and £ by means of the unbiased
sample moments

n
Ti = Z (xi& )2,/( n-1)

i=1
n

Ti -5 (v,7)% /1)
i=1
n

Ty =2 (5%)(yF)/ ()
i=1
n n

X=) x/n and y = yi/n o,

i=1 i=1

next rotating the coordinate axes through an angle ¢ to get rid of
T ((‘) is the solution to the equation tan 2 ¢ = ZTxv/ Ti - Tg» ,

and finally identifying the remaining four transformed estimates
with the (unknown) mean and variance of the probability density

function of weapon impact-points. One can then calculate R im-
plicitly using the methods of Section 2.1.

Blischke and Halpin (1966) derive the variance of this esti-
mate of R:

o 2\( 2.2 2.2\ 2
var(®) = (1/nC)(5CT « 20,,C,S; + o8] ) « (1/4tn-1c2)

: «:(RCO - u,Cq - uysl)2 - (RS, - 12,8y - ;Lycl)?‘

+ (Rey - iy Cp e8P - (8 - “ycl>2€

St e
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C, =§1— cos né exp (-f(R,G)/2q2> d¢ n=0,12 ,

i
T
[n

1 . 2 '
S,=5- [ sinndexp (-tR,0)/2¢*) a6 n=12,
2 22 2
q. = Uxoy = %(y b
and
2 2 )
f(R,6) = oy (R cos G-le) - zoxy (R cos 9-px)<R sin 6-uy)

+ o)z( (R Sine—py)z

They also give a series approximation {or the variance of R.

If the probability density function of the weapon impact-points
is circular Gaussian and centered on the target, the estimation of
the radius R corresponding to a given destruction probability P is
much simplified. Usually, one sets P equal to 0.5; weapons ana-
lysts will recognize this as the problem of estimating the circular
probable error, abbreviated CEP. It is easy to show that the radius

R is in this case equal to (2 10g82>1/2o = 1,1774¢; therefore, the
problem of estimating R is equivalent to the problem of estimating

¢ from a sample (xl,y1>,(x2,y2), cen, (xn,y“> from the circular
Gaussian distribution with zero mean.

Moranda (1959) derives the minimum-variance unbiased ¢sti-
mate o: g

n 1/2
A F(ﬂ) Z 2 . 2 /
= |y (6 0312
i=1
This estimate is unbiased, and its variance is

nl‘z(n) -1
I‘z(n+1 /2)

var(o) = 02 .

Consequently the variance of R is (1.17’74)2
infinity, the quantity in braces approaches 1/4n,

var{o). As n approaches
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Moranda (1959), Kamat (1962) and Inselmann and Granville
(1967) have proposed a variety of alternative estimates of g, in the
hope that simplicity of calculation will compensate for increase of
variance. Note that all of these estimates assume that the circular
Gaussian distribution of errors has a mean at (0,0).

n

1/2
1. Mean Radial Error. Calculatez (x.z ‘ yf) / n =r. This

i
i:1 1/2
statistic has an expected value E(r) = (7/2)*" “g; therefore, an un-

/i
biased estimate of ¢ is given by (2/7r)1’2r. The variance of (2,./3)1/21‘
is ((4/7.') - 1>02/n, which is 1.10 times as large as the variance of
the best estimate ¢.

n
2. Mean Deviation, Calculatez (lxii + iyﬂ) /2n =d. This statistic

i=1,,
has an expected value E(d) = (2/7r)1' 20; therefore, an unbiased esti-

mate of ¢ is given by (v ,/2)1-/2d. The variance of (7/2) 1/2d is

\'r,-2)02/'413, which is 1.14 times as large as the variance of the best
estimate o.

\1/2
3. Radial Order Statistic. Arrange the quantities r, = <x§ + y‘ff)
in order from smallest to largest: r(l) = r(z) N r(n . Let

r.., denote the jth order statistic, and associate with j the quantity

)
p = j/(n+1). If j is chosen so that p is equal to 0.797, then the
statistic

s =1, (2 (-log,(1-n))) "1/ - 0.558 n

1s an unbiased estimate of ¢ and has a variance equal to 0.396 az /n,
which is 1.58 times as large as the variance of the best estimate ¢.

In practice, since j and n must be integers, one can only approxi-

/!
matle p by p': the multiplicative factor hecomes (2 (-loge(l-p'))) -1 '2> .

The following argument shows why p = 0.797 was chosen. It
is a well-known result from classical statistics that, for large n,
the jth order statistic in a sample of size n from a probability den-
sity function f(x) is approximately distributed as a Gaussian random
variable with
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where

p

f fx) dx = p .

In this application, f(x) i s equal to (x/oz) exp (~x2,/202>; therefore,

X /o = ( ( log (1-p) ) and f(\ ) (1-p) (xp/oz). The statistic
(J) ( ( loge(l p))) 1/2 1s an unbxased estimate of o with variance
p(l-p)~ ( (-locr (1- p))) /n. It is a straightforward matter to

ascertain that the value of p which minimizes this variance is the
solution to the equation -loge(l-p) =2p, or p =0.797. In other

words, among all unbiased estimates of ¢ using a single order sta-
tistic, this has the smallest possible variance. Sometimes the
median (divided by 1.1774) is used as an estimate of ¢; however, its

variance is 0.521 02/n.

Strictly speaking, the above estimates o, r, d and s should be
used only when one is certain that the probability distribution func-
tion of impact points is circular Gaussian with a mean at (0,0}, If
these assumptions are not true, the estimate of ¢ can be seriously
inerror. To protect oneself against such a possibility, one can use
a more ''rcbust' estimate protecting against errors in the assump-
tions, at the price of increased variability of the estimate if the as-
sumptions are, in fact, correct,

Suppose, for example, that the mean of the distribution of im-
pact points is not located at (0,0). One can perform statistical tests

on the sample values (xl,yl>, ceey (\xn,yn> to determine whether or

not this hypothesis is reasonable. Alternatively, one can construct
¢stimates insensitive to this failure by replacing X; and Y with
X, - X and yi- y, respectively, where

n n

X = E x.l/n and vy = E yi-’n .

i=1 i=1
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Moranda (1959) suguesis the following analogue to o:

n 1/2
R R

‘This estimate is unbiased, and its variance is

2
(-0 rm-n | 2

var(g" =
1"2(11-1,"2) ‘

As n approaches infinity, the bracketed quantity approaches 1/4(n-1).
When n = 5, 10 and 20, the quantity var(c') /var(c) = 1.26, 1.11 and
1.06 respectively. The price paid for robustness is quite small.

Kamat (1962), Grubbs (1964b) and Cacoullos and DeCicco (1967)
have proposed a variety of alternative estimates of ¢, in the hope
that simplicity of calculation will compensate for increase of

variance. n

v 172
1. Mean Radial Error. Calculatez ((x.l-i)z 3 (yi-§>2> /n =r'.

i=1 /
This statistic has an expected value E(r") = ((n- 1):‘,/211}1/" 2u: there-
fore, an unbiased estimate of ¢ is given by (2n/(n- 1)7:)1' 2r'. The
variance of this estimate is given in Grubbs (1964b). When n = 5,
10 and 20, the quantity var(r'/E(r"))/var(r/E(r)) = 1.23, 1.11 and
1.06 respectively. Again, the price is small,

n
2. Mean Deviation. Calculatez (I%,-%l+ ly,-¥1)/2n = d". This
i=1 1/2
statistic has an expected value E(d") = (2(n-1)/sn)"/“0; therefore,

an unbiased estimate of ¢ is given by (7n/2(n-1)) 1’/2d'. The vari-

ance of this estimate is given in Kamat (1962). When n =5, 10 and
20, the quantity var(d'/E(d"))/var(d/E(d)) = 1.22, 1.09 and 1.05 rc-
spectively. Again, the price is small.

3. Radial Order Statistic. The analogue to s has not been derived.

A variety of estimates of ¢ based on the extreme order statistics in
the sample have been proposed. Although such estimates have the
virtue of not depending upon the location of the mean of the impact-
point distribution, their variance increases rapidly with n; conse-
quently they should be considered only for quite small sizes (say,
20 or less). In one dimension, the range w = X(n) " X(l\ is a natural

3
2
—3
=
3
=
=
g
§
3
=
-2
=
=
=
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statistic to use for estimating 5. The expected value of w is dno,
and the factor d_ is tabulated for 2 = n = 20 in Table 20 of Pearson

and Hartley (1954). When one goes to two dimensions, various gen-
eralizations of the range have been proposed by Kamat (1962),
Grubbs (1964%), Daniels (1952) and Bradley (1965):

W, :% (x(n) - X(q) * y(n) - y( 1)) (average range)
\ 2 212
Wy = (% x) " ) (diagonal range)
= x| 2 o oa2ll? or
Wg = nl.;;.]x z(xi-xj> + (yi yJ.) \ (extreme spread)

radius of smallest circle covering (xl,yl), cee, (xn,yn>

\V4
perimeter of smallest convex polygon containing
(xl,yl), ce ,(xn,yn> .

The variability of the first four estimates (after corrections for

bias so that E(biwi> = o) is quite similar; for example, if n = 10,

We

var (blwl> =0.0334 02, var (bzwz) =0.0331 02, var(b3w3) =0.0376 02

and va.r(b4w4) = 0.0365 02. The statistical behavior of W is not

known. The statistic wy is the simplest to calculate. Its bias cor-
. . . —1/d + v f J; _ 2 /6,2 .

rection is by = 1/d_: var (wl_/ dn) =V 0°/2d", where d and V_ are
tabulated in Table 20 of Pearson and Hartley (1954). For n =5, 10

and 20, the quantity var (w, /d_)/var(6") = 1.07, 1.19 and 1.43
respectively. ‘

Kamat (1962) considers yet another assumption failure. If
one is worried about a slow "'slippage'' of the mean of the impact-

point distribution as the observations (xi,y.) are being collected,
he suggests the statistic 1

n-1

d- =Z (lxi‘xnll J’Iyi_yhl!)’/z(n'l)
i=1
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The expected value of d" is 2/V7, and the variance is approximated
by

var(v7 4"'/2) =

1.052 0.326‘> 2
( 39 -

8
If one uses this estimate, one pays a somewhat larger price in in- =¥
creased variability when the impact-point probability density func- £
tion is centered on the target: as n goes to infinity, the ratio of

this variance to that of the minimum-variance estimate is 1.,68. :
However, no other estimate presented above protects against a slow =
slippage of the mean.

2.6.3 Estimatiou of the Paramelers of a Diffused Gaussian Damage

Function E

So far, all estimation problems have been carried out in the :
context of a cookie-cutter damage function — the target is assumed
to be destroyed if and only if the weapor. lands within R of it. In 3
such a situation, the probability that a weapon will land inside a
circle of radius R is of primary imporiance.

Suppose, however, that one has a diffused Gaussian damage
function exp <— rz,-’2b2 instead. Assume that a point target is lo-

cated at (0,0) and that the impact points of weapons directed at the ;
target have a circular Gaussian probability density function centered

on the target and with variance 02. Under these circumstances, the E
probabx.hty of target destruction by a single weapon is given by -3
P = b2 /( %) 3
Assume that one has fired n weapons against the target, m of 3
which destroyed the target. For those m weapons, the miss- '

distances T(sTgy .. -,1 are known; for the others, the miss-

distances are unknown. (This situation might occur if each weapon
was set off by a proximity fuse, which operated at distance r with

probability exp (-r?'_/sz) N =
Obviously, one can estimate P by P = mm/n. However, if one =

is interested in estimating 02 and b2 the components of P, more =
sophisticated estimates are 1equ1recf Thompson (1958) derives the )

maximum-likelihood estimates ¢ and b°. To do this, he forms the
likelihood function (the probability of qettmg m tar«ret destructions

out of n weapons with miss-distances r ,r,, ... ,1m§.
g \m-n /oD m =

2 2 I o] b 1 1° . E
L(12,0") - (m)( 2“""2) (‘2““2‘) ex"('Q(_z*“z» o 3
bh™ .o b” o ! b a i=1 =
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where
m
2
Q= ]

X
i=1

Differentiating L(bz,oz) with respect to b2

DO

and 02 and setting these
expressions equal to zero, one obtains two cquations to solve for q2

2 . . . .
and b™. These are known as the maximum-likelihood estimates of

02 and b2:

82 = nQ® :'mz , 62 = nQ ‘m(n-m)

. . . ~2 (-2 -2 . .
It is comforting to note that b /{¢”+b™; = m/n, the estimate pro-
posed earlier for P.

2.7 OFFENSIVE SHOOT-ADJUST-SHOOT STRATEGIES

The preceding sections of this chapter have all considered
situations in which a salvo of weapons has been simultaneously di-
rected against an undefended point target. Suppose, however, that
the offense can observe the impact-points of his first (i-1) weapons
before directing his ith weapon at the target. He may discover, for
example, that his weapons are clustering about an offset aiming-
point rather than the target. Obviously, he can compensate for this
offset by directing future weapons not at the target but at an imagi-
nary offset aiming-point on the opposite side of the target. The pro-
cedure outlined in this section calculates the oplimum compensation
to be applied to each weapon, based on a knowledge of the earlier
impact-points and their associated compensations.

Consider the following one-dimensional bombing problem. A
point target is located at the origmn; it is destroved if and only if a
weapon impacts between -R and +R. Assume that the weapon impact-
point zZ; is the sum of two components: a fixed bias B of unknown

magnitude, and a random aiming-error x; having a Gaussian proba-

bility density function with a variance of :12. A non-letnal weapon is
directed at the target for calibration purposes: its impact-point is

zp =B - Xg- 1f one aims the first lethal weapon at -Zq, then the new
bias is equal to B - zg = -Xqs and the impact-point, Zy =Xy - X

will have a Gaussian probability density function with mean centered

on the target and variance 202. Note that the calibration shot has
eliminated the unknown bias B: the probability density function of
the impact-point of the first lethal weapon is completely known,
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What bias should be given to the second lethul weapon? The
probability of kill of the second weapon will be maximized if the
variance of 2 is minimized. It is not difficult to show that this is

accomplished if the bias is chan=d by -(1/’2)21; the new bias is
equal to -(1/2) (x0+x1) and the impact-point, z¢ = X4 - (172) <‘(0 +x1\),
will have a Gaussian probability density function with variance

(3/2)02. If one applies the same argument to the third weapon, the
bias is changed by -(1.’3)22, and the impact-point,

. 2
v - — A / v .
2q = Xg (1/3) (XO”"I ,‘\2> has a variance of (4/3)c”. The general

blas-correction procedure is now evident; as n approaches infinity,
the impact-point will have a Gaussian probability density function

with vuriance 32 centered on the target. Nadlev and Eilbott (1971
show that this bias-carrection procedure is optimum (in the sense
of minimum variance at each stage) among all bias-correction pro-
cedures which are linear functions of the impact-point observations
Z..
i

For an attack of n weapons, Nadler and Eilbott derived the
probability that the target will be destroyed it the above bias-
correction procedure is independently applied at each stage to the
X-component and the y-component of the two-dimensional impact-
point error:

n

P=1-exp (- (R?/26%) z i,/(i4)> .

i=1 /

In the two-dimensional situation, the aiming-error of each weapon
is assumed to have a circular Gaussian probability density function

with variance oz; the target is destroyed if any of the n weapons
impact within a distance R. Nadler and Eilbott prove that the two-
dimensional bias-correction procedure is optimum, not only in the
sense of minimizing the variance of the x-component and the y-
component of the impact-point error at each stage, but also in the
sense of maximizing the probability of target kill with n weapons
asswmning a cookie-cutter damage functior of radius R.

The summation in the exponent is equal to ns1 - 3 =« Y(n+2),
where 5 is Euler's constant and ¥/(n) is tha digamma function (which
is tabulated). The summation can be approximated by the expres-
sion n - loge(2n+3)/'3.

However, this bias-correction procedure should not be applied
in all circumstances. For example, if B is known to be zero (or
small with respect to the standard deviation o), then the attacker
will obviously do better if he leaves the bias alone. In fact, the
probability P that the target will be destroyed by an attack of n
weapons increases to




P=1-cxp (—nR‘? /’2«;2)

if no bias exists and no bias-correction is used. How should one
decide when w use the procedure? In order to eliminate the vari-
able n, it is convenient to introduce a new criterion of effective-
ness: the cxpected number of attacking weapons required to destroy
the tary *  If the bias E is less than the critical bias B* given in
the tatb  .elow, then the expected number of attacking weapons
necded w destroy the target if no bias-correction is used is less
taaa the expected number of attacking weapons needed o destroy
the target if the oplimum blas-correction is used; if the bias B is
vrealer than the critical bias B*, then the upposite situation is true.
For the details of the numerical calculations leading to this {able,
see Nadler and Eilbott (1971),

TABLE OF CRITICAL INITIAL BIAS 1L.LEVEILS
R/o 0 0.1 0.2 0.3 0.4 0.5 0.6
B* /o 0 0.21 035 046 055 0.63 0.69

However, the attacker will not be able to specify the bias B with any
degree of precision. Therefore, it is necessary to introduce the
fo]llowing approximate rule: use the bias-ccrrection procedure if
the probability that B = B* excecds 172, and do not usc the bias-
correction procedure if this probability is less than 1/2.

It is important to distinguish the shoot-adjust-shoeot strategy
presented in this section from the more well-known shoot-look-
shoot strategy discussed in the literature. The obiective of a shoot-
look-strategy 15 to conserve weapons by observing after each firing
whether or not the target has been destroyed. L contrast, the
shoot-adjus(~-shoot stratecy attempts to maximize the probability
of target destruction, given that u weapons heve been made availabie
for this task. When one is using a cookie-cutier damage function,
it is appropriate to combine a shouot-adjust~-shoot and a shoot. look-
shoot strategy. The information needed to carry out the bias-
correction (that is, the distance the last weapen impacted from the
target) is exactly the information required to determine whether or
not the targetl has been destroyed (the distance is compared with the
lethal radius R). Nadler and Eilbott proved that the bias-correcticn
procedurc is optimum when shoot-adjust-shoot and shoot-look-shoot
arc combined. Note that this problem is non-trivial: the prebability
of target Kill by the nth weapon must be conditioned on the fact that
the first (n-1) weopons all impact vutside a cirele with radius k
centered on the tarper,

For other damage functions (for example, the yiffused Gaus-
siun damage functiont) it is wore natural w cousider shoot-udjust-
shoot and shoot-look-shoot strategies separately. ‘T'he observation
of a weapon impact-pomt dees not innnediately tell the offense
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whether or not the target has been destroyed; the condition of the
target must also be observed. It can be shown that the above bhias-
correction procedure is optimum for any circularly sy:nmetric
damage function, The probability of target destruction using a dif-
fused Gaussian damage-function is

n
P=t- ] Geno?/(w? « (o)

i=1
If one attacks arca targets instead of point targets using a

shoot-adjust-shoot strategy, the bias-correction problem appears
to be considerably more difficult. If the first weapon impacts be-
low the target, for example, it may be desirable to overcompensate
for the apparent bias B in urder t¢ place the second weapon above
the target and minimicze the chance of overlap. The bias-correction
scon becomes a complicated function of the geumetry of all impact-
noinis (not simply the radial distance between the last impact-point
and the target, as for a point target).

2.8 ATTACK EVALUATION BY DE FENSE USING RADAR
INFORMATION

In Sections 2,1.1-2.5.4, various formulas have been pr esenied
for calculating targer damage under a variety of assumptions about
the nature of the target and the damage function. In all these models, =
it is assumed taat the impact-point probability density function, E
p(x,y), of the attacking weapon is bivariate Gaussian. Suppose, how-
ever, that the defense is able to estimate the impact-point of the
weapon by means of radar observations of the weapons in flight.
How does this additional information modify the expectation of tar-
get damage? In short, can one determine the conditional threat K
posad to a target by an incoming weapon? In many of the models of
active defense considered in future chapiers, this sost of informa- '
tion cowd be of considerable value.

This problem has been analyzed in "ome detail. Specifically, )
vensider two kinds of damawve functions (cuokie-cutler with radius =
R, diflmsed Gaussivsn with standard deviation b) and three kinds of =
targets (point, vv - s-valued circular with radius K, and Gaussian
with standard devii, *.n -;TT). The targe * is centered on the origin of

a two-dimensional coordinate system. pPrior to the radar observa-
tion, the probability density function of the weapon impact-point is

assumed to be a bivariate Gaussian with mean (Xo,y()) and covari-
ance matrix
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Using the radar, the defense estimates that the weapon will impact
at the point (xp,yp).
sumed to have a bivariate Gaussian probability density function with

The true impact-point of the weapon is as-

mean (xp,yp) and covariance matrix
9 _
_ Ty Xy
-
T =
- 52
Xy y

Let (xp,y )) be denoted by the column vector Z. If 7T is large with

respect to %, then the fcrmulas presented in Sections 2.1.1-2.5.4
can be used to evaluate potential target damage. In the earlier
work, the covariance term could be eliminated by an appropriate
rotation of the coordinate system; however, this is no longer pos-
sible because the error ellipsoids of weapon impact-point and radar
prediction may not be parallel to each other,

If one assumes a diffused Gaussian damage function, one can
write down in closed analytic form the protibility of kill ior a point
target or the expected {raction of value destroyed for a Gaussian
target. For the point target, the probability of kill is

P =12 |,-?_I_+Qi'1""2 exp (- % _QT(;BL~-2)-1C>

where 1 is the two-by-two identity matrix, D is the two-by-two
matrix ‘_‘(B+3‘)"1§, C is the column vector 3( Sfi'lz, and 3 is a

constant equal to b™. E(f), the expected fraction of value destroyed
fur a Gaussian target, can be expressed by the same equation, pro-
vided that ;7 is changed to ' = b2 + (7%,.

If one assumes a cookic-cutter damage function, the probabilitly
of kill for a point target or the expected {raction of value destroyed
for a Gaussian target is obtained by integrating a circular Gaussian
probability density function over an offset cllinse. This can be ac-
complished using the tables dincussed in Section 2.1.4; however, the
specification of the ellipse is somewhat involved and is omitted here,

The evaluation of the expected fraction dastroyed of a4 uniform-
valued circular target is considerably more difficult, If a dilfused
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Gaussian damage fun<ttion is used, the integration of a circular
Gaussian probability density function over an offset ellipse is again
necessary.

2.9 SUMMARY

This chapter presents a wide variety of formulas to calculate
target damage by a salvo of identical weapons with a common aim-
point and independent aiming-errcrs. If the target is small with
respect to the cookie-cutter damage radius, the probability of sur-
vival for offset ellipsoid aiming-errors can be calculated: however,
little is known about the optimum aim-point to use against clusters
of point targets, If the target is large with respect to the damage-
radius, the expected damayge by a salvo o1 weapons bccomes much
more difficult te calculate; for simplicity, two idealized distribu-
tions of target value — the uniform-valued circular target and the
Gaussian-valued target — are introduced. However, it is possible
to obtain computable approximations for the expected damaye by
an offsetl ellipsoid attack only when the cockie-cutter damage func-
tion is replaced by a diffused Gaussian damage function.

If the attacker can control the relative locations of the aim-
points of different weapons, he can optimize the expected targel
dainage. Such prccisce control is rarcly possible, however, and the
attacker may only be able to control the standard deviation of
weapons about a single aimn-point, or (better still) the probability
density function »f weapons about a single aim-~point.

The evaluation of the above tarpget damage formulas requires
a knowledge of quantities such as the probability that a random
weapon will land inside a circle of specified size; these quantities
can be estimated {rom observed weapon impact-points using a
variety of techniques from applied statistics. If the attacker can
allocate weapons sequentially instead of in a salvo, he mzay he able
to correct biases in his aim by observing the impact-points-of his
weapons with respect to the target. The final section @udcipates
succeeding chapters by showing how the defense can ceuculate
impact-point probability density {functions conditioned ky chscerva-
tions on the incoming weapon, thus sorting out the more threa ~ning
from the less threatening.
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CHAPTER THREE

DEFENSE OF A TARGET OF UNSPECIFIED STRUCTURE

This chapter is the first one in this monograph to consider
problems of active defense by a stockpile of defensive missiles.
The simplest such problems are those in which it is possible to
ignore the structure of the targets defended. For example, sup-
pose that one is interested in defending a point target with a stock-
pile of defensive missiles against a group of offensive weapons.
When one is dealing with a single target, the natural criterion of
effectiveness to use is the probability that the target survives. As
another example, suppose that the target has an area of uniform
value which is so large that it can absorb the entire offensive
stockpile without any overlap of damage regions. In this case, the
damage will be proportional to the number of weapons that pene-

trate, and a natural effectiveness criterion is the expected number
of penetrators.

The fact that the target structure is ignored in these criteria
usually (but not always) simplifies the analysis. Consequently, the
models of this chapter are often used to approximate more com-

plicated situations or are used as components of more elaborate
models.

The following notation is used throughout this chapter: the
number of weapons in the defensive and offensive stockpiles are
designated by m and n, respectively. If the target is a point tar-
get, it is generally assumed thar an unintercepted offensive weapon
destroys the target if and only if it lands within a distance R of
the target. All offensive weapons have impact-point errors drawn
from the same probability density function; furtherimore, the
impact-point errors are independent from one weapon to the next.
It is also assumed that defensive missiles have a reliabiiitv p —
that is, if a defensive missile is assigned to an offensive weapon,
the latter is destroyed with probability p. Furthermore, the in-
dividual missiles of a defensive salvo operate independently of
each other — if the salvo is of size i, the probability of offensive

weapon destruction is equal to 1 - (l-p)’. Finally, it 1s sometimes
assumed that an unintercepted offensive weapon has a fixed prob-
ability p of success against the target.

Ordinarily, ti.e reliability p is assumed to be known to the
defense. Suppose thit the defense can observe where all n of the
offensive weapons will land before committing any defensive mis-
siles, and suppose that the defense also knows the lethal radius R.
Then the optimuin defense strategy is trivial — he observes that




RO 0 T

78 3.

n' = n of the offensive weapons will land within a distance R, and
salvos his m defensive missiles as evenly as possible against
each of the offensive weapons. Given that n' = m offensive weap-
ons land within a distance R, the probability of target destruction
is

P, =1- (1-(1-p)k)n'-r(l-(l-p)kJrl)r ,

where
k = [m/n'] and r=m-n'k

If r = 0, the formula simplifies to
) ; k)n'
P.=1- (1-(1~p)

Ifn'>m, Pn, 1S equal to unity.

Denote the probability that an offensive weapon lands within
R of the target hy P. Then the unconditional probability of target
destruction prior to the attack is

n
P - E (MPia-p)™ip,
i-0

The quantity P was calculated in Chapter 2 under a wide variety of
different assumptions about the impact-point distribution. For
example, if the probability density function of the impact-point
distribution is circular Gaussian centered on the target and with

standard deviation Oy =0,=0, then

P=1- exp(mRz.-'Zoz)

The rest of this chupter derives optimum defense strategies
for varicus modifications of this standard defense problem. On the
one hand, the defense may not be able to see the attack before
committing its missiles, or may not know the lethal radius R: on
the other nand, the defense may be able to use shoot-look-shoot —
that is, to determine whether or not a defensive missile has de-
stroyed an offensive weapon before directing a second missile
against the same weapon.
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3.1 DEFENSE STRATEGIES AGAINST WEAPONS OF UNKNOWN
LETHAL RADIUS

Suppose that the defense can see the entire attack bafore
launching a single defensive missile: that is, he can predict that L
the offensive weapons will impact at distances rysros..=sr, B
from the target. He is willing to assume that all n weapons have
the same lethal radius R, but he does not know what this is. In- =
tuitively, one would like to allocate more defensive missiles to
those weapons with small values of r; than to those with large ry.

It is difficult to allocate defensive missiles to minimize the =3
probability of target destruction when R is unknown. A procedure
which achieves minimum probability for one (hypothesized) value -
of R will not work for another value of R. However, the following s
criterion should work reasonably well aver a range of R: allocate 3
the defensive missiles to maximize the expected distance to the e’
nearest penetrator (that weapon against which all defensive mis- =
siles allocated fail). This is an example of a robust strategy as '
discussed in Section 1.2, Let m, denote the number of defensive

missiles allocated o the ith closest weapon, and let A, denote the

nm.
probabilily that the ith closest weapon will pcnetrate: A, = (1-p) L
Then the expecied distance to the nearest penetrator is

10 1

i=1 j

E =rjAp+ 1Ay (1-A)) + .o+ 1A [T (1-a) + ra [T -4)
i=1 i=1

if the nearest j offensive weapons are assigned defensive missiles:

j

_ >~ 1wl . E
Z m, =m, m 0 for 1 1=, ij.l =0 . :
i=1 =
) The problem of maximizing E subject to the constraint g
) =
] ] Ai =A = (1-{))m can be solved by dynamic programming. How-
i=1

cver, it can be solved approximately by allowing the unknowns 1o
become continuous and treating A as an unknown. This approach
may be reasonable when p is small. To proceed, substitute

A(A1A2 AJ._I)'l for Aj in the above equation and solve the sys-
tem of equations ‘.E"‘.m.l =0,1 =1,2,...,j-1 1o obtain the optimum
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values of A AZ’ _1. A can be chosen arbitrarily; select that

value of A that mdkes AJ =1 (that is, let A = A1A2 j-l)' By
this procedure one arrives, after simplification, at the following

equations for the optimal A;::

* ]-1 L I 3 1—1 *
T AL+ rALA M (1-At)
i=k+1 t=k+1
-1 j-1
sy [] (1-a¢) - al (1-4) =0, k=1,2,...5-1

t=k+1 t=k

One can derive a recurrence for the Ak in terms of the ). Solv-
ing the kth equation above for Ak’ one has

j-1 il i-1
* / * * - ¥
A =lrgm) [ (1-4) ( 2. A 1 (ay)
t=k+1 1=K+ ;
i-1 . \
eriq ] (1-a,) - 7,
t=k+1 /
If one takes Pk and Qk as the numerator and denominator, re-

spectively, of the above fraction, one arrives at the following
recursion:

Py = pk+1<1'Ak+l> :
*
Q = Qk+1(1‘Ak+1)+ Tyal " Tk o
* /
Ay = PLQ

fork—] 2,)-3,....,1, where F, L rj,Q1~ ji1” ] 1» and

A =P /Q This recurrence enables one {0 calculale sucres-
1 * 1 * *
sively A 1 J TR 1, and hence the corresponding

m.1 = log Ai,.f log(1-p).

sttt D i
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It is of interest to give explicit formulas for the first few
*
Ak' This task is somewhat simplified if one sets R = Pka,

j-1
Sy = QZy, where Z, = | I Q;- This leads to another recur-
rence for the Al:: i=k+1 E
2y = Zys1 " Siar
Ry = Rk+1(sk+1_Rk+1) J

S Sk+l(sk+1-Rk+1) + Zk(rk+1"rk> ) :

k
*
Ay =REIS
fog‘ k =j-2,j-3,...,1, where Z1 =1, R1 =r
A1 =R "Sl
recurrence is the avoidance of fractions in the calculatxon of 7‘]{’

Rk’ and S The expressions {or the first three A are as follows:

.. =r., S, =r. -r. ’
j+l 71 i+l =1 ,
The advantage of this apparently more cumbersome

A;—l = (o) (e ryen)

Aj_g = Aj—l(,rj'rj-ly(rj'rj-Z) ’

-3 :Aj-z«r] - 2>(rj+1-rj-l>'(rj'rj-lj(rj+l'rj))/
((I'j-rj—3>(rj+1'rj-l)-(rj-rj—l)(rjn_rj»

The optimum continuous allocation of defensive resources
has been presented above for certain discrete values of A —
namely, those corresponding to each possible choice of j. If one
has defensive resources associated with an A between iwo of these
discrete values, one can perform linear interpolation on the mis-
sile allocations m, corrceronding to the Ai’ in order to produce an

approximate solution.

A numerical illustration may be helpful here. Supnos:
p=0.4 and m = 7, and suppose that offensive weapons are ohserved
to have miss distanc.s of 1, 4, 5, 7 and B from the target. ¥or

=2, A‘l = 1 4 and the corresponding my is 2.71. Forj =3,
=16, A =2 S‘m(l the conespondmn m, and m, are 3.52 and
080 FOI‘_]—4A =772, A2-29A3ﬁ13mdthe(‘01rp-

n dnd m, a: * 4.96, 2.94 and 2.15. The defensive

sponding m
p gn 2 3

1)

i
I
‘\
J
%\



Irpemrs

82 3

to
!

stockpile of 7 is located .503 of the way between 4.32 and 9.65;
therefore my = 3.52 +(.503)(4.56-3.52) =4.05,
m, = 0.80 + (.503)(2.94-0.80) = 1.87, and my = (.503)(2.15) = 1.08.
Of course, since it is impossible to allocate fractional missiles, - 1
a good practical allocation is my = 4, m, = 2, mg = 1. The best =

way of rounding the continuous variables will not always be so
obvious.

*
Once the Aj-i are known, the expected distance to the near-

est penetrator, E, can be readily calculated. Hcwever, explicit =
algebraic expressions for E are cumbersome. For j = 2,

| LAY/ P
E = (r;rg-r3) (v rp) s 1y
One practical difficulty in using this allocation scheme is

*
that the A._.1 must be computed during the course of the engage-

ment rather than beforehand. As an alternative to the above pro-
cedure, one can derive allocation strategies corresponding to a =
different criterion: allocate the defensive missiles to maxinmiize =
the expected rank of the nearest offensive weapon penetrating the
defense. In other words, actual distances r, are replaced with the =

ranks i and the problem solved as beiore. Now, it is possible to
store an allocation strategy in a computer before the actual en-

gagement occurs; it will be a function of A = (1-p)m alone. In =3
general, this should lead to allocations very similar to those pro- =
duced by the above method.

The problem of allocating defensive missiles to maximize E
the rank of the nearest penetrator is equivelent to the problem of -2
allocating defensive missiles to maximize the expected number of E
weapons to the first penetrator in an attack of indeterminate size. 2
This latter problem is discusced in Sections 3.2.1 and 3.2.2.

3.2 DEFENSE STRATEGIES AGAINST A SEQUENTIAL ATTACK '
OF UNKNOWN SIZE E

Suppose that the defense knows the lethal radius, R, of an
offensive weapou butl does not know the size of the offensive attack.
In particular, assume that offensive weapons appear one at a time,
and the defense must decide how many missiles to allocate to each E
one before the next weapon appears. Clearly, the defense will only :
allocate missiles to that subset of the attack which has predicted
impact-points within a distance R of the target. Intuitively, it is
clear that one would like to allocate more defensive missiles to
earlier weapons and fewer to later ones, in order to avoid target 5
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destruction while one still has a substantial stockpile of defensive
missiles.

3.2.1 Maximizing the Expccted Rank of the First Penetrator

It is difficult to allocate defensive missiles to minimize the
probability of target destruction when the attack size is unknown.
A procedure that achieves minimum probability for one (hypoth-
esized) attack size will not work for another value. However, the
following criterion should work reasonably well over a range of
attack sizes: allocate the defensive missiles to muaximize the ex-
pected number of weapons to the first penetrator (that weapon
against which all defensive weapons allocated fail). This approach
may be useful in another situation. Often a defense objective is
stated, sonmewhat vaguely, as that of maximizing the price (in
number of weapons) the offense must pay to achieve a high conti-
dence of target destruction. Rather than debave the somewhat
arbitrary level of confidence to be set, it may be plausible to
modify such a criterion to that of maximizing the expected rank
of the first penetrator. This procedure will tend to have ihe cffect
of charging a hizh price over a range of levels of confidence.

Even when the attack size is known, a strategy of maximiz-
ing the expected rank of the first penetrator may make sense. For
example, the target may be an air base which is warned that an
attack is about to take place: as the aircraft sequentialiy leuve the
base the target value diminishes with the passage of time (later
weapons are less threatening than earlier ones). Let ny denote

the number of defensive nmiissiles to be allocated to the ith weapon

(in order of arrival) which lands within a distance R of the target,

and let B.1 denote the probability that this weapon will penetrate:
m,

Bi = (1-p) ". Then the expected number of weapons (landing in-

side a circle of radius R centered on the target) to the first pene-
trator is

j-1 j
. i 1 A
E =By +2By(1-B )+ ...+ iB) ] (1-B)=(=1) [] (1B
i=1 i=1
if the first j weapons (landing inside the circle) are assigned de-
fensive missiles:

]
.= 1 N 1— 1. . =
E m; o=, mg 0 for 1—i-j, m“1 0

liiiid
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This problem is identical to that of the previous section if
one sets r = i. To maximize E approximately, subject to the con-

]
straint that H B.1 =B = (l—p)m, one may proceed as in the pre-
i=1
vious section. Substitute B(B 9 j-l)_l for Bj in the above
equation and solve the system of equ’ltions 1E/>m =0,
1=1,2,...,)-1 to obtain the optimum values of B 82....,Bj_1. Se-
lect that value of B that makes B. = 1; that is, let B = B1B2 B

The recursion formulas of the previous section simplify shuhu),
si : -r, =1
since ry_ 4 K 1

The optimum values of B.1 and the expected number of weap-

ons to the first penetrator are tabulated below for those defense
resources B such that B = B1B2 Bi-l’ for 1 = j = 40.

The second column of this table gives the optimum Bi as-

sociated with each of the weapons to which defensive missiles are
assigned. (If, for example, the fifteenth offensive weapon is the
flI‘St one not envaged then the entr es in the second column give

4 = 0.5000, B 13 © 0.2500,. = 0.0186.) The third colunmn
gives -logeB which is equal Lo -m log,e(l -p). When p is near unity,

this is approximately equal to mp. It would be worthwhile to de-
velop asymptotic expressions for each of these columns.

A numerical illustration may be helpful here. Suppose
p=04andm ="7; then -loq (1 p) 511, 1i the tlmd weapon is

the first one not engaged, then B2 =.5000, and B =.2500. The
total defensive missile stockpile is equal to m = (2 08)/(.511) =4.06,
which is allocated m, = .697.511 = 1.35 and my =m -m, = 2.71.
If the fourth weapon is the first one not engaged, then B; =.5000,
* *
2 =.2500, and B =.1500. The total defensive missile stockpile

is equal to m = (3. 98) (. 511) 7.80, which is allocated as follows:
mg = 69/.511 _135 m, _(2.08 - .69)/.511 = 2. 71, and

my=m-mg - m, = 3. 74 The defensive stockpile is localed 786

of the way between 4.06 and 7.80; therefore
my = 2.71 + .786(3.74 -2.71) = 3.52,

my = 1.35 + .786(2.71-1.35) = 2.42, and mg = (.786)(1.35) - 1.06.

Of course, since it is impossible to allocate the fractional mis-
siles, a good practical allocation is my = 4, Ny = 2 and mg = 1.

Apain, round-off can be expected to be a problem.
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OPTIMUM ALLOCATION OF DEFENSE RESOURCES AND THE
EXPECTED NUMBER OF THE FIRST PENETRATING WEAPON

Total
Number of Probability of Defensive
First Penetration of Missile
Unengaged Engaged Stockpile Expected Number
Offensive Weapons Required of First
Weapon {in Reverse Order) (Normalized) Penetrator
1 0.5000 0.00 1.00
2 0.2500 0.69 1.50
3 0.1500 2.08 2.13
4 0.1020 3.98 2.81
5 0.0752 6.26 3.52
6 0.0586 8.85 4.26
7 0.0474 11.68 5.01
6 0.0395 14.73 5.77
9 0.0337 17.96 6.54
10 0.0292 21.35 7.32
11 0.0257 24.89 8.11
12 0.0229 28.55 8.90
13 0.0205 32.33 9.69
14 0.0136 36.21 10.50
15 0.0170 40.19 11.30
i 0.01%6 44.26 12.11
17 0.0144 48.43 12.92
18 0.0134 52.66 13.73
19 0.0125 56.97 14.55
20 0.0117 61.35 15.37
21 0.0110 65.80 16.19
22 0.0103 70.31 17.01
23 0.0098 74.89 17.83
24 0.0092 79.51 18.66
25 0.0088 84.20 19.48
26 0.0084 88.93 20.31
21 0.0080 93.72 21.14
28 0.0076 98.55 21.98
29 0.0073 103.43 22.81
30 0.0070 108.36 23.64
31 0.0067 113.32 24 .48
32 0.0064 118.33 25.31
33 0.0062 123.38 26.15
34 0.0059 128.47 26.99
35 0.0057 133.59 27.83
36 0.0055 138.75 28.67
31 0.0053 143.95 29.51
38 0.0052 149.18 30.35
349 0.0049 154.45 31.20

40 - 159.72 32.05

=
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86 3.2.2

There exists an even simpler missile allocation strategy
which is very nearly optimum. If one has m defensive missiles,
allocate approximately m/h of these to each of ‘e first h weapons
and none to the (h+1)st weapon. Numerical calculations indicate
that the optimum choice of h is about 90 per cent of the first unen-
gaged weapon under the optimnum allocation: the loss in the ex-
pected number of the first penetrator is only 6 per cent compared
with the (continuous) optimum.

EVEN ALLOCATION OF DEFENSE RESOURCES AND THE EX-
PECTED NUMBER OF THE FIRST PENETRATING WEAPON

Number of First

Unengaged Offensive Probability of
Weapon Penetration for
Any Engaged Expected Number
Optimum Even Weapon of First
Allocation Allocation (in Reverse Order) Penetrator
2 2 0.5000 1.50
3 3 0.3535 2.06
4 4 0.2658 2.67
5 4 0.1342 3.31
6 5 0.1095 4.02
T 6 0.0966 4.72
8 7 0.0858 5.43
9 8 0.0769 6.15
10 9 0.0695 6.87
12 11 0.0574 8.32
14 12 0.0365 9.83
16 14 0.0332 11.35
18 16 0.6299 12.87
20 18 0.0271 14.40
25 22 0.0181 18.27
30 27 0.0155 22.20
40 36 0.0104 30.14

3.2.2 An Exact Procedure for Maximizing the Expected Rank

If the defensive missile reliability p is close to 1, it is de-
sirable to replace the missile allocation procedure presented
above with one which makes integer allocations. The general {orm
of a typical allocation is clear, provided m is not too large: for
the first j offensive weapons, one shouvld allocate two defensive
missiles apiece, and for ihe last i offensive weapons, one should
allocate one defensive missile apicce.

It is possible to determine the optimal allocation by dynamic
programming; however, the problem may also be treated directly.
Set




3.2.2 87

q=1-p,

x =1-p(1-p)

. 2

vy =1-p(l-p)
- z=1-p(l-p)°

Thus ¢, x, y, and z are the probabilities a given offensive weapon
penctrates if 0, 1, 2, or 3 defensive missiles respectively are as-
signed to it.

Suppose the defense allocates one missile to each of the first
m+1 weapons. Then the expected rank of the first penetrator is

m-1 m+1 2 m+1
+ +QqQ°X + .

E(nm+l) =1 + X+ ... +x qx

i 1- Xm+1 +xm~.-1
1 -x 1-g

m+l)

= (l-px

'p(1-p)

Suppose the defense instead allocates two missiles to the first
weapon and one missile to each of the next m -1 weapons. Then
the expected rvank of the first penetrator is

E(l,m-1) =1 +y + yx+ yx2 ...+ ¥X

3

m-1 m-1 m-1 2
+ VX q+ VX qQ“ + ..

it
—
+

)
i

™10)/p(1-p)

The second course of action will be preferable for the de-
fense whenever E(1,m-1) > E(m+1). After somec calculation one
finds that

" m-1
E(l,m-1) - E(m+1) = p(l - X (1+p-p+pp)>

Therefore E(1,m-1) > E(m+1) whenever

XM=y« 1ip-p+pp

’

so that

m > -log(l+p-p+pp) log x + 1

y

or equivalently,
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m = [-log(l+p-p+pp)/log x| + 2

In what follows, the last expression will be designated by mg.

Let M be the defensive stockpile. Assume either that M is
not too large or that for some reasnon the defense cannot assign
more than two missiles to any weapon. Then the complete solution
is as follows. If M = my, assign onc missile each to the first M

weapons. If M ™ mgy, assign two missiles each to the first

|(I\-‘I-1110+1)"2] weapons and one missile each to the next

M - |(M-m,+1)/2] weapons. A significant special case is that in
v

which » = 1, when one has simply

my, = [log(172) log p] + 1

For example, suppose p = 0.8, p = 1. 1hen my = [3.11] + 1 =4.

Thus as the stockpile grows, the successive allocations are as
follows:

(0,1),(0,2),(0,3),(0,4),(1,3),(1,4),(2,3),(2,4),. ..

Now consider the possibility that three missiles may be
assigned to an offensive weapon. Suppose the defense assigns two
missiles each to the first n weapons and one each to the next m
weapons. Then the expected rank of the first penetrator is

Emm) =1+y+ y2 ER _vn'l R ngn b+ xm"lyn
£ Y0 quyn N qmeyn .
n .m m_n
_1-y +ynl-)\ LX Y
1 -y 1-x 1-q
(1 ¥ M) h(1-p)
1-p 1-p :

If the defense assigns three missiles to the first weapon, two each
to the next n, and one each to the next m, the expected rank of the
first penetrator is

n-1 n 2

2 1 n
E(l,n,m) =1 +z +2zy+2y° +...+2y +zyt rzyix 2y oL

nm-1 n_m nm 2

, n_m
+ 2y X FEZY X 4 ZY X Q+2V X q ..

r

b

i Ml

i
I
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n m n_m
14z iV +zyn1'x LB X
1-y 1 -x 1-q
oz zy"'p n.m '
:1+_—_-._____ T -
(l-p oy p.) p(1-p)

From these formulas it is possible to compare E(l,n,mo-l)
with E(n+1,mO) and E(l,n-l,mo) with E(n+1,mo-1). These are the

most crucial comparisons, although the possibility that other com-
parisons may sometimes be necessary cannot be ruled out.

First, consider the comparison of E(l,n,mn-l) with
E(n+1,mo). Using the above formulas one has, aiier some cal-

culation,
m.-1

E(l,n,mo-l) - E(n+1,mo) = p(l -y - ynx 0 <1+p-pz-p(l-p)2>>

i
7

Therefore E(l,n,mo—l) > E(n+1,m0‘; whenever

ma,-1
v < 1/(p+x 0 (1+p-p2-p(1-p)2)) ,
so that

ma-1
nz [-log(p +x 0 (1+p-p2-p(1-n)2))/log Y] +1

This expression will be denoted by n,. Ifp=1,

ng = [-log(p + pm0(3-2p)>/log<29-p2)] +1

Second, compare E(l,n-l,mo) with E(n+1,m0-1). One has

E(l,n-l,mo) - E(n+1,m0-1)

/ ma-1
= 0(1 - yn'1(1+p-p(1-p)2) + y“'lx 0 paj
\ ‘

Th:refore E(1,n-1,mg) > E(n+1,mo--1) whenever

SPPRNN T 1 ann
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mun-1 53
g1 1/(1+p—p(1-p>2-x O

so that

' ma-1 o
n= l—log<1+p-p(l-p)2-x 0 pz) log y}+2

This expression will be denoted by ny. Ifp-=1,

ny = [-log(b<é —p-pmo.).)/(log 2p-p2>] + 2

8 TN
Suppose that M is not too large or that the defense cannot
assign more than three missiles. Then if -1 = ny -ny= 2, the

ahove results suffice to determine the opcimal allocation. The
solution is hard to state concisely, but can be given as follows.
Form M - (n0+n1 +mo). If this expression is negative, no weapon

is assigned three missiles and the solution is as before. Other-
wise, define k and r by

2

I

M -(no+n1+mO>=3k +r, O0=r

Seti = ny - no. Then the allocation is as follows. The number of
weapons assigned three, two and one missiles are k + a0 Ng + bir’

my + ¢, . respectively, where Q1 b ¢, are given by the follow-

ir’ "i
ing table:
i=-1 roa;,. by ¢,
0 1 -2 0
1 0 0 0
2 -1 0
1=0 r 3, b ¢
0 0 0 0
1 1 -1 0
2 1 0 -1

BE
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* i=1 T 34y Pir Sr gl
0 0 1 -1 i
1 0 -1 j
; 2 1 0 0 =
;;' i=2 T e Py Gy :
0 0 -1
] 1 0 -1 =
] 2 1 -1 =
, This solution is complete, provided -1 ~ ny - Ng = 2. Situa- 7
1 tions in which n, - ny exceeds this range appear rather uncommon. Z
3 If that range is exceeded, il is necessary to compare E(2,n,m) with

E(n+3,m), where m = my or m - 1; even more remote compari-

sons might be necessary on rare occasions. Thus, although the

above analysis should be satisfactory in most cases, a more com- :
plete analysis of the problem would be very desirable. Another -
shortcoming of the current knowledge of the nroblem is that no =
solution has been given which permits more than three missiles

to be assigned to an offensive weapon. There seems some hope

that an overall solution might be given; also, since E(kl,...,kr) is

fairly easily calculated in any specific case, a solution to any z
3 specific problem can be found by trial and error. In addition, E
3 approximations to the solution exist; however, at present, if it is

necessary to find an exact sclution in which the allocations to in-

dividual weapons are expected to be large, it is probably best to

use dynamic programming.

The following table summarizes the defense strategies for
p =1 and selected values of p, assunming no weapon is assigned
more than three missiles. For each p, the table gives my, Ny,

ng, i and ﬁ, the smallest defense stockpile for which the first

weapon_receives three weapons. (Note, however, that if the stock-
pile is M + 1, the first weapon may not receive three missiles:
note also that sometimes M= my + ny + ny + 1.)

p m ny ny i M
0.7 2 5 4 -1 11
0.75 3 6 6 0 16
0.8 4 8 10 2 22
0.85 5 16 18 2 39
0.9 7 39 39 0 86
0.95 14 159 159 0 333
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To illustrate the use of this table, consider again the case
8,p=1,s0i=2. f M=22,k=0, r_O.andtheallocatlon is
(0+1 8+0,4-1) = (1,8,3). II M = 93, k=0, r = 1, and the allocation
is (O 10 3) Likewise if M = 24, the allocation is (1,9,3). After
this, the last two numbers of the allocation are per iodic with
penod three. Thus as the stockpile grows, the successive alloca-
tions are as follows:

(0,0,1),(0,0,2),(0,0,3).(0,0,4),(0,1,3),(0,1,4),. . . ,(0,8,4),(0,9,3),
(1,8,3),00,10,3),(1,9,3),(2,8,3),(1,10,3),(2,9,3),(3,8,3),. . .

3.2.3 A Constant Value Decrement Criterion

Everett (1968) suggesis an alternative defense strategy to be
used when the attack is sequential and of unknown size. Instead of
maximizing the expected number of weapons to the first penetrator,
he designs a defense strategy vhich makes the probability of target
destruction proportional to the attack size, up to the point of defen-
sive missile exhaustion. It is immaterial to the offense what
attack level is selected: the increase in target destruction prob-
ability achieved by assigning one additional weapon to the target
is always the same. This strategy is sometimes called a constant
value decrement (or CVD) doctrine. Of course, as in any continu-
ous model, there is a round-off problem.

Everett assumes a somewhat mcre general model than that
of Section 3.2.1; the probability of target kill by an unintercepted
weapon is equal to a constant p. Both the probability of target kill
p and the defensive missile reliability p are known by the defense.
Let k be the increase in the probability of target destruction when
one more weapon is directed against it; the CVD doctrine must
assure the defense that the probability of target kill by i weapons
is ik for i = m and near unity for n, where n is the number of
weapons needed to exhaust the defenswe missile stockpile, m. Let
P denote the probability of target kill by an attack of i weapons,

and let m, be the number of defensive missiles assigned to the jth

weapon to arrive, 1 = j = i,

Solving for p, one finds that

(1-p) ' =K .
(1-ik+K)p

g
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Since the probability of target kill increases in steps o k until
reaching the vicinity of muty at i = n, one sets k = 1/n ard substi-
tutes this into the above equation, Solving for m,, one obtains

m; = —log((l~i4—n‘pp>/10;c(1-__n‘; , 1=12..n

which gives neariy the optimumm defensive miscile aliocation. If
p <1, one finds that m_ - 0. in practice, m should be close
enough to zern not to cause a preblem.

A numerical illustration may be helpful here. In order to
compare this allocation with the ¢arlier one, assume that p = 1,
p=04andm ="7. If nis assuined to be 4, then my = 2.71,

mg = 2.14, my = 1.35 and my = 0: the total defensive stockpile
needed is 6.20. If n is assumed to be 5, then ny = 3.14, my = 2.71,
mg = 2.14, my = 1.35 and mg = 0. the total defensive stackpile

needed is 9.34. Interpolating linearly between these solutions, one
finds tnat the optimum allocation corresponding to a stockpile of
seven defensive missiles is my = 2.82, m,, =2.28, g = 1.55 and
my = 0.35. Interpolating similarly between 1.5 and 14, the value

of k is found to be 0.248.

This allocation is quite different from the one (in Section
3.2.1) which maximizes the expected number of weapons to tne
first penetrator. However, the reduction in the expected number
of weapons to the first penetrator is quite small:

E-k+2k+ ..+nk=kn(r+1)/2 = (0+1)72

For n equal ta 5, E = 3: for nequal to 4, E = 2.5, Interpolating, E
is eyual to 2.624, very little less than the theoretical maximum of
2.13 +0.768 (2.81-2.13) - 2.68 obtained using the allocation given
in Section 3.2.1.

Obviously, it is impossible to allocate fractional defensive
raissiles; therefore, any reliable strategy vill depart somewhat
irom the idez! one in which the expected damage is proportional
to the number of offensive weapons. To get around this aifficulty,
Everett suggests thai the defense allocate [m.ll niissiles with

probavility P and [mil + 1 missiles with probabiiity 1 - Py where

P, is chosen so that

E
=
|
=
]
=3
5
i
L]
=
E
3
3
1
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[mi] [mi +1 nm,
p,(1-p) + (1-p,)(1-p) = (1-p)

Even though any specific realization will not be a CVD doctrine,
the averapge over all possible realizations will be, Solving for p,,
one {inds that .

. m, -[m, |
p; = (L'p)((l-P) -(I-P)>
AY

Note that this strategy does not usc a fixed number of defensive
missiles: in general, extra missiles will ke required to take care
of the variability inherent in Everett's randomized allocation.
{For example, in the example given above, nine missiles instead
of seven must be provided at the targzet.) A randomized allocation
will typically result in unused defensive missiles: hence, it is in-
ferior (in the sense of maximizing the expected number of weapons
to the first penetrator) to many nonrandomized strategies which
fully use the required extra missiles. This objection is mitigated
if there is more than one target being defended and one has the
option of shifting defensive missiles from one target to another
(as needed by the randomization).

However, 4 move serious objcction to randomization is that
it will generally lead to firing doctrines in which the number of
missiles directed at the ith incoming weapon is greater than the
number of missiles directed at the (i+1)st incoming weapon.
Clearly, a firing doctrine such as this is inferior (in the sense de-
scribed above) to one which reverses these allocations, even if
the latter is less faithful to the CVD doctrine.

Everett has tabulated the parameter k, the increase in prob-
ability of target destruction per offensive weapon, for a number of
different values of my, p and p when a constant value decrement de-
fense strategy is used. This table is given on the next page

3.2.4 Known Distribution on Attack Size

Consider now a somewhat different allocation problem,
Assume, in particular, that the defense knows the probability dis-
tribution of the attack size: the probability that the offense will
attack with i or more weapons inside the lethal radius, R, is equal
top;, i= 1,2,...,n, and Phi1 ™ 0. It is assumed that offensive

weapons arrive one at a time; when the ith weapon arrives, m,

missiles are assigned to it from a stockpile of m missiles. In-
stead of maximizing the expected number of weapons to the first
penetrator, one allocates missiles to minimize the expected num-
ber of penetrators: that is, one wishes to select (1111,1112,...,111 ),
where Im, = m, so as to minimize n

Al e umu‘mHHMMWMMMMMEWWumhWﬁﬂd[:ﬂﬂuf.’mmmvaml.Ln'mh»‘jnmnu\thmuMMMl‘ufwﬂwmwwwmwﬂ i
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INCREASE IN PROBABILITY OF TARGET DESTRUCTION
PER OFFENSIVE WEAPON USED

(For Weapons Engaged by the Defense)

Defenze p 1.0 1.0 1.0 1.0 1.0 0.5 0.2 0.1 0.95

Stockpile

n p 05 06 0T 0.8 0.9 0.8 0.8 0.8 0.8
20 107,091 076 060 053 .051 .034 .026 .018
50 .058 .048 .040 .033 .027 .028 .020 .015 .011
100 036 029 024 .020 .016 .016 .013 .010 .008
200 Q21,017 014 .012 .008 .010 .008 .006 .005
500 010,008 .007 .006 .004 .005 .004 .003 .003

1000 .006 .005 .004 .003 .002 .003 .002 .GO2 .002

L m,
E - Z p(l-p) 1
i-1

where p is the defensive missile reliability. The reduction in the
expected number of penetrators resulting from adding the jih mis-

sile to the ith ¢ffenrive weapon is pi{(i-p)]'l - (1-p)? } = R(i,}).

Note that R(i,j) = R(i,j+]1): in other words, each new missile con-

tributes less to the defense than the preceding one. To obtain the

optimum allocation, one simply assignes defensive missiles one at
a time where they will do the most good (that is, achieve the =
greatest reduction in the expected number of penetrators). For 3

example, assume Pyp=1 Py = 2/3, Pg = 0 and p =1,/2. The first

missile is assigned to the first weapon since R(1,1) = 1/2 and
R(2,1) = 13; the second missile is assigned to the second weapon
since R(1,2) = 1’4 and R(2,1) = 1/3: the third missile is assigned
to the first weapon since R(1,2) = 1/4 and R(2,2) = 1/6: and s9 on,
until the stockpile is exhausted. The fact that this necessarily
leads to the optimal allocation follows from the fact that 3
R(1,j) = R(i,j+1). 2N

There is anothcr method which can be useful when it is de- -
sired to find the allocation of missiles corresponding to a single
stockpile m, rather than a range of stockpiles. Oine can always
solve the equations

LSS
b - pi+l = (1-p) , 1=1,2,...n
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for X4 and Yo where X, 1s a nonnegative integer and 0 - vy T 1.
Lot A denote the greutest integer contained in (13.\:i rm) ‘n, and B he
cqual to .‘ixi +m - nA. Then a tentative eptimum allocation of de-

fensive missiles is

1

mi:A+l-x.1 for n-B+1- i-n

mi.—.-A-x. for 1-1-"n-B ,

It will generally happen that my, 20 for i ' this imphes that
the corresponding probability S U of 1 attacking weapons 1s
too small to allocate a defensive missile. One should then repeat
this procedure with n' in place of n, and so on until i« nonnegative
set of allocations is obtained. The repetitive nature of this pro-
cedure diminishes its usefulness for machine computation: how-
ever it can be arranced in a forn that is rather suitable for hand
computation. A closely related approach can be fournd in Dym and
Schwartz (1969).

If one is mnterested in defensive missile allocations corre-
sponding to all stockpiles less than or equal to m, there are vavi-
ous wavs of expressing these allocations in a table, given a set of
values PPgse-wab) Although not the most compact, the foliowing

fors, of table is useful, which enables one to read off, one at a
time, the successive allocations to offensive weapons: each row
corresponds o the number of offensive weapons previously
assigned missiles (0,1,...,n-1), each column corresponds to the
number of defensive missiles left in the stockpile (0,1,2,...,m), and
each entry tells how many missiles should be aliocated to the cur-
rent offensive weapon. The allocation corresponding te a given
stockpile size m can be easily read off [-om the table. Su{)pose
that the allocation to the first weapon (in row 0, column m)} is my:

then one goes to row 1, column m - niy for the allocation to the
second weapon. If this is My, then one goes to row 2, column
m-my - oy for the allocation to the third weapen, and so on.

One way of constructing this table is to use dynamic pro-
gramming, while turning the problem around by building up the
allocation table frow the last engaged weapon to the first. Let
m(j,1) denote the number of defensive missiles to be assigned to
the (j+1)st attacker when i defensive missiles remain: let a(j,i)
denote the expected number of future penetrators if j attackers
have already been observed, i missiles remain, and the allocation
table is used to assign missiles to weapons arriving later.
Clearly, m(j,0) = 0 and m(j,1) =1 for 0 - j - n - 1: the corre-
sponding ¢(j,i) are

sl Sl s
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n

tI(j,O) = -2- pk/pj ’

K=1+1

«(,1) = ((1-m +u(j+1.0))l>j+1-"l)j
The g(j,i) and m(j,i) are recursively cilculated using the equations

2,1 = 1?11?11 ((1-m + ;U-rl,l-k\,)pj,l by
m(j,i) = minimizing value of k

It is not too diffi ult to generalize these recursive equations to in-
clude replacement of early-launch failures of defensive missiles,
or to allow the defensive missile rcliability to vary with 1 and j.

3.2.5 The Selection of an Attack Distribution

In order to derive these missile allocations, one must know
the probability Py that the offense will attack the target with i or

maore weapons. At least two probability density functions merit
consideration:

1. I« the offense has a weapon launch probability of s, and
attempts to launch n weapons, then the number on target
is given by the binomial probability density function:

By By = (]) -

The defense must estimate both s and n beforehand, not
necessarily an casy task. On the other hand, for many
reasons, it is extremely desirable that the defense muake
such an estimate. It is possible to express the uncer-
tainty about s and n by replacing the above density by
some linear combination of binomial densities.

2. Perhaps the offense will fire weapons at a target until it

believes that it has launched a ""successful” weapon (herc

"successful' may be defined as one predicted to land
very near the target, or one which the offense believes
has penetrated the defense). If the probability of calling
a weapon ''successful' is s, and is independent from
weapon to weapon, then the number of "unsuccessful’
weapons allocated to the target is given by a geometric
probability density function:

a1
P = Py = (1-8)s

|
|
i
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Again, the defense must estimate s beforehand. The
geometric distribution has one property which may
strongly appeal to the enemy, quite apart from any
success-prediction scheme — the conditional probabil-
ity density function of 1 more weapon arrivals, given
that K have already arrived, 1s independent of k. In
ather words, the defense can gain no infurmation about
the probable futuve attack size during the course of the
attack.

If the geometric attack distribution is assumed, the alloca-
tion table desceribed ecarlier tukes a particularly simple form — all
rows are identical. In order to obtain some idea of the sensitivity
of the defensive allocation to the assumption of the offensive
parameter s, a sample allocation table has heen prepared (see next
pawzed. In this table, the independent variable has been transformed
from s to B = (1-8) 's.

L 0 Lkl o

it

i

3.3 DEFENSE STRATEGIES AGAINST A SEQUENTIAL ATTACK
BY WEAPONS OF UNKNOWN LETHAL RADIUS

Consider now an entirely new class of offensive weapon
attacks. Suppose that the defense knows the size, n, of the attack,
but not the lethal radius, R, of the offensive weapons, which arrive
one at a time. To simplify the preblem, assume that defensive
missiles have perfect reliability (p =1), so that only one defensive
missile need be assigned to an offensive weapon. The defense's
problem can be summarized as follows. An offensive weapon
appears, and the defense observes that it will impact at a distance
r from the target if it is not intercepted. The defcuse has m mis-
siles available, and kuows exactly n additional offensive missiles
will arrive later, Should he destroy this weapon, or should he
save his missiles for pntentially more threatening (smaller values
of r) later weapons?

The defense strategy is influenced by his knowledge of the :

probability density function of impact-points of the offensive
weapons. To simplify the analysis, consider two extreme cases:

a. The defense knows nothing about the density function,
and must learn {rom observations of actual r early i

the attack which ones are "close" and which ones :

"distant." :
b. The defense knows the exact densitv function, so that he B

can calculate for any observed r the probability that a

random offensive weapon will land closer to the target.

Obviously, the defense should perform better in the second case
than in the first.

L Y Y

A il

el L,
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In order to determine an optimum strategy, one must have a
criterion of effectiveness. Again, the probability of target destruc-
tion cannot be used directly, so substitutes must be sought. Two
reasonable possibilities are:

a.  Maximize the probability that the offensive weapon land-

ing nearest the target is assigned a defensive missile,

b. Maximize the expected total score of the offensive
weapons destroved, where the score of the ith weapon is
the probability that a random offensive weapon will land
farther from the target than the ith weapon did.

Note that the first criterion does not vuarantee that all defensive
missiles will be used, since the defense need not allocate a defen-
sive missile to any offensive weapon unless it is the closest one to
the target thus far observed. On the other hand, the second cri-
terion insures that all defensive missiles will be used.

It should be noted that the models described in the next two
sections were derived for applications unrelated to missile alloca-
tion and target defense.

3.3.1 Maximizing the Probability of Inter~epting the

Nearest Weapon

In an asymptotic sense, the best defensive strategy under the
first criterion has been derived by Gilbert and Mosteller {1966),
for unknown probability density functions of impact-points. If the
probability density function of impact-points is unknown, Gilbert
and Mosteller show that the optimum strategy must have the fol-
lowing asymptotic form (for n large):

Assume that there are m defensive missiles available,
and let the sequentially-observed offensive weapon
miss-distances be denoted by Folgyesl The ith

weapon is assigned a defensive missile if its miss-
distance r; satisfies any of the following m criteria,
based on the m constants a - ) ay e a Sel

kK=[an|and r = min(rl,rz,...,rk). Then v, satisfics

the jth criterion if r, T, but i1 Thagre by Are all

= r.

In other words, the defense plavs m simultaneous games of the
following form: observe the smallest miss-distance in a fraction
aj of the attack, and then assign a defensive missile to the first

offensive missile appearing with a smaller miss-distance. This
enables the defense to allocate a maximum of m missiles, but it is
yossible that not a single miissile will be fired using this strategy
l(this will happen if the smallest r. in the attack occurs in the
initial fraction of the attack al).
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The optimum fractions aj are quite tedious to compute;

Gilbert and Mosteller tabulate them for 1 -+ m == 8. For m = 8,
the eight fractions are

ay = 0172 ag = 0910
ay = .0259 ag = .1411
ag = 0391 an = .2231
a = .0594 ag = .3679

For any m -7 8, the @; are to be taken from the last m entries of
this table. For example, for m = 1, the fraction a, is e/qual to

1/e = .3679: for m = 2, the two fractions are ay = 1/'03" 2 2231
and ay = 17e = .3679. It is much easier for the defense to use a
nonoptimum strategy of the following asymptotic form (for n large):

Assume that there are m defensive missiles available,
and let the sequentially-observed offensive weapon
miss-distances be noted by TP YTIIN 9 The ith weapon

is assigned a defensive missile if ry < min(rl,rz,...,ri_l),

if i > om, and if there are defensive missiles remaining.
In other words, the defense observes the smallest miss-distance
in a fraction a of the attack, and then assigns defensive missiles to

the first m offensive weapons which set new record minimum miss-
distances thereafter. Gilbert and Mosteller show that the optimum

value of a is exp -(m’.)l'/m , and the corresponding probability of
assigning a defensive missile to the weapon with the smallest
miss-distance is

R

¥

I

/ i/
i P - exp(-(m‘.)l' m) E (et My
3 1=

The table on the next page compares the probabilities of attacking
the closcst offensive weapon for these two strategies,

Now suppose that the probability density function of impact-
points, p(r), is known, Gilbert and Mosteller do not derive the
optimum strategy, but instead suggest a nonoptimum strategy of
the following asymptotic form (for n large), which depends on a
single paramefer K/n:

el M 1\JUWM\MMMMM“: '

Assumec that there are m defensive missiles available,
and let the sequentially-observed offensive weapon

miss-distances be denoted by P{Tgyeenyl The ith

E
=
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Probability of A
Attacking Closest 3
. Offensive Weapon E
"”i m a Optimum  Non-Optimum %
1 0.368 0.368 0.368 3
. =
f 2 0.243 0.591 0.587 *g
3 0.162 0.732 0.726 E
4 0.109 0.823 0.817 é
1 5 0.074 0.883 0.877 3
6 0.050 0.922 0.917 3
3 7 0.034 0.948 0.944 g
8 0.023 0.965 0.962 =
weapon is assigned a defensive missile if r; = r¥, 5
3 r*
where r* is defined by the equation —g = f p(r)dr.

After this inequality has been satisfied for m missiles,
the stockpile is exhausted.

In other words, the defense assigns missiles to the first m offen-
sive weapons having miss-distances less than a critical value.
Gilbert and Mosteller have determined the optimum choice of k
and the associated probability of assigning a defensive missile to
the weapon with smallest miss-distance, for 1 = m = 10.

Probability of
Attacking Closest

Al 5 AT ik o LRIt ™

m k Offensive Weapon

1 1.503 0.5174
2 2.435 0.7979 =
3 3.485 0.9254
4 4,641 0.9753
5 5.890 0.9926 .
6 7.225 0.9980
7 8.6317 0.99949
8 10.121 0.99988 :
9 11.672 0.99997

OO L L

10 13.284 0.99999
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This strategy would be improved by replacing it with an optimum
strategy analogous to the one used when the probability density
function of weapon impact-points is unknown: assign defensive mis-
siles if the miss-distance v, is less than a critical value and also

is less than all earlier miss-distances FsTgsenly g

How good is the simple strategy depending only on k'n?
Gilbert and Mosteller derive the optimum strategy for m = 1,
finding that the probability of attacking the closest offensive
weapon approaches 0.5802 as n approaches infinity. This should
be compared with the preobability of 0.5174 in the above table. As
a rule of thumb, for small values af m, a knowledyge of the prob-
ability density function of missile impact-points is worth about
m.’2 defensive missiles, providing corresponding optimum or non-
optinium defense strategies are used.

3.3.2 Maximizing the Total Score of the Intercepted Weapons

Consider now the best defensive strategy under the somewhat
more realistic second criterion: maximize the expected total
score of the offensive weapons destroved, where the score of a
given weapon is the probability that an offensive weapon drawn at
random from the impact-point population will land farther from
the target than the given weapon did. This strategy was derived by
Gilbert and Mosteller (1966).

Assume, as usual, that the defensive missile reliability, p,
is equal to unity. Assume that the defense knows p(r), the prob-
ability density function of impact-points. The optimum defense
strategy has the following form:

Suppose that there are t == m defensive missiles re-
maining in the stockpile, and k = n offensive weapons
yet to appear in the attack. When the first of the k
offensive weapons appears, with miss-distance r,
assign a defensive missile if r = r(k,t), where r(k,t) is

r(k,t
defined by U(k,t) = f p(ridr.

Let tE(k,t) denote the expected score of the offensive weapons
destroyed by the final t defensive weapons: in other words, E(k,t)
is the average value of the t probahilities that a random offensive
weapon exceeds the t observed offensive weapon miss-distances.
Then one can write down the following iterative equation:

tE(k,t) = (1 -U(k,t)_) ((1+U(k,t))_/2+(t-1)1«:(k-1,t-1)> + U(k,UtE(k-1,0)

To determine the maximuin value of E(k,t), differentiate the above
expression with respect to U{k,t), set this equal to zerc, and solve
for E(k,t). This yields

U*(k,b) + (t-DE*(k-1,t-1) = tE*(k-1,t)

|
a
3
i a
3
.
i
=
1
—a
=
=
|
=
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One can easily derive the optimum E*(k,t) and U*(k,t) recursively
with the aid of the 1mt1a1 conditions U*(k k) =0,1 < k= n,
E*(k,k) = 12, 1 -~ kK < n, and the iterative eqmtlon above. When
m = 1 this speualizes to U*(k,1) = E*(k-1,1), and the iterative

equation becomes E*(k,1) = 1+E*(k-1,1)

It appears difficult to obtain simple analytic expressions for
E*(k,t) and U*(k,t). Gilbert and Mosteller approximate E*(k,1) by
the expression

E+(k,1) = 1 - 2/(kilog, (k+1)+1.767)

for large values of k. As k and t approach infinity in such a way
that t 'k approaches f, it is conjectured that U*(k,t) approaches 1-1.
One can prove that U*(a+b,a) = 1 - U*(a+b,b), which cuts down
somewhat on the tabulation of U*(k,t).

The tables on the next two pages give selected values of
U*(k,t) and E*(k,t). In order to save space, not allintegral values
of k and t have been included. The reader who needs intermediate

values can easily perform two-way interpolation. A less extensive
table of tE*(k,t) is given in Gilbert and Mosteller (1966), for
t = 1(1)3 and k = 1(1)10(10)50(50) 100(100)500(500) 1000.

How well does the above strategy perform relative to what
could be accomplished with perfect information? I one could
examine all k miss-distances of the remaining offensive weapons,
then one could attack those offensive weapons with the t smallest
miss-distances. The expected score of the t smallest miss-
distances is

t
tEq(k,t) = D (1-1/(keD) = t - t(t+1)/2(ks 1)
i=1

For comparative purposes, the quantity E (50 t) has been included
at the bottom of the table of E*(k,t).

3.4 DEFENSE STRATEGIES AGAINST A SEQUENTIAL ATTACK
CONTAINING EXACTLY ONE WEAPON MIXED WITH
DECQYS

Suppose the defense knows that the attack consists of exactly
one offensive weapon and (n-1) offensive decoys, The offensive
weapon is characterized by a single observation (a real number)
drawn from a population with a probability density function f (x)

known to the defense, and the decoys are characterized by (n 1)
observations (real numbers) drawn from a probability density
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DECISION PROBABILITIES U*ik,t:

Remaining Stockpile Size t

K 1 2 3 1 5 6 7 8 9 10 12 14 1€ 18 20 22
- 1

2 .500

3 625

4 .695 .500

5 742 .579

6 .17 .634 .500

T .800 .676 .558

8 .820 .708 .603 .500

9 .B36 735 .639 .546

10 -850 .757 .669 .35 .500

15 .893 .827 .i65 .705 .G46 .587 .529

16 .895 .836 .77 .720 .665 .610 .355 .500

17 .904 .844 789 .35 .682 530 578 .526

18 .908 .852 799 .748 .698 .648 .508 .549 .500

19 .913 .858 .808 .739 .711 .663 .617 .570 .523

20 .016 .865 .816 .7%0 .724 .679 .63%4 .589 .544 .500

22 .923 .876 .R31 .iBB .746 70D .6G3 .622 .581 .540

24 .929 .885 .844 .804 .765 .727 .688 .651 .613 .575 .500

26 934 .893 854 .817 .781 .745 .10 675 .640 .605 .335

28 .938 .900 .864 .829 .795 .762 .729 .696 .6K3 .G30 .565 .500
30 942 906 .872 .840 .808 .776 .745 .T14 .683 .653 .591 .530

32 .945 .911 ,879 .849 .819 .789 .760 .730 .701 .672 .615 .557 .500

34 .948 .916 .886 .857 .828 .800 .72 745 717 .690 .635 .581 .527

36 .951 .920 .y92 .864 .837 .810 .784 58 .732 .706 .654 .603 .551 .500

38 953 .924 .897 .871 .845 .B20 .794 ..70 .743 720 .671 .622 .573 .524

40 .935 .92% .902 .8%7 .652 .828 .804 .80 .756 .733 .686 .639 .593 .546 .500

42 .957 .931 .906 .882 .859 .835 .813 .730 .767 .745 .700 .655 .611 .566 .522

44 959 .933 .9i0 .887 .864 .842 .820 .799 .777 .755 .T13 .670 .627 .585 .542 .500
46 .961 .936 .913 .891 .870 .849 .828 .80T .786 . 724 683 642 .602 .561 .520
48 .962 .939 917 .896 .875 .855 .834 .Bl4 794 135,695 .656 .G1T 575 .539
50 .963 .941 .920 .00 .880 .8G0 .841 .821 .802 L1450 707 L6699 .631 .534 556
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NORMALIZED SCORES E~{k,{
{and Upper Bound h‘oii)(),l)i

Remaining Stoexpile Siwze t

ko1 2 3 4 5 6 5 8 Y 10 12 14 16 18 20 22

1 .500

2 .625 .500 i
3 .695 .399 .500 : =
4 742 860 5R1 500

5 .775 505 636 509 .50C =2
6 .800 .733 678 .619 .360 500 -
T .820 .764 711 658 .606 553 500 B

8 .R36 .78 137 689 .B42 505 548 .500

9 .850 .803 759 515 672 .629 387 544 .500

10 861 815 737 737 .697 638 519 .580 .540 500

11 871 831 792 553 .TI8 682 646 610 573 937

12,879 .812 806 .IT! 737 .T03 669 .635 602 .36R .500 3
13 .886 .B31 .B14 785 .753 .721 .6R0 .658 .627 .595 .532 z
14 .893 860 .823 .97 767 .737 707 .£75 .648 .619 560 .500

15 .899 .367 .R3%T 308 .779 .I51 723 .693 .667 .640 .584 .528

16,904 574 845 218 .791 764 T30 711 L6B4 658 LGOS 533 .50C

T .908 .A80 .R53 .A27 801 775 750 725 700 .675 .623 .376 .526 3
18 913 .®g6 860 835> .R10 786 781 .T3R T4 690 643 595 .548 .500 -
19 .916 .891 .66 .832 818 .795 772 749 726 .T04 659 614 .56 .523 -

20 920 .895 871 .848 .826 .804 782 760 738 .T16 673 .630 .587 .544 .500

22 926 .903 .881 .850 .839 .819 .798 .7TR ,758 .738 .699 .659 .620 .580 .340 .500
24 931 910 R0 .RT0O 851 .A32 .R13 .T94 TTH THT V20 GA4 B4 woil 004 530
26 .936 916 .897 .879 .861 .R43 .825 .R(8 790 .773 .739 705 .671 .637 .603 .569
23 .940 .921 .904 .AR¢ .869 .853 .30 .820 .804 787 755 . B¢ . . .

300 .943 926 .909 .393 .877 .861 .84¢ .#30 .gl5 .800 .70 739 710 .680 .GH0 €20
32 .946 .930 .914 .R99 .884 869 .854 .340 .825 .611 .V82 . . . . .

34,049 .931 919 .904 .890 .876 .y62 .845 .834 .821 .794 767 740 .13 GRT .G6O
36 .952 .937 .923 .909 .893 .882 .869 .856 .843 .830 .804 .78 .753 .28 702 .67
38 .954 .940 .927 .913 .900 .887 .§75 .862 .830 .838 .B13 789 .V65 .740 713 .692
40 .956 .943 .930 M7 905 .893 .881 .869 .857 .845 .822 798 .775 .752 729 706

42 958 .945 .933 021 .909 89T 886 .BT4 .RE3 .852 .B29 .807 .783 .763 .74l 719 3
44 060 .947 .935 .924 .913 .901 .890 .879 .869 .858 .836 .15 .94 .73 152 531

46,961 .949 ,938 .927 .016 .905 .395 .384 .874 .863 .843 .R22 .A02 .TR2 761 741 .
48 963 .951 .94C 330 .019 909 .399 889 .879 .860 .849 829 .A09 .790 771 .51 =
50 .964 .953 .942 .932 .922 912 .902 .#493 .8R3 .BT3 .654 435 .BI6 V08 VY9 760 =
FU A/ 971 961 .51 941 931 922 912 902 692 T3 .R33 833 813 .70+ T4 E .
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function fd(x‘) also known to the defense. Suppose that the offensive

weapon and decoy observations are presented one at a time to the
defense, who also knows the total attack size n. If the defense has
m missiles each of reliability p, how should they allocate to the
sequentially~arriving offensive objects?

If the offensive weapon wili certainly destroy the target
whenever it is not successfully intercepted, one should allocate
missiles to minimize the probability that the offensive weapon is
not intercepted. It is clear that the specification of the optimun
strategy is rather complicated:

Suppose that there are t = m defensive missiles re-
maining in the stockpile, and k = n offensive objects
vet to appear in the attack., When the first of the k
offensive objects uppears, note the value ¢ of its ob-
servation, and allocate i defensive miissiles to it if
c.<cEce. .
i i+l

Even this sort of strategy is applicable only if fw and fd satisfy a
certain condition, as will be seen, Note that one can set N equal
to -+ and Cirl equal to 4+, This leaves t constants to be deter-

mined for a givent < m, k = n, or a total of nm(m+1)/2 constants
for a strategy associated with m defensive missiles and n offensive
objects.

The problem of finding an optimum strategy has been solved
by Gorfinkel (1963a). He writes down the probability that the
weapon will penetrate as

. C.
Cit1 i+1

¢ . t
L(K,b) =§Q%e>_l fw(x;dx+z(n_l)L(k'l’t'i) £ 4(x)dx

n
i=0 .
c; ¢y
If one differentiates L(k,t) with respect to ¢, i = 1,2,...,m, and sets
these equal to zero, one obtains the following m implicit equations
*
for determining the optimum values ¢’

£, {el)/4(e]) = -1)(L(k-1,t-1) - Lik-1,t-1+1)/p(1-p) 11

w\

Note that fw(x).’fd(x) must be a monotone increasing function of x if
these equations are to be uniquely solvable for the c In statistical
terminclogy, the probability density functions fw(x) and fd(x) are
said to have a monotone likelihood ratio. If this condition is not
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108 3.4

satisfied, the specification of the optimum strategy takes a more
complicated form than that given above.

Gorfinkel tabulated the L(k,t) associated with the optimum
choice of the c; for k = 1(1)20 and t = 1(1)10. The weapon and decoy
observations were drawn from Gaussian probability density func-
tions with standard deviations equal to unity. He considered four
different cases:

Mean of Decoy Mean of Weapon Missile
Distribution Distribution Reliability
0 1 0.8
0 2 0.8
0 1 0.999
0 2 0.999

In a subsequent handout, Gorfinkel (1963b) has postulated a
more general model — the defense knows that exactly w weapons
are present among the n offensive objects of the attack. He deter-
mined the optimum allocation strategies for two different criteria:
minimizing the probability G(k,t,w) that one or more weapons are
unintercepted, and minimizing the expected number E(k,t,w) of
weapons which are unintercepted. Obviously the two criteria are
identical when only one weapon is present: Gorfinke! showed (by
example) that in general the two criteria lead to different alloca-
tion strategies. He presented tables of G(k,t,w) and E(k,t,w) for
k = 1(1)15, t = 1(1)10, and w = 1,2,5. His weapon observations were
drawn from a Gaussian probability density function with a mean
and a variance of one: his decoy observations, from a Gaussian
probability density function with a mean of zero and a variance of
one. His defensive missile reliability, p, was assumed to be 0.9.

The missile allocation strategies presented in this section
and the preceding one represent responses to quite different
attacks. In the preceding section, it was assumed that the offense
attacked with n weapons of equal (but unknown) destructive poten-

tial, and the threat of a weapon was measured by its miss-distance.

In the present section, it was assumed that the offense attacked
with exactly one (or exactly w) weapons of certain destructive po-
tential and n-1 (or n-w) decoys of no destructive potential, and
the threat of an object was measured by a single real-valued num-
ber (by comparing it with the known probability density functions
of weapons and decoys). The specification of an optimum missile
allocation strategy thus depends critically upon what is assumed
known by the defense about the attack. The reader is cautioned
against using strategies under conditions for which they were not
originally derived. In particular, if one is not certain whether the
offense consists entirely of weapons with relatively small radii of
destruction, or consists of a few weapons with relatively large
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radii of destruction mixed with decoys, then no reasonable strategy
is yet available., It would clearly be desirable to derive "'robust"
strategies — that is, strategies which would work reasonably well
against a wide range of possible offensive attacks, rather than op-
timally against a specific attack.

3.5 SHOOT-LOOK-SHOOT DEFENSE STRATEGIES

Thus far in this chapter, it has been assumed that the defense
assigns missiles with individual reliabilities p in salvos to each
offensive weapon. Obviously, the defense can improve performance
if allowed to decide whether or not the ith missile of a salvo has
destroyed the offensive weapon before having to commit the (i+1)st
missile. If the ith missile did indeed destroy the weapon, then the
(i+1) st missile can be used against other offensive weapons.

To fix ideas, a k-stage shoot-look-shoot deiense strategy is
defined as follows:

allocate m, missiles to n offensive weapons,
observe which weapons have been destroyed (say, nl):
allocate m, missiles to the n-n, surviving weapons,

observe which weapons have been destroyed (say, nz):

allocate m missiles to the n -~ (n,+n,+...+n, o) surviving
k-1 172 k-2 weapons,

observe which weapons have been destroved (say, n 1):

allocate m - (m1+m2+. . .+mk_l) missiles to the n - (n1+n2+. . .+nk_1)
surviving weapons.

This procedure will terminate earlier if all offensive weapons have
been destroyed before the final look.

How should (ml,mz,...,mk_l) be selected? Obviously, one
would like to determine the strategy for which the quantity

n
Z (l-p)IPr(i offensive weapons survive)
i=0

is maximized. (As usual, p is the probability that a surviving
weapon will destroy the target.) However, it is much easier to
maximize the probability that no offensive weapons survive, and
this is the criterion actually used. When p is equal to unity (any
surviving weapon destroys the target), the two criteria are
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identical; it would be of interest to kncw under whit broader con-
ditions the equivalence holds. (If there are only two offensive
weapons, the two-stage shoot-look-shoot strategy maximizing the
probability of no survivors is equivalent 1o the shoot-look-shoot
strategy minimizing the expected number of suvvivors.)

3.5.1 A Two-Stage Shoot-Look-Shoot Strategy

One can devise an algorithm for determining the optimum
shoot-look -shoot strategy for any number ¢f stages. By a set of
recursion relations, the optimum k-staue shoot-look-shoot strategy
is determined from the (k-1)-stage, (k-2)-stage;. .., one-stage
shoot-look -shoot strategies. However, these equations become so
unwieldy that it is practical to derive only the two-stage shoot-look-
shoot strategy.

To begin with, it is not hard to show that at each stage the
allocated defensive missiles should be divided as evenly as possi-
ble among the surviving offensive weapons (as was mentioned at
the start of the chapter). When n is equal to two, one can show that
the allocation (ml,m-ml) and the complementary allocation

(m-ml,ml) of defensive missiles to the first and second stages

lead to the same probability that neither offensive weapon sur-
vives. Moreover, one can show that the optimum allocation is
my =m/ 2 for m even, and m, = (m+1)/2 for m odd. When n is

equal to three or more, analvtic results are more difficult to ob-
tain, and a digital computer must be used to discover the optimum
allocation (ml,m-ml) for each m and n. There is a great deal of

irregularity in the pattern of solutions — for example, if the mis-
sile reliability is p = 0.8 and there are six offensive weapons, then
the optimum allocations for various m are:

m 10 11 12 13 14 15 16 17 18
m, 6 6 6 7 6 6 12 11 12
m-m, 4 5 6 6 8 9 4 6 6

The optimum allocation usually consists of an (m-ml) that 1s

divisible by small integers: if only a few offensive weapons survive
to the second stage, usually they can be attacked evenly by the re-
maining missiles.

The following approximate table ignores this fine structure
and gives general guidelines for allocating missiles in a shoot-
look-shoot strategy. Each entry in the table gives the set of de-
fensive missile stockpiles corresponding to a specified attack size
and first-stage allocation strategy. For examyle, assume that
there are four offensive weapons, and that the defensive stock-
pile consists of 13 missiles. Since 13 lies in the interval 11 to 17
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3.5.1 111

in the 4-weapon row, one concludes (by looking at the head of the g
column) that the optimum defense consists of engaging each -4
attacker with two missiles in the first stage, and using the remain- =
ing five missiles against the survivors in the second stage. (Note g
that this differs slightly from the true optimum allocation of m, 4
equal to 7 and ni, equal to 6, given above.) =
STOCKPILE OF DEFENSIVE MISSILES 3
REQUIRED FOR INDICATED STRATEGY 3
Number of Defensive Missiles g
Allocated to Each Offensive 3
Offensive Weapon at First Stage -3
Weapons 1 2 3 %
6 |
2 2to 5 6to 9 10 to 13 g
3 3to 8 9to 13 14 to 18 =
4 4to 10 11to 17* 18* to 24 3
5 5t0 13 14 to 42 3
6 6 to 15
7 Tio 17

8 8 to 20*

9 9 to 23*

10 10 to 25*

This table is valid for defensive missile reliabilities of 0.8,
0.9 and 0.95. For reliabilities of 0.5, all starred integers should
be reduced by one (daggered, by two).

How good is the two-stage shoot~1nok-shoot strategy? One
can compare the probubility that no offensive weapons survive
using an optimuin two-stage strategy with the corresponding
probabilities for a one-stage strategy and an m-stage strategy.
The probabilily that no offensive weapons survive using a one-
stage strategy is repeated from the beginning of this chapter:

1) - (1--p%) (1ol
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The .- <tage stratcgv denotes that strategy which consists
of assigrn.y¢ - 2rensive missiles one at a time lo offensive weapons

until all =* 2ueive weapons are destroyed or all defensive missiles
used up. «r nrobhability that no offensive weapons survive using
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112 3.5.2

an m-stage strategy is simply the probability that n or more de-
fensive missiles do not fail:

m

P(m) = Z (lin)(l-p)m'ipi

i=n

This can be evaluated with the aid of binomial probability tables.

For high values of missile reliability p, the two-stage shoot-
look-shoot probability that no offensive weapons survive is much
closer to the m-stage probability than the one-stage probability.

In other words, providing a single "'look" in 4 defensive strategy is
quite worthwhile, but providing two or more "looks' is much less
s0 unless the missile reliability is low. The following table illus-
trates the gains of a two-stage strategy. Denote the fractional gain
of the two-stage strategy by the quantity (P(2)-P(1) /(P(m) -P(1)):

FRACTIONAL GAIN OF THE TWO-STAGE STRATEGY

Offensive Defensive
Stockpile Stockpile Missile Reliability p

n m 0.5 0.8 0.9 0.95

3 1.00 1.00 1.00 1.00

9 4 1.00 1.00 1.00 1.00
5 0.80 0.88 0.92 0.96

6 0.75 0.86 0.90 0.95

6 1.00 1.00 1.00 1.00

4 8 0.76 0.91 0.97 0.99
10 0.70 0.94 0.99 1.00

12 0.74 0.97 1.00 1.00

12 0.76 0.92 0.98 1.00

8 16 0.54 0.93 0.99 1.00
20 0.58 0.98 1.00 1.00

24 0.71 1.00 1.00 1.00

3.5.2 Time-Limited Shoot-Look-Shoot Stratecies

Consider now k-stage shoot-look-shoot strategies in which a
single defensive missile is assigned to each offensive weapon at
eac% stage and time is limited. In order for the defense to realize
the potential benefits of a k-stage shont-look-shoot strategy, offen-
sive weapon arrival-times must be so widely separated that the
defense has time to finish the shoot-look-shoot sequence against
one offensive weapon before the next one arrives. However, this
will not always be possible. The following idealized model of a
fire-power-limited shoot-look-shoot defense has been adapted
from Ordway and Rosenstock (1963).
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3.5.2 113

Assume that a k-stage shoot-look-shoot stratepy can be used
against each offensive weapon in isolation. In other words, U T
denotes the time-interval between the first possible assignment of
a defensive missile to an offensive weapon and the destruction of
the target by thit weapon, and if 7 denotes the time required for a
single defensive missile to attack the weapon (including an evalua-
tion of the outcome), then k = [T/7]. Assume that the offense
attacks with n weapons arriving at equally spaced times t ,

t + ST,. t + (n-1)s7. Let the defensive missile rel1ab111ty be p.

Let the defemwe missile stockpile be at least (s(n-1)+k), so that
there is no chance of 1unnmg out of defensive missiles. If the de-
fense uses the Strategy "engage the nearest offensive weapon until

it has been destroyed,’ what is the probability P that an offensive
weapon will destroy the tar et ?

For s : k, the problem is trivial: successive offensive
weapon engavements are independent of each other and

, 0
Pn =1- Kl—(l-p)k)

However, when s . k, the evaluation of PIl is much more difficult.
Assunie that s is an integer, and let Q.1 denote the probability that
the ith offensive weapon is the first one to penetrate the defense.

Then
n
B Z Q;
i=1

Obviously, Q1 = (1-p)k is the probability that the first offensive
wezpon is not destroyed. To evaluate QZ’ several possibilities

must be considered. The probability that the first offensive weapon
is destroyed on the ith trial, 1 == i -< s, and the second offensive
weapon is not destroyed is given by

Qz(ﬂ =P(1'p)k+i_1 , l<i=sg

If the first offensive weapon is destroyved at trial (s+1) or later,
then the engagement of the second offensive weapon is delayed.
The defense can fire missiles on each of (s+k) possible trials al-
together against the first and second weapons; thag

Q(l)—p(lpkml, s+1<i<Kk

Summing the Qz(l) from 1 to k, onc obtains
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Q, = (1-0)*(1-(1-p)® + (k-s)p(1-p)* )

Unfortunately, computation of higher terms is quite tedious: for
example, in calculating Q3 one must consider the two cases 2s <k

and 2s = k separately. Ordway and Rosenstock found it necessary
to use a digital computer to compute Pn'

The effectiveness of the defense can be characterized by the
average number of offensive weapons destroyed by the defense be-
fore the first penetrator (assuming infinite offensive and defensive

stockpiles). This is given by

E- Z Q1
i=i

(E+1) can be approximated by the median — that n = n, which is a

solution to the equation
n
0.5 = Z Q =P,
i=1

The probability of target destruction. Pn, and the average

number of offensive weapons to the first penetrator, E, can be
readily calculated for two special cases. First, let s = 1 (the time-
interval between successive arrivals of offensive weapons is equal
to the time required for a single missile to attack a weapon). The
probability of target destruction is the probability of having (n-1)
or fewer successful defensive missile firings prior to the occur-
rence of the kth defensive missile failure. This is given by the
cumulative negative binomial distribution,

n-1
‘K+i-1 K i
By= 3 (1)t
i=0

Note that the first two terms of this sum are equal to Q1 and Q2

with s = 1. The average number of weapons destroyed is given by
E ~ kp/(1-p) when n goes to infinity.

For the second special case, let s = 0 (the offensive missiles
all arrive at the same time). The probability of target destruction

is equal to the probability of having n -1 or fewer successful de-
fensive missile firings in k trials. If a > K, this probability is
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obviously unity: if n - Kk, it is given by the cumulative binomial
distribution

n-

1
po= 0 (K)a-pRiy!

i=0

Note that the first two terms of this sum are equal to Q1 and Q2

with 8 = 0. The average number of weapons destroved is given by
E = kp for any n = K.

Ordway and Rosenstock conjecture for arbitrary values of s
that E, the average number of weapons to the first penetrator, can
be approximated by the expression

E' =kp: (1-sp) ,

which agrees with E when s = 0 and s = 1. This approximation is
iikely to be satisfactory only for 0 7 s -7 1: note that E' is intinite
when s = i/p. For a number of different choices of (p,k,s), Ordway
and Rosenstock used a digital computer to calculate the median n,

and compared this quantity with E'. In most cases, they found that
n, and E' agreed within a few per cent.

The simultaneous attack (s = 0) has also been analvzed by
Morgenthaler (1960): however, his model is a somewhat more de-
tailed one. He breaks up the defensive missile attack time 7 into
several components — a time Ty to send up a defensive missile, a

time 7, to evaluate the results of an engagement, and a time Tq to

switch the defense from one offensive weapon to another (if the en-
gagement is a success). Note that in the model used by Ordway
and Rosenstock, 7 = T+ Ty and T = 0. Morgenthaler determines

the probability P(j) that j offensive weapons have been destroyed
by the time the first offensive weapon penetrates the defense, as
well as the probability Q(N) that N defensive missiles have been
used. Obviously, his P(j) is analogous to the probability qu de-

fined earlier; the reader interested in formulas for P(j) and Q(N)
(which are somewhat complicated) is referred to his paper.

3.6 DEFENSES LIMITED BY TRAFFIC-HANDLING CAPABILITY

In the preceding section, the defense of a single point target
was overwhelmed whenever offensive weapons arrived too rapidly
for a shoot-look-shoot strategy to absorb them. However, if
traffic-handling capability is considered, this problem need not be
confined to shoot-look-shoot strategies. Suppose that each weapon
is intercepted by at most one missile. The defense of a tarpet is
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ordinarily implemented with a radar which observes the flight
paths of the incoming weapon and the missile assigned to intercept
it. It may happen that the final T seconds before intercept requires
the undivided attention of the radar: it is not available for monitor-
ing other offensive wedpon interceptions. If too many weapons
arrive at once, the interception of one or more of them may be so
much delaved that they damage the target first.

The following elementary model of traffic-hanaling capabpility
may provide some insight. Assume that offensive weapons are
launched in such a manner that they reach the target at equally
spaced arrival times tos t0+ s, t0 +2s,... . However, the weapons

are independently subject to launch failures, so that each weapon
actually has a probability p of arriving at the target. Each arriv-
ing weapon is assigned a single defensive missile which has a
probability p of destroying the weapon. The offensive weapons
penetrate the defense for either of two reasons:

(1) defensive missile failure (with probability 1-p), or

(2) traffic-handling failure (r consecutive offensive wr.ine:;s
are launched without failure).

In many circumstances, a reasonable criterion of effecti- 2uess 's
the expected number of penetrators in n weapon launches. (e such
situation is that in which the target is relatively impervious o dam-
age (that is, if the probability that a penetrating weapon destroys it
is low). In order to simplify the mathematics, overlapping strings
of successful launches causing traffic-handling failure are not
allowed: for example if r = 3, then a string of 4 or 5 consecutive
successful launches is counted as only one pentration, but a string
of 6 consecutive successful launches is counted as two penetra-
tions.

One can show that the expected number of penetrators inn
weapon launches can be put in the following form:

E = n(p( 1-p) +(1-p)A)+ A(l-(l-p) r "(l-pr))

+ Aptr((l-p)r-l+(l—p) rA p) - As(l-p)ptr ,

where A = pr p--’(l-pr} andn =tr+s,0=s <r., Ordinarily, the
first term (a linear function of n) plus the second term (a constant
independent of n) will vield adequate accuracy. The first term
gives an upper bound for E.

It is worth noting that this model can give some insight into
shoot-look-shoot strategies as well, by exchanging the roles of
offense and defense. Assume that an offensive weapon penetrates
if all defensive missiles in an r-stage shoot-look-shoot fail. If
one replaces p with 1 - p in the above formula and then replaces
p by 1, the resulting formula gives the expected number of
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penetrators after n defensive missiles have been used against a set
of offensive weapons arriving sequentially.

The principal drawback of the above traffic-handling model,
as well as the shoot-look-shoot models discussed in the previous 7
section, is the unrealistic assumption concerning the offensive =
attack. It would be much more realistic to consider an attack not -
of equally spaced arrival times, but of arrival times consisting of 2
n observations drawn at random from (say) a Gaussian distribution =
function and arranged in order from earliest to latest. However,
this leads to analytic problem of considerable difficulty. Suppose
one simplifies the model by assuming defensive missiles of perfect
reliability (p = 1), thereby elirsinating the necessity of using shoot-
look-shoot strategies. Let and standard deviation of the probability =
density function of offensive weapon arrival times be denoted by o,
and (as before) let the time required for a single defensive missile E
to engage an offensive weapon be denoted by T. If offensive weapons
can be engaged only one at a time in the order of their arrival,
then certain offensive weapons cannot be engaged at the time of
their arrival because the defense is still occupied with earlier | 2
weapons. What is the probability density function of the maximum E
engagement delay of any of the offensive weapons? Can this be ex-
pressed in closed form as a functionof n, ¢ and T?

When n = 2, one can show that the probability that the
second weapon will encounter a delay between tand t + dt is
given by .

p(tidt = (1/0 :1 ' 2)exp<-(t—T)2:"402>dt , fort >0

The probability of no delay is obtained by integrating this expres-
sion with respect to t from -= to zero. For n equal to 5, 10, 20 7
and 40, it is necessary to resort to Monte Carlo simulation on a =
computer to obtain the expected value of the normalized maximum
delay (dividing the delay by o). The results below are accurate to
about 10 per cent, except for n = 2, where they have been calculated
by means of the preceding formula.

EXPECTED VALUE OF NORMALIZED MAXIMUM DELAY t/¢

Normalized Total
Offensive Engagement Time E

40 0.035 0.15 0.9

Stockpile nT’c =
n 1 2 4

2 0.104 0.396 1.33 .

5 0.09 0.35 1.2

10 0.08 0.30 1.1 E

20 0.06 0.22 1.0 3
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If one can assume that the n arrival-times are drawn from an
exponential distribution function instead of a Gaussian one, then it
is possible to obtain an analytic expression for the probability of no
delay. Adapting an argument due to Kabak (1972), one obtains

Pr(no delay) = 2" 1(n-1)t exp(-aTn(n-1)/2)

where the exponential probability density function is given by
f(t) = a exp(-at). Kabak actually obtains a more general result:
he assumes that the radar processing time T is not a constant,
but a random value from the gamma distribution

g®) = b1 exp(-bt)/(j-1)! . In this situation,

n-1
Pr(no delay) = H (1+ia‘/b)~
i=1

However, the expected value of the maximum delay must (as before)
pe obtained by simulation,

3.7 SUMMARY

This chapter presents a wide variety of mathematical models
in which the structure of the target does not come into play. In
general, these models can be considered to represent the simplest
attack-defense situation — a single target defended by a stockpile
of identical unreliable missiles.

If the defense knows the cookie-cutter damage radius of a
salvo of attacking weapons, defense allocation is easy; if the dam-
age radius is not known, it is possible to maximize the expected
distance to the nearest unsuccessfully-uitercepted weapon. If the
attack is sequential and the damage radius is known, a variety of
models is possible. In one, the attack size 1s completely unknown
and the defense maximizes the expected number of weapons suc-
cessfully intercepted prior to the first penetrator; in a second, the
probability density function of the attack size is known and the ex-
pected number of penetrators is minimized: in a third, defense
missiles are assigned so that the probability of target destruction
is proportional to attack size (up to a limit determined by the
missile stockpile).

If the attack is sequential and the damage radius is unknown,
then it is necessary to assume that the attack size is known in
order to derive a strategy for deciding whether later weapons wi'l
impact closer than the present weapon. If the aiming-error of the
attacker is also unknown, this can be inferred from early weapon-
arrivals.
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The latter part of the chapter considers the additional options
open to the defense if he can evaluate the success or failure of a
missile in time to launch a subsequent missile against the same
weapon. On the other hand, the defense may be fire-power limited;
that is, he may be unable to engage all weapons because each weapon
requires a finite amount of processing time by the defense system.
If weapons arrive at equally-spaced times, the expected number of
weapons successfully intercepted before the first penstrator can be
calculated; if weapons arrive with an exponential or Gaussian dis-
persion in time, the problem appears to be analytically intractable.
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CHAPTER FOUR

OFFENSE AND DEFENSE STRATEGIES FOR
A GROUP OF IDENTICAL TARGETS

Preceding chapters have focused upon the probability of
survival in the no-defense case, and the optimum defense strategies
to be used for a target of unspecified structure when certain char-
acteristics of the attack are not known. In contrast, this chapter
considers one simple type of target structure; it specifies useful
offense and defense strategies when a group of identical targets is
under attack. Both offense and defense strategies depend upon the 4
degree of knowledge each side has concerning the other's stockpile )
size and allocation to individual targets; the main purpose of this
chapter is to show how this knowledge affects the choice of a strat-
egy. Strategy is also affected by self-knowledge. For example, if
the defense can determine which targets have been destroyed early
in the attack, he can allocate defensive missiles to undamaged tar-
gets; this is known as damage assessment. As another example, if
the defense cannot determine which target an offensive weapon is
directed against in time to make an intercept if desired, the defense
strategy is also modified. The ability to identify the target being
attacked is known as attack evaluation.

How does one specifv an allocation of offensive weapons or of
defensive missiles? Typically, the offensive weapon allocation is -
straightforward; it consists simply of tte assignment of a speci-
fied number of weapons to each target in the group. However, the
allocation of defensive missiles need not be this simple. One can
assign a specified number of missiles to the defense of each indi-
vidual target; or, one can assign a specified number of defensive
missiles to a subgroup of targets. In the latter case, defensive
missiles are used against any offensive weapon directed against
any target in the subgroup. In the limit, one can elect to defend the
entire subgroup of targets with the entire defensive missile stock-
pile. In general, it is much easier to analyze defensive strategies
which assign missiles to individual targets; the outcomes of these
engagements do not depend upon the order of arrival of offensive 3
weapons. Strategies allocating weapons and missiles to individual 4
targets are called preallocation strategies, and will be censidered =
in the first pa ot of this chapter.
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4.1 PRELIMINARIES CONCERNING PREALLOCATION
STRATEGIES

Sections 4.1 through 4.3 discuss the properties of preulloca-
tion strategies. The present section concerns itself with the basic
ideas behind preallocation strategies, and will lay out the assump-
tions and notation that will be used. However, some of the assump-
tions and much of the notation will also be employed in later
sections dealing with other types of strategy.

Some comments on the rationale behind preallocation strat-
egies are in order here. The fact that such strategies are easier
to analyze has already been noted. Despite the fact that prealloca-
tion strategies are notationally formidable, they represent effec-
tively computable exact solutions of reasonably realistic problen:s;
this is in general not true for most of the later results in this
chapter.

A more important advantage of preallocation strategies,
however, is that in many cases they are more effective for the de-
fense than other strategies. Suppose that the defense uses the
simple strategy of firing at each arriving weapon until his stock-
pile is exhausted. Suppose that the offensive stockpile substantially
outnumbers that of the defense, a common situation. Then the
offense can first send in a force of weapons equal to the defensive
stockpile, and then attack the targets with the knowledge that they
will not be defended any more. The use of a preallocation defense
precludes this. In Section 4.4, a number of defenses will be con-
sidered which are intermediate between the above simple strategy
and a preallocation strategy. In general, for the values of the
parameters selected, these perform worse than the best prealloca-
tion strategy.

However, the reader is cautioned against assuming that pre-
allocation defenses are always best. If the defense equals or out-
numbers the offense, and the defensive missile reliability is
reasonably high, the simple strategy given above will clearly out-
perform any preallocation strategy.

All targets are assumed to be identical (that is, each target
has the same value to the offense and defense); this assumption is
removed in the next chapter. The targets are located sufficiently
far apart so that an offensive weapon which destroys one target
does not affect any other target.

With brief exceptions (which will be noted when they occur),
all missile engagements are one-on-one; that is, at most one de-
fensive missile is assigned to each offensive weapon. This
assumption is justified if the defensive missile reliability is quite
high.

The criterion of effectiveness is E(f), the expected fraction
of targets saved; the defense selects strategies which maximize
this quantity, and the offense selects strategies which minimize
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this quantity. If a target is defended by i defensive missiles and
has j offensive weapons preallocated to it, the probability of target
survival is given by

]

Pri{turget survives) = qllnm(l’]) qgmx(o’]"l)

where
qp = Pr(target survives attack by single intercepted weapon)

i

IL-p+pp=1-pl-p),

Pr(target survives attack by single unintercepted
weapon)

i

49

=1-p.

It is assumed that both the offecnse and the defense know the target
kill probability p and the defensive missile reliability (kill prob-
ability) . This implies that the offense knows the hardness of each
larget (assumed to be the same for all), and the defense knows the
offensive weapon vield and accuracy (assumed to be the same for
all).

The expected fraction of targets saved, E(f), is given by the
summation of Pr(target survives) over all the targets.

The number of offensive weapons available per target is de-
noted by a, and the number of defensive missiles available per tar-
get is denoted by d. Each side is assumed to know the value of
both a and d. The validity of the assumptions about a may be
doubtful if there are two or more regions containing targets, each
region having its own defense. Although it appears plausible that
the offense can know the defense stockpiles, it is not at all clear in
practice that the defense will know what fraction of the (possibly
much larger) offense stockpile will be assigned to a given group of
targets.

This assumption may be somewhat more palatable if recast
in the following form. It is possible that the defense can specify a
"maximum tolerable damage level" to the group of targets — that
is, lower damage levels can be endured but higher levels cannot.
The defense then will plan his defensive strategy under the assump-
tion that the enemy has a stockpile just large enough to impose the
maximum tolerable damage level upon the defense if both use opti-
mum strategies. I, in reality, the enemy has a larger stockpile,
the defensive strategy will not be optimum and the enemy will im-
pose a larger-than-necessary damage upon the defense: but this
will not matter, because the targets would have been intolerably
damaged no matter what the defense could do. On the other hand,
if the enemy has a smaller stockpile, the detensive strategy will
again be nonoptimum and the enemy will again impose a larger-
than-necessary damage upon the defense: but this damage level
will still be a tolerable one.
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Another way of getting around the problem of defensive
knowledge of the enemy stockpile is to reformulaie the criterion of
effectiveness. The defense can design a strategy such that his ex-
pected loss is insensitive to enemy attack size; that is, such that

1 - E(f) =ka

Of course, the value of k will depend upon the number of defensive
missiles available. Beyond a certain value of a, the expected
fraction of targets destroyved will fall below ka, and as a goes to
infinity the expected fraction will approach unity.

If T is not too small, it is reasonable to specify the offense
and defense strategies in terms of strategy levels involving con-
tinuous variables. Offensive strategy levels are specified by the
vector y = (yo,yl,yz,. ..), where ¥ denotes the fraction of the tar-

gets in the group which are assigned i offensive weapons eacua.
Similarly, defensive strategy levels are specified by the vector
X = (xo,xl,xz,. ..). Note that the X and y; are constrained by the
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equations

Those preallocation strategies may not be realizable because of
the finite number of targets in the group. If T targets are present,
the Xy and y; can be reasonably approximated by fractions of the

form k/T, k =0,...,T. However, if T is very small (say, ten or
less), it may be advisable to work out the offensive and defensive
strategy levels by formulating the problem as a matrix game and
solving it by the usual techniques of game theory. Throughout
most of this chapter, the difficulty of realizing strategies based on
continuous variables in terms of integers will be ignored.

4.2 OFFENS[-LAST-MOVE AND DEFENSE-LAST-MOVE
STRATEGIES

Assume that preallocation strategies are to be used, and
that the defense can carry out attack evaluation but not damage
assessment. Assume also that both the defense and the offense
know a, d, aq and qq- To simplify the problem, assume that a and

d are both integers. One can readily derive upper and lower
bounds for the expected fraction of targets saved, assuming that

ik b ol GRS i

i MWMMWMMMW

MM\ iy

i,

e

I IR Y gl R Ll

T N

o Bl 565 ks

ol Dt

LI

P AT

et e, gAML



bl oot

4.2 125

the offense and defense both act rationally. The lower bou.d is
achieved when the offense can see the defensive allocation of mis-
siles to targets before making his own allocation (defense-last-
move). These bounds can be expressed mathematically as follows:

Upper bound: min max E(f)

vy X
Lower bound: max min E(f)
X y

where the maxima and minima are taken over all possible defense
and offense preallocation strategies. It sl. uld be noted that if one
side has the last move, the distinction between preallocation and
nonpreallocation strategies for that side is lost.

If the offense can see the defense allocation before choosing
his own, it is not difficult to determine that the best possible de-
fense strategy is to allocate an equal number of missiles to each
target (xd=l). What is the optimal offense strategy against this

defense? Let the offense attack a fraction of the targets Yk = a‘k
with k weapons apiece, k = a, and let Yo = 1 - (k/a): that is, the

remaining targets are unattacked. Let P(k) denote the probability
of destruction of a target attacked by k weapons and defended by d
missiles. The average return per weapon at an attacked target can
he defined as A = P(k)/Kk, and the expected fraction of targets de-
stroyed is 1 - E(f) = ykP(k) = aA. Assume that P(k) is a function

for which a unique value of k, denoted by k*, maximizes :

A¥ = max A = P (k*)
k k*

It is obvious that if k* ™ a, the offense allocation which maximizes
A also maximizes 1 - E(f). Otherwise, vy =1 (attack all targets

with a v~ _ons apiece) is the optimal offense strategy. In short,
L -E(f) =2*a, 0 <a<k* 1-E() =P(a), k* = a.

For the one-on-one defense assumed generally throughout
this chapter,

i K c -d
P(k) = q?lm(d, )qgn.x(O,k )

However, the argument presented above can be extended to other
situations, for example salvo defenses. A few practical comments
may be in order here. The value k* can be found graphically by
constructing a tangent to P(k) passing through the origin; that is,
A is the slope of a line passing through (0,0) and (k,P(k)). The
maximum A corresponds to that value of k closest to the tangent.
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Note that if P(k) is continuous, then at the tangent point the margi-
nal and average returns are equal: dP(k)/dk = P/Kk.

So far an attack against targets in a single module has been
considered. This technique can be extended to allocations of
weapons to non-overlapping modules of targets by making P(k) the
expected fraction of a module that is destroyed if k weapons are
allocated to the module, and the offense und defense strategies
within the module are known. It is useful for defense design pur-
poses because given a tolerable level of destruction, E*, and '
offense stockpile per module, a, the defense designer need only E
assure that the function P(k) does not pass through a line from the
origin with slope E*/a. This is, however, only a sufficient, not
necessary, condition: a more general condition is that P(k) cannot

be more than tangent to any line through (a,E*) with slope less than 3
or equal to E*/a. Otherwise, the offense can achieve a payvoff per 3
weapon greater than E*’a by an attack at two (or more) levels. 3

Another sort of offense-last-niove case will be considered, = |
where the model is an "attacker-oriented' one. E

If the defense can see the offense allocation before choosing
his own, it is not difficult to determine that the best possible offense
strategy is to allocate an equal number of weapons to each target
(y€1 = L’) If d = a, the maximizing defense strategy is obvious:

attack each weapon with a single missile. (Only one-on-one en-
gagements are permitted in this section.) Therefore, it is neces-
sary to derive the defense strategy only for d -= a. It is not difficult
to show that the maximizing defense strategy is

(x0 = (a-d)/a, X, = d/a) and the corresponding expected fraction of

targets saved is

il il

50 =5 ap + 5 oy

Assume that the attack size, a, is not known to the defense.
If the offense has the last move, how should the defense be allo-

cated so that 1 - E(f) = ka for 0 =2 a = ag? I qy =1 and q; = 0, the

answer is easy: allocate the same number of missiles to each tar-
get. The offense will attack targets with (d+1) weapons apiece
until his stockpile is exhausted; 1 - E(f) = a/{d+1),0 = a ~ d+1.
However, for arbitrary ay and S the answer to this problem is not
known.

4.3 STRATEGIES WHEN NEITHER SIDE KNOWS THE OTHER'S
ALLOCATION

Assume, as before, that preallocation strategies are to be
used, and that the defense can carry out attack evaluation but not
damage assessment. Assume also that both the offense and the
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l

defense know a, d, qq and qq- Assume that the offense allocates its

weapons and the defense allocates his missiles, each in ignorance
of the other's allocation. What allocations should each side select,
and what is the expected fraction of targets saved corresponding to
these alloc itions?

b
y

'
vy

This allocation problem can be formulated in terms of a
zero-sum two-person game. The payoff iz the fraction of targets
saved, and the strategies of the two plavers consist of (1) a speci-
fication of the fraclions of tarygets to be assigned given offense
levels (yo,yl,yz,. ..) and defense levels (XO’XI’XZ" ..), satisfying

the constraints of Section 4.1, and (2) an assignment of individual
targets to these offense offense and defense levels. It is easily
seen that only a finite number of offense and defense levels are
reasonable. Then a generalization, due to Charnes (1953), of the
fundamental theorem of game theory states that the game has a :
value, V, and that there exist optimum probability density functions =
of defense and offense strategies. The optimum defense strategy
has the property that, if the defense selects a strategy according
to this probability density function, then the offense cannot produce
an expected outconie less than V, no matter what strategy he 2
selects. Similarly, the optimum offense strategy has the property

that, if the offense selects a strategv azcording to this probability

density function, then the defense cannot achievc an expected pay-

off greater than V, no matter what stratesy he selects. In short,

the defense can select a strategy which guarantees that the expected =
fraction of targets saved is at least V, and the offense can select a =
strategy which guarantees that the expected fraction of targets
saved is ai most V, the value of the game. One can further prove
that

max min E{f) = V = min max E({f)
Xy y X >
as might be expected.

The probability density function of offense strategies which
guarantees an expected payoff of at most V can be expressed in a
sinmpple form: select a fraction Yo of the targets at random for no

attack, select a fracticn 1 of the targets at random for attack by

one weapon, and so on. The probability density function of defense
strategies which guarantees an expected pavoff of at least V can be
similarly expressed. In other words, the solution to the allocation
problem consists of finding the vectors (yo,yl,yz,. ..) and

(xo,xl,xz,. ..): the expected fraction of targets saved is then

_ . min(i,j) max(0,j-1) E
V = Z xi)qu g . =

1,]
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4.3.1 An Explicit Solution to the Preallocation Problem

This vroblem can be expressed as a constrained game:; such
games can be solved by linear programming, as has been shown by
Charnes (1953). The possibility of using lincar programming will
be discussed in Section 4.3.4. However, Matheson (196'7) has found
a solution to the preallocation problem which does not use linear
programming explicitly.

The results of Matheson's work are summarized in the fol-
lowing paragraphs. Unfortunately, the solution is relativelv diffi-
cult to characterize in a concise form: those wishing to use it will
find a digital computer almost indispensable,

Matheson proves that the solution can be based on partition-
ing the positive quadrant of the (a,d)-plane into regions that are
rectangular or are infinite rectanpgular strips with boundaries de-
pendent on p and p, or, equivalently, on 4y and Q- The regions are

of four types, each having a special form of offense and defense
strategy associated with it. Thus, the first problem is to identify
in what region (a,d) is located. This is accomplished by racans of
the table on the next page giving the boundary-values of the various
regions, These boundary-valucs are denoted by terms of the form
D;(x,y) /T and A(x,y) /T, respectively, and are terued critical de-

fense and critical offense levels by Matheson. (The reader is
warned that Matheson's notation has been considerably altered.)
The various critical values are defined below:

. 1-q™
D, (m-1,n T = (E_“Lle_(l?n_,_hl hole qimh 1 : 1
pay” 4
Dy(h+w,h)/T = (h-1) + D (1+w,1) ‘T,
D3(h+w,h)/T =h+ Dl(w,l) T
1_qm—h-2
A(m-1,h)'T =h + b(m,h)(m-h-1) 1, 10 ,
R
where
he
pag”!

e(m,h) =

s

. . h-l
pip + (m-h)(\n -1+ (qqy q1>‘ )
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1

h <(1'(10)(1 _qun-h—1> m-2> ’

+ q
@11_ T(;) (a;-qg)(T-q) 1

and w is the largest integer less than p/p(1-p).

Once the region in which (a,d) is located has been deter-
mined from the above relationships, the values of m -1 and h are
uniquely specified. It is then necessary to determine corresponding
values of ¢ and g using the table below:

b(m,h) =

Region
Type
I m-1=%, h-1=g¢g
I m=z:, h=g
11 m-1 =, h=g
v i = h

Knowing : and g, one can now specify the offense and detense
strategies and the expected fraction of targets saved. The offense
and defense strategies are obtained by linear interpolation between
critical strategies. The appropriate critical strategies are deter-
mined by noting the form of the critical defense and offense levels
bounding the region in which (a,d) lies — these levels, it will be
rezca.llid are of the form Dl(x,y)/T, Dz(x,y)/T, D3(x,y),/T and
Alx,y)/T.

Critical Defense Strategy Corresponding to Dl(m-l,h)/'l‘:

x. =1 - (tn-h)e(m,h)

h-1 ’
pql
x. = &(m,h) (n?-i - m-?-l) for i=h,...,m-1
1 Je] 1i-1 1
9 9

Critical Defense Strategy Corresponding to Dz(h+w,h)/T:

=1 - 1-p(1-p)/p

x B
h q
x, = L(-hp(l-p)/p _ 1-li-heD)p(1-p)ip g0 5 . h+l,...,h+w-1
i i-h i~h+1
44 44

i i i
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Critical Defense Strategy Corresponding to D3(h+w,h)/T:

“7

2 T

_ 1 w-i+h+l w-i+h . ]
Xi - p(“1+17¥)‘5< i—h-l i-h ) fOI‘ 1= h+1,. N .,h+“"1
44 94

Critical Offense Strategy Corresponding to A(.,g):

N .
8 i
y -1 - s + for 1:g+1,...,g-1 ,
g q’. -1 (ql-qo) l‘ql
1

_bli,8)

vy = L8
L3

gy =—Pl8

»,‘-1
(ql ‘qO)q/i

These sirategies can be substituted into the equation for V,
the expected fraction of targets saved; the result is algebraically
cumbersome and is omitted here.

4,3.2 A Simplified Problem: Perfect Offensive Weapons and

Defensive Missiles
If aq is set equal to 1 and P is set equal to 0, the offense and

defense strategies are much simpler to specify. Following Mathe-
son (1966), it is possible to write down the offense and defense
strategies directly as functions of a and d, instead of the auxiliary
quantities g, h, ¢, and m. Instead of four regions in the (a,d)-plane
corresponding to rectangle types I, II, III and IV, there are only

4
g

e

two:
Offense dominant (Type I) if [2d+1} < [2a] '
Defense dominant (Type I)  if [2d+1] = [2a] 3
If the defense is dominant, then E,

LTI

Eetily L L
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Defense Strategy:

_ 2(j2d+1]-9) o
X; = r2d+2][2a+1 for i=0,1,2,...,/2d] ,

2d - [2d
*[2d+1] © —[m%l

Offense Strategy:

.o 2a - -
}i_[2d+1‘|[2d+2] for 1=1,2,...,[2d+1]

vo=1 - 2a
70 |2d+2
The expected fraction of targets saved is
Vel- 2a([2d+1]-d)
[2d+1][2d+2]

when d is an integer, the expected fraction of targets saved is
equal to 1 -~ a/(1+2d). If the offense is dominant, then

Defense Strategy:

___z2d - -
xi‘[z_a][_ﬁl-—l] for 1i=1,2,...,[2a-1] ,

2d

07! ]
Offense Strategy:

= _2( 2a ~ﬂ) for i= 1,2,. . .,[23'1] 1

"1 13a][2a-1]

. _2a - [2a]
Y[2a] ¥ T2a]

The expected fraction of targets saved is

Ve (1)

When a is an integer, the expected fraction of targets saved is
equal to d/(2a-1).
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Assume that the attack size, a, is not known to the defense;
how should the defense allocate his missiles so that the expected
fraction of targets lost is proportional to the actual attack size?
This criterion of effzctiveness can be easily achieved for certain
defense levels d: find that (d,a) pair corresponding to (m,1),
where m is an integer. In effect, one assumes a certain offense
level and defends in an optimum way against this offense. When 4y

is equal to one and 1) equal to zero, the defense and offense strat-

egies corresponding to an offense-dominant attack satisfy the cri-
terion:
2a({2d+1]-d)

E i T T2d+1112d=21
(fraction of targets lost) [2a+1][2d+2]

4.3.3 Arriving at Integral Allocations

The preceding two sections have specified the Matheson
offense and defense strategies in closed form. It is important to
realize that the specification of the Matheson strategies, from the
standpoint of actually assigning missiles (or weapons) to targets,
is not complete. All that the Matheson defense strategy does is
specify that a randomly chosen fraction Xy of the targets will be

assigned zero missiles, a randomly chosen fraction Xy of the tar-

gets will be assigned one missile, and so on. Since the number of
targets, T, is finite, there is no guarantee that these fractions can
be achieved by any real assignments. As a working rule, one can
select fractions as close as possible to (XO’XI" . .,xm_l) and

(yo,yl,. . .,ym) and assume that the expected fraction of targets is

well-approximated by the Matheson game value E(f). In Section
4.3.5 it will be seen that this assumption is reasonable.

However, one can sometimes do more than this. To be spe-
cific, one can define an integer strategy game analogous to the
Matheson game, in which the mixed strategy used by the defense
(or the offense) is a probability distribution function (pl, Pgy -+ ,pN)

taken over the N different pure strategies (the actual assignment of
an integral number of missiles to each of the T targets). This in-
teger strategy game is impossible to solve in closed form except
for extremely small numbers of misciles, weapons and targets be-
cause the number of pure strategies (that is, the number of ways D
(or A) objects can be partitioned among T cells) quickly becomes
very large. Matheson was unable to obtain a general formula for
the strategies in terms of A, D, T, g and a5 instead, as has been

seen, he defined the Matheson game by enlarging the space of mixed
strategies to include all strategies of the form XXy "xm—l)

realizable under stockpile constraints, not just those realizable
from the N pure strategies.
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One can prove that for perfect offensive weapons and defen-
sive missiles 810 = O,q1 = 1), the value of the Matheson game is the

same as the value of the integer strategy game. (In other words,
that the optimum can always be realized in terms of the N pure
strategies.) This result does not hold for imperfect weapons and
missiles, since it is possible to construct examples in which it is
impossible to find a mixed strategy in the integer strategy game
satisfying the requirements of the optimum strategy in the Mathe-
son game. However, the number of pure strategies (and therefore
the variety of mixed strategies) in the integer strategy game in-
creases so rapidly with T that it has been conjectured that for

T = 1" it is always possible to find a mixed strategy satisfying the
requirements of the Matheson strategy. This conjecture seems
unlikely; but in any case, when T is large there should always
exist a mixed strategy which conies very close. Even if an exact
solution exists, it may not be easy to find such a mixed strategy by
trial-and-error methods. There exist possible systematic methods
for doing this; for instance, linear programming can be used.
However, it does not appear that any attempt has been made to
assess the computational feasibility of such methods.

If D (or A) and T are not too large, it is possible to find the
optimum offensive and defensive strategies for the integer strategy
game by means of the well-known techniques of linear program-
ming — that is, by maximizing a linear function of several unknowns
which are also subject to a finite number of linear constraints.
This, of course, does not vield a general formula for the strategies
in terms of the unknowns T, D, A, g and aq+ nevertheless, in view

of the extreme complexity of the formulas in Section 4.3.1, this is
usually not much of a disadvantage. However, in many situations
it takes too long to obtain a solution by linear programming even
using an electronic computer. It appears that the maximum feasi-
ble (D, T) is of the order of (25,10).

4.3.4 Generalization of the Preallocation Problem

The Matheson game can be treated as a constrained game,
and can be solved easily by linear programming, using a result of
Charnes (1953). Linear programming can be applied straightfor-
wardly to solve various generalizations which Matheson did not
consider, some of which are given below:

(1) It may be necessary to limit the maximum number of
defensive missiles or offensive weapons assigned to any
target because of radar traffic-handling limitations or
interceptor-attacker geometry.

(2) The defensive missile and offensive weapon assignment
doctrines need not be one-on-one. For example, if
doctrine i is to be used at a target, one intercepts the
first weapon with D.11 missiles, the second weapon with
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D,, missiles, and so on. The sequence (Dil’DiZ" ..) de-
fines the ith doctrine. Presumably, D.lj = Dik for j < k:
also, 2 D,j = D;- The second defensive constraint at

)
the end of Section 4.1 becomes d = Z D,x,. Other prob-

1
lems that can be dealt with include decoys, shoot-look-
shoot, etc.

One can easily handle allocation prcblems in which there
are several different types of defensive missiles (or
offensive weapons), each with its own stockpile size and
reliability.

Suppose that the defense must protect several different
modules, which are located so far apart that the missile
stockpile for one module cannot be used for the defense
of any other module. Linear programming techniques
can be used to find the optimum between~module and
within~module allocations. One can also derive a method
based on dynamic programming for determining the value
of each of the within-module Matheson games (regarded
as a function of Ai’ the number of offensive weapons

allocated that module).
a more complicated example, consider generalized shoot-

look-shoot strategies:

(1)

(2)

Launch defensive missiles one at a time, observing after
each launch whether or not the missile has destroyed the
weapon it was directed against. Continue until one of the

following events vccur:

(a) the weapon is destroyed,

(b) the missile supply assigned to that target is ex-
hausted,

(¢) b defensive missiles have been launched.

If the weapon survives b defensive missile launches,

launch a final salvo of ¢ defensive missiles (or, the
remaining missile supply, if it is less than c).

Let £(i,j) be the probability that a target survives if i weapons and
j missiles are allocated to the target and the generalized shoot-
look-shoot strategy (b,c) is used. This can be iteratively calculated

using the following equation:

-1

f(1,j) = (1-p)kf(i-1,j-k—1)+(l-p)“(l-(l-p)vp)f(i-l,j~u-v) )

k=0
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where u = min(b,j) and v = max(c,j-u). Note that
£(0,§) = 1 for all j
and
£(i,0) = (1-p)}  for all i

If b = 1, ¢ =0, this defensive strategy becomes merely a one-on-one
defensive strategy. If b = ¢ = 1, the standard shoot-look-shoot de-
fensive strategy results.

This generalized problem can be solved by linear program-
ming very easily. If, however, it is desired to apply Matheson's
solution to approximate the solution of this shoot-look-shoot prob-
lem, there are at least two ways of doing this:

(N El(f) — assume that the offense allocates weapons to

targets according to the Matheson game and the defense,
observing this allocation, selects the best possible de-
fensive allocation of missiles to targets using a general-
ized shoot-look-shoot strategy;

(2) Ez(f) — assume that the defense allocates missiles to

targets according to the strategy above, but the offense,
observing this allocation, selects the best possible
allocation of weapons to targets.

If El(f) and Ez(f) are close together, these allocations should be
close to the optimum allocations when each side is ignorant of the
other's allocation.

4.3.5 The Variation in the Number of Targets Surviving in a

Matheson Game

The Matheson game provides the missile defense analyst with
the expected number of targets destroyed if both the offense and de-
fense use their optimum mixed strategies to allocate their weapons
and missiles. It is frequently of great importance to know the
variability that may be expected in an actual engagement — if the
expectation is that 35 out of 50 targets will be destroyed, what is
the probability that (say) 25 or fewer targets will be destroyed?

In general this is a difficult problem, and analytic results
(other than upper bounds) are difficult to obtain. If both the offense
and the defense use pure strategies, one can calculate an upper

bound to the variance of the number of targets surviving the attack.
Specifically, set Zi equal to 1 if target i survives, and 0 if target

i is destroyed; then
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T ’ '\‘2

i=1

where V, as before, is the expected fraction of targets saved. Note
that if the random variables were independent (which clearly they
are not in the Matheson game), then EZi would be a binomial ran-

dom variable with variance TV(1-V). It is rather surprising that
the actual variance is bounded above by an amount which differs
(in percentage terms) very slightly from the binomial value. It is
gratifying to note that the variance bound depends only on the ex-
pected fraction of targets surviving, not on the actual offensive
weapon and defensive missile allocations.

If Z is a positive random variable with E(Z) = u and
var(Z) = 02, a form of the Chebychev inequality states that

2
Probability (Z =t) = — %~ for tz=p
2 2
0% + (p~t)
This may be used to set bounds on the probability thal the actual

number of surviving targets is greater than a preset value t above
the mean (or less than a preset value t below the mean):

T
Pr(Z 2 = t> S LIS
2
i=1 T V(

, 1-V)/(T-1) + (t-TV)2

c .
2 /
- TV(1-V)/(T-1) -
PrE Z,=t) = , t=TV
(-1:1 ' ) T2V (1-V)/(T-1) + (TV-1)°

One should note, however, that Chebychev-type bounds are not
very strong.

One can prove that the above arguments are also valid when
the offense uses an optimum mixed strategy for allocation and the
defense uses an optimum allocation strategy which happens to be
pure. Unfortunately, it appears very difficult to prove the corre-
sponding theorem when the optimum allocation strategies for both
sides are mixed — a much more realistic case. To get around this
difficulty, one can introduce the concept of an approximating pure
defense strategy — one which is obtained fromthe real-valued
Matheson allocation (xo,xl,. . "xm—l) by a methnd which essentially

involves rounding up or down to the nearest integer.
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First derivc an upper bound on the loss (the reduction in the
expected fraction of targets saved) incurred by the defense when it
uses an approximating pure strategy instead of the optimumm mixed
strategy determined by the Matheson game. If Ai is the difference

between X, and the integer approximating X, and V and V* are the

respective expected fractions of targets lost using the mixed defense
strategy and the approximating pure defense strategy, then the bound
is simply

m-1

D 1a

v =d0
IV -V = S

)
(o]

In most cases, this difference is very small. For example, the
optimum defense strategy (9.60, 9.65, 10.55, 11.65, 8.55) associated
with the Matheson game for T = 50, A = D = 100, qq = 0.1 and

q, = 0.955 leads to the approxi;nating pure strategy (9, 10, 11, 12, 8).

For this pair, the difference 6~ 15 about 0.001.

Using this bound, one can modify the Chebychev bound (given
earlier) by replacing o > = T2V(1-V)/(T-1) with
o2 = T2v(1-V)/(T-1) + TH62-(v*-1)2).

One can also give a strong plausibility argument that, if both
the offense and defense use pure strategies, then, as the number of
targets approaches infinity, the probability distribution function of
the number saved converges (in a carefully defined sense) to a
Gaussian distribution. More specifically,

lim Pl‘(——-z--’—\%—z— = t) -N(0,0% and o%=1 ,
T—we TV(1-V) Y

where N(O,az) denotes the Gaussian distribution with zero mean and

variance 02. A strong argument can be made (supported by Monte
Carlo simulation results) that this statement also applies when the
offense uses an optimal mixed strategy and the defense an approxi-
mately optimal pure strategy as discussed earlier.

The use of a Gaussian limiting distribution enables one to
make more accurate estimates of the probability that the number
of surviving targets is less than (or greater than) a preset value t.
However, the estimated probability may be either high or low,
whereas the corresponding probability calculated from the Cheby-~
chev inequality is guaranteed to be an upper bound. To illustrate
the difference, consider again the Matheson game with parameters
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T =50, A =D =100, qq = 0.1 and 4y = 0.955, for which V = 0.582 or

about 29 targets. In this game, the Chebvchev bound leads to the
statement that Pr(SZi -2 19) =- 0.108, whereas the Gaussian limiting

distribution leads to Pr(‘_‘,Z.1 = 24.5) = 0.093.

4.3.6 Other Models of Preallocation Offense and Defense

Matheson has provided the most comprehensive description
of the optimum offensive and defensive strategies required when
neither side knows the other's allocation. However, it is worth
noting that other analvsts have also studied this allocation problem.
In the literature, this allocation problem is frequently labeled a
"Blotto game' or a ""Colonel Blotto game''; apparently this name
was introduced by Caliban (a pseudonym of the Fnglish puzzle-
constructor Hubert Phillips) in his Weekend Problems Book.
Blackett (1954) solves a simple Blotto game in a logistics context.
Translated inte a missile allocation problem, the defen-e con-
structs one real target and (T-1) dummy targets, and the offense,
not knowing which target is real, distributes A weapons among
these T targets.

Biotto games can be formulated in two different ways.
Matheson considered a discrete Blotto game in which the offense
and defense levels ailocated to the various targets were restricted
to integer values. However, onc can consider continuous Blotiio
games in which this requirement is relaxed: at each target,
weapons and missiles are represented by real numbers. Continu-
ous Blotto gumes are analyvtically more tractable but rather more
difficult to interpret. For example, how much damage is done to a
target attacked by 3.72 weapons and defended by 1.17 missiles?
Usually, S is set equal to zero and Qq is set equal to unity: the

target is assumed to be saved if the number of missiles allocated
to it is greater than or egual to the number of weapons, and de-
stroyed if the number of missiles allocated to it is less than the
number of weapons. According to Luce and Raiffa (1957), Borel
posed a problem of this type for three targets in 1921,

Galiano (1987b) and Penn (1971) independently derive Mathe-
son's optimum offense and defense allocations for the discrete
Blotto game when qq = 0 and qq = 1. In addition, they derive the

corresponding allocations and the expecied {raction of targets saved

in the continuous Blotto game when Qg = 0 and qq = 1. If the offense

is domirant (a = d), then he attacks a typical target with a; weapons,

where ay is a real number selected according to the uniform prob-
ability density function between 0 and 2a. The defense defends a

typical target with probability d.’a: if defended, a target is allocated

di missiles, where di is a real number selected according to the
uniform probability density function between 0 and 2a. The
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expected fraction of targets saved is E(f) = d2a. If the defense is
dominant (a = d), then he defends a typical target with d; missiles,

where d is a real number selected according to the uniform prob-

ability denmtv function betwecn 0 and 2d. The offense attacks a
typical target with probability a- ‘d; i attacked, a target is allocated
a, weapons, where a; is a real number selected according to the

umform probability dens1ty funct1on between 0 and 2d. The expected
fraction of targets saved is 1 - a/2d.

Schreiber (1968) calculates some additional quantities of in-
terest for the continuous Blotto game when qq = 0 and qQy = 1. The

expected number of unused defensive missiles per target defended -3
is equal to d/3 (when a = d) and d - 2a“3 (when a -~ d). The expectec
number of mnntorcepted weapons per tarset 13 d - 2:1 3 (when

a = d) and a/3 (when a - d). ,

Galiano (1969) suggests that the continuous Blotto game can ,
also be used when the probability of target destruction by an unin- -
teccepted wetpoin is not unity but p. The expected target damage :
can be approximated by increasing the number of defensive missiles
per target from d to d - 1/1log (l-p) and using the results cited
above.

Notc that the continuous Blotte game is hiased in favor of the
offense: the offense can destroy a target with an infinitesimal ex-
cess of weapons over missiles. Penn (1967b) points out the dis-
crete and continuous Blotto games can be made comparable to each E
other if, in the discrete game, one-half of the target is awarded to
the offense when the number of weapons is equal to the number of E
missiles. Curiously, the optimum strategies that Penn derives =2
shun ties — the offense always allocates an odd number of weapons
and the defense frequently allocates an even number of missiles.

Schreiber (1968) derives the general form of the optimum 3
offense and defense strategies for the continuous Blotto game with
one-on-one engagements, assuming a broad class of damage func-
tions, Specifically, he assumes that P(x,y), the probability that a
target survives when attacked by v weapons and defended by x
missiles, is of the form

P(x,y)
P(x,y) = s(x)t(y-x) Xy

1}
1A

s(y) O0=sy=x |,

The functions s(x) and t(y) are assumed to be convex with continu-
ous derivatives, and s(O) = t(0) = 1. Therefore, P(x,v) is continuous
in x and v, but dP(x,y ‘dy is dxscontmuous at x =y. At the begin-

ning of th1s chapter, s(v) was assumed to be qO and t(y-x) was
assumed to be a

v-X




4.3.6 141

Let f(vidy be the fraction of targets attacked by v weapons,
and g(x)dx the fraction of targets defended by x missiles. These
functions define offensive and defensive strategies (analogous to
the X and vy used by Matheson): they are in general discontinuous

and contain delta-functions. Schreiber shows that that the optimum
defense strategy is given by g(x) satisfying the equation

G(y) = / g(x)P(x,¥)dx = m -~ hy E -
0 -
in some interval U -/ v < V subject to the constraints G(v} = m - hy
ouiside U -y .V,

/ gx)dx =1 and / xex)dx =d . —
0 0 ‘

The quantities m, h, U and V are determined so that m - ha is as E
large as possible. The corresponding optimum offense strategy is =
given by f(y) satisfving lhe equation

F(x) = f f(y)P(x.V)dy =n + kx 2
. 0 3

in some interval U' < x -{ V' subject to the constraints F(X) < n + kx
outside U’ I x ~IV',

/ f(y)dy =1 and / vi(v)dy =a . 7’
0 3

0

The quantities n, k, U' and V' are determined so that n + kd is as
small as possible.

Schreiber demonstrates that U = U' and V = V'. In addition,
he shows that

g(x) = A6(x-0) + (1-2)e(x)

where 6(x-xo) is the unit delta-function at x = X 0-=x1,and

#(x) > 0 for U << x IV, o(x) =0 elsewhere, contains no delta- -5
functions and integrates to unity. Finally, he shows that =

f((y) = pb(y-U) + vé(y-V) + (1-p-v)8(y)
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where 0-. 52 1,0 v 1,and (y) ~0for U Ty -2V, 6y =0
elsewhere and 6(y) contains ro delta~-functions and integrates to
unity. Note that the optimun: defense strategy can be realized no
matter what the value of d, but the optimum offense strategy is im-
possible to realize unless a > U, When a = U, the opti.num offense
strategy depends on s(v) alone, and must be derived by a special
argument.

The forms of the optimum offense and defense strategies and
the value of U can be specified in slightly greater detail by noting
in which of four disjoint regions (d,a) is located:

1) a~ Voo d U (super stable defense)
2) a Ve u d - X, (strong stable defense)
J) a’ Yoo d- X (weak stable defense)
4y d >~ X, {unstable defense)

where X, and V. are critical values which can be calculated from
the optimum strateygies.

4.4 SOME NONPREALLOCATION STRATEGIES

When neither side kirows the other's allocation, it is clear
from the preceding section that the optimum offensive and defensive
preallocation strategies are not e¢asy to derive. This is not a par-
ticularly serious owjection to their use, since they ~an be calculated
well in advance of the actual attack. However, another difficully
can occur., It may not be possible to determine the aiming-point of
a weapon accurately enouch to decide what its target is. Prealloca-
tion defenses require that the defense keep track of exactly how
many offensive weapons have been directed at each target and were
engaged in order to decide whether or not to allocate a defensive
missile against the next weapon approaching that target. Is it pos-
sible that there exist stratezies which are nearly as good as (or
better than) the Matheson preallocation strategy but are much
easier for the defense to implement?

4.4.1 A Group Preferential Defense Strategy Against an Offense
That Can Vary His Attack Size

One possible defense strategy is the following group prefer-
ential strategy. Allocate the entire stockpile to the defense of a
fraction d k of the targets where Kk is an integer greater than or
equal to d; when any target in this subset is attacked, defend it with
a missile as long as any remain in the stockpile. The subset of
targets to be defended is selected ar random: however, there is
clearly a great advantage to selecting a geographically compact
subset in order to minimize the number of decisions that must be
made concerning the target against which each offensive weapon is
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directed. 1t is assumed that the offense knows the choice of k, but
not the actual random subset being defended. The word "'preferen-
tial” has been applied to a great many different types of stratepy.
Indeed, most of the strategies of this chapter would fall under
somebody's definition of preferential strategies. For this reason,
the word has been avoided in this work, except in this section. It
should be noted, however, that preallocation strategies are perhaps
those the most frequently designated as preferential.

Unfortunately, 1t is quite difficult to make a direct compari-
son between this strategy and the Matheson preallocation strategy
in terms of the original model. The difficulty arises because it is
now necessary to consider the order in which the offensive weapons
arrive. To get around this analytic difficulty, one can replace the
actual attack with a hypothetical attack of somewhat greater sever-
ity and analyze the latter proolem instead. In addition, only integral
k will be permitted; this can be a severe restriction.

To be specific, assume that the offense attacks the group of

—_

targets in "'waves,'' each consisting of a single weapon against each E
target. Also assume that the offensc attacks the targets with a i3
total of i different waves. The quantity i is a random variable 3
with a probability density function which can be selected by the E
offense but which mus. have a mean of a: ‘Jiyi = a. In other words, 3
the offense attacks the entire set of targets with the same type of %:
strategy that he earlier used on individual targets in the set. Ob- =

-

viously, this strategy is realistic only if the enemy has a large
ninber of equal groups of targets to attack, not just one.

It is not too difficult to prove that the optimum offensive
srrategy against this simple defense is not a multilevel strategy
such as Matheson's, but instead a strategy containing at most a
lower and an upper attach level, which are denoted by 1 and (a+j).
This is a consequence of the fact that the offense knows the defen-
sive parameter k. Il is also nct difficult to see that if the defense
uses a proallocation strategy against this hypothetical atfack, the
analysis of Matheson goes through exactly as before (in the limit
when the number of groups of targets is large). Therefore, a com-
parison belween the preallocation defense stratecy and the group
preferential defense strategy proposed above remains valid.

The expected fraction of targets saved can be expressed in
the following terms:

il

N N\ i d _min(i,k)  max(0,i-k)
E(f) = max ) ( -4 = ’ ’ 3
(£ mku Ilil,ljn (ihiﬂ (1 k)qo t a4 49 )
a - i A\ a+j o d min(a+j, k) max(0,a+7-Kk)N\,
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where k, i and j are all integers, k =dand 0 = i =a. (When j is
equal to zero and i is equal to a, the above formula must be modi-
fied slightly to avoid terms of the form 0/0.)

To illustrate the use of the above formula, consider a simple
example: letd=1,a =3, Qq = 1 and qq = 2/3. First consider the

outcome of using techniques discussed in previous sections. From

Section 4.2.0, it is easy to see that the expected fraction of targets
saved when the offense has the last move is 4/9 = 0. 444, and the ex-

pected fraction of targets saved when the defense has the last move

is (1°3) + (2,"’3)(2,-"3)3 = 0.531; these represent upper and lower
bounds to the probiem. If neither side knows the other's allocation
and preallocation strategies are used, so that Matheson s solulion
applies, then the offense strategy is 31 =Vg =¥g3 = 176, Y4 = 1/2,

the defense strategy is Xg = 1/2, X) = Xg = Xg = 16, and the ex-

pected fraction of targets saved is 12 = 0,500, Turning now to the
group preferential strategy being considered, one can determine

by trial and error that the expected {raction of targets saved is
equal to 239486 = 0.491, which corresponds to a choice of k equal
to 3 (that is, one-third of the targets defended) andi =2,j =1,
giving offensive levels of 4 and 2 each with a probability of 1/’2. In
this example, the group preferential strategy is only slightly infer-
ior to the Matheson strategy, and it may well be much easier to im-
plement. In other examples, the group preferential defense might
be superior to the Matheson strategy.

Intuitively it seems logical to set k = a if a is integral, be-
cause the defensive stockpile will then be equal to the expected
attack size on the defended subset. However, as d approaches a,
the advantages of randomization are lost; when the two are equal,
the offense knows the defense strategy. By allowing k to vary, an
additional degree of freedom is given the defense. Of course, if
d = a, the best defense is to engage each weapon, abandoning the
group preferential defense.

What if the offense does not know the level k that the defense
has selected? In such a situation, a possible response of the
offense is to tailor his attack so that the expected fraction of tar-
gels saved is the same no matter which level, k, the defense se-
lects (over a range of values, say d < k = t). The offensc can
easily achieve this goal by selecting the Matheson preallocation
strategy corresponding tc d = h, t =11, It can be shown that when
qq = 1, the exnected fraction of targets saved when the defense

selects a value of k such that d < k = t and the offense uses a
Matheson strategy is:

d

E(f) =
t(l -qg + dqg
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The value of t is determined by the size of the offensive stockpile:

t

a=ziyi

i=d

‘T'o illustrate this strategy, consider the following simple ex-
ample: let d =2,t=4,q; =1andqy =1/2. The strategy used by

the offense is y, =7/10, y, = 210 and y, = 1/10, corresponding to
2 3 4

an overall offensive level, a, of 12/5. Since the attack level is
variable, the above strategy can only be implemented, even approx-
imately, when there are several independent groups of targets. The
expected fraction of targets saved is equal to 4/7 = 0.573. However,
if one uses optimal (Matheson) preallocation defense and offense
strategies corresponding tod = 2, a = 12/5, q; =1,andq, = 1/2,
the offense and defense strategies are

¥o =7/25, vy =¥y =vg=y,=3/25, =625

Y5
Xy = 3/20, x

= 3/10, X1 =1/10 s

%0 Xp = %3 = 5
and the expected fraction of targets saved is increased to 0.640. In
other words, the defense has paid a price in effectiveness of 0.067
by using a group preferential strategy instead of a Matheson strat-
egy. In another example, the group preferential strategy might
actually be superior. Note that the defense should randomize its
choice of k in the range d = d =< t in order to prevent the offense
from taking advantage of a constant value of k.

4.4.2 A Group Preferential Defense Strategy Against an
Offense of Fixed Size

Can any analysis be made of defensive area strategies when
the offense model of the beginning of this section holds — that is,
when the offense attacks a single group of targets with a stockpile
of fixed size? As mentioned earlier, the outcome depends upon
the order of arrival of offerisive weapons. Consider two extreme
cases: (1) offensive weapons arrive at random; (2) the offense has
complete control over the order of arrival. Assume that each side
knows the other's stockpile size but not the specific allocation of
weapons to targets, or the specific subset of targets selected for
area defense. Assume also that a; = 1 and ap = 0 to simplify the
calculations.

The following numerical example mav be instructive.
Assume that one has four targets which can be defended by five
missiles, and assume that the offense has ten weapons. Matheson
(1966) has worked out by combinatorial arguments the optimum
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offense and defense strategies and the expected fraction of targets
saved if both sides use preallocation strategies. The offense
randomly assigns (4,3,2,1) weapons; the defense randomiy assigns
(3,2,0,0) missiles with probability 23, (3,1,1,0) missiles with
probability 1/6, and (1,2,1,1) missiles with probability 1.6: the
expected fraction of targets saved is 5/16, or 0.3125. This result
will be compared with the outcomes of offense models (1) and (2)
above.

If the offense has complete control over the order of weapon
arrival, the best thing for him to do is to arvange matters so that
the last four weapons are allocated one each to the four targets. If
at least five or his first six weapons all happen to be directed at
targets in the defended subset, then the offense will destroy the en-
tire set of targets. Since he does not know which targets are being
defended, he will not erdinarily be this fortunate. In this example,
all possibilities can be enumerated with relative ease.

For example, assume the offense attacks the four targets
with (4,2,2,2) weapons. There are six equiprobable ways in which
the defense can select two targets to be detended. If a (4,2) pair
is selected, the offense causes the defense to use four defensive
missiles against the first six offensive weapons, and the fifth de-
fensive missile can be used to save one target. If a (2,2) pair is
selected, the offense causes the defense to use only two defensive
missiles against the first six offensive weapons, and thc remaining
three defensive missiles can be used to save both targets (and have
one defensive missile left over). Note that the two undefended tar-
gets are always destroyed by the offense. The expected fraction of
surviving targets is, then, (1/2)(1/4) + (1/2)(1'2) =3/8. The vari-
ous possibilities are summarized in the table below.

EXPECTED FRACTION OF TARGETS SAVED
(Controlled Offensive Arrival Order)

Offense Number of Targets Defended
Strategy 1 2 3
(3,3,3,2) 0.250 0.458 0.125
§3,3,3,1; 0.250 0.375 0.188
4,3,2,1 0.250 0.375 0.188
4,2,2,2) 0.250 0.375 0.125
4,4,1,1) 0.250 0.417 0.250
5,2,2,1) 0.250 0.292 0.188
5,3,1,1) 0.250 0.333 0.250
%6,2,1,1) 0.188 0.250 0.188
7,1,1,1) 0.188 0.250 0.188

The best strategy for the defense is to defend two targets, so the
best strategy for the offense is either (6,2,1,1) or (7,1,1,]3 — he
can insure that the expected fraction of surviving targets is at most
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0.250 no matter what size subset the defense selects. (If the de-
fense selects either one or three targets to defend, the offense can
actually do better.) In other words, if the offense can control the
arrival order of this weapon the defense loses 0.062 by shifting
from a preallocation to a group preferential strategy.

Note, however, that the optimum offense strategy is ex-
tremely unbalanced. If the defense were to shift to a preallocation
defense using (2,2,2,2), it would be a disaster for the offense — at
least three-quarters of the targets would be saved every time.
Therefore, the offense dares not use the strategy (7,1,1,1) or
(6,2,1,1) unless he is certain that the defense is using a group
preferential strateyy. If the offense conservatively uses (4,3,2,1),
then the best group preferential strategy yields an expected frac-
tion of targets saved of 0.375 — considerably better than a preallo-
cation strategy. In other words, the decision as to whether to use
a group preferential or a preallocation defense strategy depends
upon what the defense thinks the offense knows about its plans — a
notably difficult matter to assess.

What if the offense weapon arrivals are random? Assume
that the offense attacks with (4,3,2,1) weapons. There are, as be-
fore, six equiprobable ways in which the defense can select two
targets. If (1,2), ()1,3), (1,4) or (2,3) are defended, then both targets
are saved. If (2,4) is defended then one target is saved. If (3,4) is
defended, three possibilities occur. The last two weapons to arrive
can be split between the two targets, in which case neither target
survives; the last two weapons to arrive can both be directed at the
four-weapon target, in which case the three-weapon target sur-
vives; the last two weapons to arrive can both be directed at the
three-weapon target, in which case the four-weapon target sur-
vives. These three events happen with probabilities
(3/71(4/6) + (4/1)(3/6) =4,/7, (4/1(3/6) = 2/7, and (3.”7)(276) = 1-7,
respectively, if the arrival order is random: the expected fraction
of surviving targets if (3,4) is defended is equal to
(0)(4/7) + (1/4)(2/T) + (1/4)(1/7) = 3/28. The expected fraction of

surviving targets is, then, (2/3)(1/2) + (1/6)(1-4) +(1/6)(3/28) =11/28.

The various possibilities are summarized in the table below. The
first column is, of course, the same as in the earlier table. The
best pure strategy for the offense is (5,2,2,1) — he can insure that

the expected fraction of surviving targets is at most 0.348 no matter

what size subset the defense selects. In other words, the defense
gains 0.036 by shifting from a preallocation to a group preferential
strategy if he can be certain that the offense cannot control the
arrival order of its weapons. By using a mixed strategy, the
offense could hold the defense to somewhat less, but no less than
0.335, which is still better for the defense than a preallocation
strategy.

Again, the offense may be conservative and use the strategy
(4,3,2,1) to protect against a knowledgeable defense. If he does,
then the defense can insure that the expected fraction of targets
saved is 0.392.

"
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EXPECTED FRACTION OF TARGETS SAVED
(Random Offensive Arrival Order)
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Offense Number of Targets Defended

Strategy 1 2 3

§3,3,2,2) 0.250 0.458 0.244

3,3,3,1) 0.250 0.375 0.285

4,3,2,1) 0.250 0.392 0.308 =

4,2,2,2) 0.250 0.375 0.273 §

4,4,1,1) 0.250 0422 0.329 =

5,2,2,1) 0.250 0.335 0.348 3

55,3,1,1) 0.250 0.342 0.365 E

6,2,1,1) 0.188 0.325 0.370 3

(7,1,1,1) 0.188 0.330 0.395 E
=3

To sum up this example, it is likely to be profitable for the
defense to shift from a preallocation to a group preferential
strategy — the defensc loses uily against a well-informed offense
which can exercise a high degree of control over ils attack order.

4.4.3 A More General Class of Nonpreallocation Strategies

There is no need for the defense to restrict himself to a non-
preallocation strategy in which the entire missile stockpile is used
to defend a subset of the targets. In fact, the defense can select a
mixture of preallocation and nonpreallocation strategies in the fol-
lowing manner. Divide the target set into m disjoint groups of
size tl’t2" -t and allocate di weapons to the defense of the ith

group. Note that

m m

E t. =T and E d. =D Z
1 1

i=1 i=1 5

Here T, D, and A represent the (unnormalized) numbers of targets,
defensive missiles, and offensive weapons. If all t.1 = 1, then one is

dealing with a preallocation strategy; if m = 2 and one of the d; = D,

then one is dealing with the group preferential strategy discussed
in Section 4.4.2. A more general strategy is specified by (ti’di)’

i=1,...,m: the assignment of targets to the m disjoint groups is
done at random.

FRE Bt ST 9 MRS
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The offense is assumed to use a preallocation strategy: a .
fraction ¥i of the targets 1s attacked by i weapons, and the assign-

ment of targets to weapons is done at random. Thus, an offense
strategy is specified by (yo,yl,. ..), where "_‘,iyi = A/T. For sim-

plicity, assume that the attack takes place in two waves, the second
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wave consisting of exactly one weapon on each target for which
i > 0 (offensive arrival order controlled).

It appears quite difficult to determine the optimum offensive
and defensive strategies as a function of A, Dand T if D -7 A and
T < A. For defense-last-move, Analvtic Services Corporation
(1968) has shown that the determination of an optimum offense
strategy is equivalent to solving a set of equations which is non-
linear in the vy the computational problems become formidable

for all but the simplest examples.

The following example is given in Analyvtic Services Corpora-
tion (1968). Assume that qq = 0 and q = 1, so the defense is one-

on-one. Let D =4, and let A = 2T what strategy (yo,yl,. ..) should

the offense select if the defense has the last move? Assume that
at least cne and at most four weapons are assigned to each target,
and that the defense, knowing the strategy (O,yl,yz,y3,y4,0,‘ ..) but

not which targets will actually be attacked by i weapons, selects
one of the following three strategies:

(1,1, (1,1), (1,1), (1,1), (T-4,0) (preallocation)
(1,2), (1,2), (T-2,0) (preallocation)
(2,4), (T-2,0) (nonpreallocation)

Assume that the offense wishes to insure that the expected number
of targets saved per defense missile used is the same for all three
strategy components (1,1), (1,2) and (2,4). Equating the first and
second components in terms of the expected number of targets
saved, one has

2vp =¥+ Y,
Equating the first and third components, one has
ayy = 2 (vieay g2y vged) « (25)9402075)

The first term in parentheses is the probability that the two targets
with the (2,4) component defense will be attacked by a total of two,
three or four weapons: the second term is the probability that they
will be attacked by five weapons (and hence only one target saved).
The right-hand side of this equation is strictly correct only in the
limit as T-x. The attack restrictions on the y; are:

y1+y2+y3+y4=1

Yyt 2y + 3_\-'3 + 4y, =2
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Solving these four equations in four unknowns, one finds the opti-
mum offense strategy (0, 3/8, 3”8, 1/8, 1/8,0,...). The expected
number of targets saved is 3/2. Note that this strategy can be im-
plemented exactly only when T is an integral multiple of 8.

It would be desirable to solve this problem without the re-
strictions on the minimum and maximum attack size and the allow-
able defense strategies. It seems likely that the optimum offense
strategy and the expected number of targets saved would be un-
changed.

However, it is clear that if one considers the corresponding
vifense-last-move problem, the above limitations on the offense

strategies are unnecessarily restrictive. It is con;ectured that if
the defense is allowed to choose any strategy (ti,di ,i=1,2,...,m,

and if the offense knows this strategy but not the specific target
assignments, then the optimum defense strategy is (2,4), (T-2,0)
and the optimum offense response is (0, 3/4,0, 0,0, 1/4, 0,...).

The expected number of targets saved ranges from 1 (if T =4) to
98 (as T—<).

If neither side knows the other's strategy before choosing its
own, then one is dealing with a game-theoretic problem. The ex-
pected number of targets saved will lie between the offense-last-
move and defense-last-move values, and both sides must use mix-
tures of strategies. In genesal, these game-theoretic problems arce
more difficult to solve. In Analytic Services Corporation (1968),
eleven equations in eleven unknowns are solved to determine the
optimum mix of the three allowable defense strategies as well as
the optimum mix of two offense strategies of the form (0, Yir You

0, y4) and (0, vy y'2, yé, 0). The expected number of targets saved

turned out to be 1.4883 — very close to the defense-last-move
value,

In a later Analytic Services Corporation report, IJsrael (1970)
describes a linear program to determine approximately optimum
nonpreallocation defense strategies when targets are resistant to
damage (q0 > 0) and missiles are unreliable ?ql - 1). As mentioned

earlier, the expected fracticn of targets surviving is not linear in
the offensive allocations ¥y it is linear in the sense that a mixed

offense strategy is a linear combination of pure offense strategies.
Unfortunately, this means that an exact linear programming solu-
tion to the offense and defense allocation problem must consider as
many linear constraints as there are pure offense strategies — a
truly astronomical number. The linear program devised by Israel
is much more modest — it only considers a relatively few pure
offense strategies, selected to have intuitively desirable properties.
It is difficult to determine how close to the optimum one comes
except for extremely small values of A, D, and T. He uses this
program to infer plausiblc rules of thumb such as the following:
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Typically, allocations (ti’di) satisfy the equation
di’/ti = max(A/T,D/T). In one example (T = 24, A = 108,
0= D<= 108, qp = 0, q, = 1), the expected fraction of targets saved

using an approximately optimum nonpreallocation strategy lies
about half way between a defense-last-move strategy and the
Matheson game strategy.

4.4.4 A Nonpreallocation Strategv Involving a Stockpile of

Defensive Missiles Held in Reserve

Penn (1969) has also considered a mixture of nonpreallocation
and preallocation defense strategies. In order to simplify the
analysis, he assumes a continuous Blotto game (that is, offensive
weapons and defensive missiles can be assigned in fractions, not
just integerszz furthermore, he assumes perfect interceptors and
soft targets Qg = 0,9y = 1). The offense has a weapons available

per target, and the defense has d missiles per target which must
be preallocated, plus a reserve of r missiles per target which
need not be preallocated to any specific target. As before, one
must distinguish between attack dominance, when sSome targets
must be left undefended, and defense dominance, when all targets
arc defended. Penn assumes that the offense arrival order is con-
trolled rather than random: specifically, he assumes the offense
saves back € weapons per target until the end of the attack, and
then applies these uniformly over the targets.

Although this model has been made as simple as possible,
Penn is unable to derive the optitnum offense and defense strate-
gies except when these strategies have been substantially re-
stricted. However, it is interesting to note that the expected
fraction of targets saved is the same for two rather different re-
stricted classes of defense strategies, suggesting that the result
has more general applicability. These two different restricted
classes of defense strategies are:

(1) Tapered Defense Strategy Class: Allocate the d pre-
allocation missiles per target as if no reserves were
available (see Section 4.3.6, in particular the reference
Penn (1971)). Each target is also promised reserve
missiles up to a specified maximum amount. If all
targets actually received their maximum reserve assign-
ments, a total of ' > r reserve missiles per target
would be needed (in short, more are promised than can
be delivered). The maximum number of reserves prom-
ised to each target is calculated by pretending that one
has a defensive stockpile of d + r' missiles per target,
and preallocating all these missiles (as in Section 4.3.6):
the difference between the d-missile preallocation and
the (d+r')-missile preallocation at a target determines
the number of reserve missiles promised to that target.
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Once the missiles preallocated to a target are used up,
they are assigned reserve missiles as needed up to the
number promised, provided any missiles in the reserve
stockpile remain.

(2) Defend-to-the-Death Strategy Class: Allocate the d pre-
allocation missiles per target to a fraction x of the tar-
gets (see Section 4.4.1); allocate the r reserve missiles
per target to the remainder of the targets, with the under-
stanaing that any reserve missile defends any target (no
matter how heavily attacked) as long as any reserves re-
main. The offense, of course, does not know which tar-
gets have been selected in the fraction x.

First, Penn guesses the optimum defense strategy for each
class, and proves that using these two strategies with offense-last-
move the expected fraction of targets saved is

E(f) = 5% +§ if d+r=a (offense dominant) ,

2
E(f) =1 - (32:3 if d+r=a (defense dominant)

If the defense is dominant, the above formula assumes r < a; if
r > a, E(f) = 0. In tapered defense, about twice as many reserves

are promised as are actually available: 2ar/(a-r) + r2d/(a-r)2 for

offense dominance, 2r + rz/d for defense dominance. In defend-to-
the-death, on the other hand, one allocates the reserve massiles to
a fraction r/a of the targets, so that exactly enough reserves are
available to counter the attack. Unless the attack is uniform, this
will be true only in the limit as the number of targets approaches
infinity (and variations in the size of the attack on this fraction be-
come insignificant),

The above calculations assume that d and ' have been fixed in
advance. This is reasonable, for instance, if d represents short-
range missiles that can defend any target in the group. (Models of
this type are discussed in more detail in Sections 6.3.1-6.3.5.) I,
however, the defense has a free hand to set the levels d and r,
subject to the constraint d + r = c, then he always should choose
d =0, r = ¢c. In this case, E(f) = ¢/a if the offense is dominant and
E(f) = 1 if the defense is dominant.

Finally, Penn guesses the optimum offense strategy with
defense~last-move, obtaining the same E(f) as above.

4.5 DEFENSE DAMAGE ASSESSMENT STRATEGIES

In the preceding sections, it was assumed that the defense
has no way of evaluating target damage during the course of an
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engagement: as a consequence, defensive missiles may be wasted
on a target which has already been destroyed. It is obvious that
the defense should be able to increase the expected fraction of tar-
gets saved if he defends only undestroyed targets. Is the gain in
the expected fracticn of tarpgets saved large enough to make the
cost of this additional real-time data processing worthwhile?

4.5.1 Damage Assessment Strategies When the Attack is Known
to the Defense

Krumm (1969) has developed a rather general defense-last-
move damage assessment model. In particular, he assumes that
both the defense and the offense know the values of A, D, T, q, and

ag- Further, he assumes that the defense knows that the offense

will attack in a waves, allocating one offensive weapon to each tar-
get on each wave. The defense can assess damage after each wave,
but the offense has no way of knowing which targets he has de-
stroved. (Actually, Krumm's model is slightly more general — he
assumes that the defensive missile reliability, 9y monotonically

decrcases with each successive wave of the attack, and that both
of the offense and defense know these changing probabilities. On
the other hand, Abramson and Shapiro (no date) consider the same
damage assessment model as Krumm, but restrict themselves to
perfect defensive missiles — <P is always equal to unity.)

The value of E(f) calculated by the following formulas should
be viewed with some caution, particuiarly for small values of A, D
and T. E(f) is derived under the assumption that the number of tar-
gets surviving after each wave is exactly given by the expected
valuc. Note that this model is not a probabilistic one but a deter-
ministic one. In reality, the number of survivors will differ some-
what from the expected value, and it is possible that the defensive
missiles will run cut before the defense of the final wave is com-
pleted. Alternatively, the defense may end up with unexpended
missiles at the end of the engagement. A calculation of E(f) taking
the actual engagement variability into account appears to be pro-
hibitively difficult.

it is intuitively reasonabie (and Krumin, in fact, proves) that
the optimum defense has the fellowing peneral forin when Qg > 0.

For analytical convenience, the waves are numbered backwards —
wave a arrives first and wave 1 arrives last in the attack.

Waves a through n+1: defend no targets
Wave n: defend a fraction of the surviving targets
Waves n-1 through 1: defend all surviving targets

Notice that when ap = 0, the defense must start on the first wave of

the attack; otherwise, there wili be nothing left to defend at stage
two. In this case, the strategy consists of defending a certain
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fraction of targets starting at wave a. The offense is assumed to
be ignorant of which targets are actually selected for defense.

To determine the optimum defense strategy, one must first
know the value of n — when should one stop observing and start
defending? Calculate the sequence

1
R (qo + (l‘qo)%) a-i
b (lqp1-qp) !

fori=a,a-1,...,1, and set n equal to the smallest value of i for

Letd.,i=n,n-1,...,1 denote the expected number of defen-
sive missiles to allocate to targets on the ith wave. Krumm shows
that d_ + d” | +...+d] equals the defensive stockpile, D, and
gives a set of recursive equations to determine the di by:

& d(1-q4)(1-q,) - (1 - (q0+(1-q0)ql>n-l>q?-n+1

n ' n-1)
(1-ag)(1-0p) + (1 - (ag+it-agay)  )1-ag)ay

a-n+l1

* *
dn-l = qu + (l'qo)qldn s

%*

=d . i=2,3 1
dn-i =d . 1\9g + (l-qo)q1> for i1=2.3,...,n-

Finally, Krumm derives the expected fraction of targets sur-
viving if this strategy is used:

n
c 1, E : j=1 *

j=1

Alternatively, one can write
1 *
E(f) = T dl(QO + (l_q())ql,)

Krumm makes the related point that the defensive damage
assessment strategy could be improved if it were revised at the
end of each attacking wave, taking as input the number of surviv-
ing targets and number of remaining defensive missiles.
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It is of interest to calculate the maximum value of D required
bv the defensive damage assessment strategy — that is, how many
defensive missiles are no :ded if all targets are defended on all

waves?

a
q _ Dmax _ 1- ((10 * (l-q())ql>
max =TT (T-qg)(1-ay)
As expected, Dm'u: is less than or cqual to A since destroved tar-

gets are attacked but not defended in later waves.

Under what conditions should the defense launch more than
one defensive missile against an incoming weapon? Krumm points
out that there may exist conditicns under which it is more advan-
tageous (in terms of increasing E(f)) to defend some targets dur-
ing the final wave attack with two missiles than to defend targets
during one of the previously undefended waves. In particular, he
shows that:

(1) if n =1, sincle Lwunches should be used at wave 1 and
excess defensive missiles assigned to wave 2 under all
circumstances:

(2) if n =2, single launches sh~uld be used il wave 1 and
excess defensive missiles axsigned to wave 3 if

2
QI =z1- ql (1'q0)

The expected fraction of targets saved using a preallocation
strategy can be compared with the (larger) expected fraction of
targets saved using a damage assessment strategy. Nunierical
calculations show that the difference in expected values never ex-
ceeds 0.086 for any value of a, d and SHY if qq = 1. In short, damage

assessment sirategies gain little for the defense in the defense-
last-move model. It is likely that a more extensive table including
q; ~21 would tell much the same story.

4.5.2 Damage Assessment Strategies Against Attacks of

Unknown Size

An important drawback of Krumm's model is his assumption
that the defense knows the exact offense allocation before the start
of the attack. The models discussed in this section modify this
assumption sonmewhat. In particular, assume that both the offense
and the defense know the values of a, d, 4 and qy» but that the de-

fense no longer knows the allocation of offensive weapons to targets
before the start of the engagement. To make the problem analyti-
cally tractable, it is again necessary to postulate the hypothetical
attack introduced in Section 4.4.1: insiead of allocating different

sl bl oo » b i, A

g b i,

E
)




TRV o PO S iy (T T O AT

156 4.5.2

numbers of weapons to the various targets, the offense attacks the
group of targets in "'waves,” each consisting of a single weapon
against each target. Furthermore, the number of waves in the
attack is a random variable, i, having a probability density function
that can be selected by the offense but which must have a mean
value of a: Eiyi = a. In other words, the offense attacks the entire

set of targets with the same type of strategy that he earlier used on
individual targets in the set.

The damage assessment strategy of Section 4.5.1, it should
be nated, requires that the defiense know the offense level against
the targets in the group. One can determine the effect of an in-
correct assumption by the defense about the offense level, and
consider how the offense might take advantage of such an incorreet
assumption. Modifving the formulas introduced in the defense-
last-move model, it is easy for both sides to calculaie the expected
fraction of targets saved if the defense assumes an attack level n
and the offense actually uses an attack level i. Let s denocte the
first defended level corresponding to an assumed attack level n;
then

E.(f):q(i) for i=1,2,...,5-1

’

i-s 8
a4y (1-api(dla, -gq) + ag)

Ei(ﬂ for i=s,8+1,...,n
; T
(1-aq) + (1-ay " ")(ay-ag)
i-n_n-s S
Gy 4qy (l1-qyidlay-q9) +4q
E.(f) = 0 ‘1 1( 1.0 0> for i=n+ln+2,...

(1-ap) + (1-a1)ia;-ag)

How should the offense select his v, - that is, the probabili-

ties of assigming exactly i1 waves to the atiack? One reasonable
criterion for him to use is to select the ¥; SO that the expected

fraction of targets saved is a constant, no matter what n the de-
fense assumes (d = n = m, where m denoles the maximum level
of i). It turns out that the expected fraction of targeis lost is

Qn + dlqq=qa)
Z By, = : .
4 1+ (l-qG)(m-l)

a constant independent of n, if the v, are chosen so that

3
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1 - (]0 =
Vy =¥ =00 =Y = y 3
1 2 m-1"1 4 (l-qo)(m-l) —

. 1 3
Ym " 1% (l-qo‘)(m-l) ’ ‘

with m determined from the equation

m

iy. = a
2,

i=1

Interestingly, this offense strategy can be recognized as the ,
Matheson preallocation strategy for the offense when a, equals =

unity and h, the lowest attack level, is also unity. Note that the =3
offense does not neced to know the defensive value of Q4 in applying -

this strategy (except when calculating the expected fraction of tar-
gets saved).

The gain in using a damage assessment strategy can be de-
termined by comparing the above formula giving the expected
fraction of targets saved with the corresponding Matheson pre-
allocation formula (as noted above, the Matheson preallocation 3
results are unchanged when the hvpothetical attack is used).
Acain, consider the example in which d =2, m =4, ay = 1 and 3

qq = 1/2. The offensive level a is equal to 14.'5, corresponding 3
to a strategy of Vi =¥y =¥g= 175 and V4 = 2/5. The expected '"'
fraction of targets saved is equal to 35 = 0.600. If preallocation 3

strategies are used, one has

x0:3-’10, x1=x2=x3=x4=3.”20, =1710 ,

X5

=16/100, ¥, =y, =¥y = vy = 147100, = 287100 3

Yo ¥g
and the epected fraction of targets saved is 29750 = 0.580. In 2
other v »ds, the gain achieved by using a damage assessment
strate:y is equal to 0.020.

4.6 ATTACKER-ORIENTED DEFENSE STRATEGIES E

The preceding sections considered the zain in effectiveness
if the defense could assess damage to its targets: the next sec-
tions, in contrast, assess the situation in which the defense is
unable to predict which target an offensive weapon is aimed at
before engaging it with a missile. One would certainly expect the
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result to be a loss in effectiveness over the optimal strategy mak-
ing full use of all information. However, preallocation strategies
do not use all information either, and are nat very close to optimal
when the defense is relatively strong. In such cases, various non-
preallocation strategies, such as those discussed here and earlier,
may be attractive.

If the defense cannot evaluate the attack, and if he is limited
to one-on-one engagements, the best he can do is to assign missiles
at random to the offensive weapons. If the offense knows that the
defense is limited to this strategy, he should attack edach target with
a weapons (assuming a is an integer).

If d = a, the defense is quite effective, since every weapon is
assigned a nussxle the expected fraction of surviving targets is
given by

If d < a, each incoming offensive weapon has a chance of only d/a
of being assigned a missile: the number of weapons directed at a
given target which are actually intercepted is a random variable
having a binomial probability density function. The expected frac-
tion of surviving targets is

a

B0 - 3 ()-8 el

i=0

Consider the following example: d =2,a=3,q, =1, g = 1/2.

The expected fractmn of targets saved using the weapon defense
strategy is 125/216 = 0.579. The expected {raction of targets saved
using defense-last-move and offense-last-move strategies is 0.708
and 0.500, respectively. U neither side knows the other's allocu-
tion, and optimal preallocation sirategics are used, one has

Xg =310, x1:x2:x3=x4:3."20, Xg = 1 10

—_ / - 1T - 7 -— X — _'I —
yo--l,IO, y1_32_33_54-3.20, 5_310 ,

and the expected fraction of targets saved is 0.55.

Note that the weapon strategy is superior to the preallocation
strategy despite the fact that the defense has less attack informa-
tion. The reason for this is simple: the weapon strategy makes
use of all the defensive missiles (even though less efficiently than
in defense-last-move), but the prmllomtwn defense strategy ends
up with an expected fraction 53200 = 0.265 of the uefensive mis-

siles unused.

il R

i
Al

e

!
Il

“MU&WEWMWNMM@WMMW@

. vl

-

AP,

I

=
-3
=
=32
5
=i
=

ol b i i

P 1 1 0 O A

T e L) i b i han

T

T

k-



4.6.1 159

It is clear from the above example that a defense strategy
which assigns missiles to weapons instead of targets is worth
studying in its own right; it may be advantageous to use such a
strategy even when it is possible for the defense to predict which
target an offensive weapon is aimed at. 1ln principle, one should be
able to divide (a,d,qo,ql) space into two regions — in one a preallo-

cation (that is, target-oriented) defense sirategy is preferred, and
in the other, a weapon (that is, attacker-oriented) defense strategy
1s preferred. However, it is clear that in the latter case, the de-

fense can expect to do better yet. If the defense has chosen not to
engage a weapon aimed at a given target, then (unless, perhaps, 4

is small) he might as well not engage any other weapons aimed at
the same target, saving missiles to be used more advantageously
against other weapons.

Weapon defense strategies have been studied in some detail.
Weapon defense strategies will be referred to as attacker-oriented
defense strategies in the remainder of Section 4.6. Assume, as
usual, that the offense has a stockpile of A weapons to be used
against a set of T equal-valued targets, and the defense has a
stockpile of D missiles to be used in their defense. Any missile
can be used to intercept a weapon attacking any target. A target is

; . destroved by an unintercepted weapon with probability p, and a
missile destroys the weapon it is directed against with probability
p. Both offense and defense know the value of A, D, T, p and p.
The offense wishes to minimize E(f), the expected fraction of tar-
gets saved, and the defense wishes to maximize this quantity.

Attacker-oriented defense strategies are most likely 1o be
useful when the defense has at least as many missiles as the
offense has weapons. (Certainly, preallocation strategies are not
likely to be useful in such a case, unless p is rather small.) There-
fore, the restriction that at most one missile attacks a weapon
(usuaily assumed in preallocation strategies) will be removed in
the rest of Section 4.6.

4.6.1 Neither Side Knows the Other's Allocation

Suppose that both sides must make their allocations in igho-
rance of the other's. In this case it can be seen that the optiimum
strategics for both are to allocate missiles and weapons in random
fashion as uniformly as possible. No proof of this fact appears
generally available, so one will be given here.

It will first be shown that the optimal allocation of offensive
weapons is as uniform as possible. Assume the contrary, so that
in the optimal allocation two targets receive m and n weapons re-
spectively, where n ™ m + 1. Then the probability, X, that the first
target survives is the probability that it survives all of the m offen-
sive weapons directed against it. This value is unknown to the
offense, since he does not know how the defense has assigned mis-
siles to the weapons, but it has a definite value for any specific
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engagement. Let the probability that the second target survives he
YZP, where Y is the probability that the target survives the first
m weapons directed against it, Z is the probability it survives the
next n - m - 1, and P is the probability it survives the last. Thus
the two targets contribute an expected number of survivors of

X +YZP.

Compare this allocation with that produced by reassigning to
the first target the last weapon allocated to the second. This gives
a more uniform allocation. The change in the expected number of
targets surviving is

X +YZP -XP -YZ = (X-YZ)(1-P)

This change may be positive or negative. But note that the original
allocation was just as likely to make the contribution of Y + XZP
expected survivors. In this case the change in the expected num-
ber of targets surviving is

Y + XZP - YP ~ XZ = (Y-XZ)(1-P)

Since these two situations are equally likely, the above two
expressions may be added:

(X-YZ)(1-P) + (Y-XZ)(1-P) = (X+Y)(1-Z (1-P) = 0

This expression is nonnegative, so that on the average, the more
uniform allocation leads to a better outcome for the offense. Note
that in certain special situations in which some of the probabilities
are 0 or 1, some non-uniform allocations may be optimal; but the
uniform allocation will always be optimal as well.

The proof that the optimal defensive allocation is as uniform
as possible is somewhat similar. Set 7 = 1 - p. Then the prob-
ability that a target survives attack by a weapon to which have been
assigned m missiles is 1 - p7™, Assume that the optimum defen-
sive allocation is non-uniform, so that two weapons are assigned
m and n Jdefensive missiles respectively, wheren > m + 1. Sup-
pose that it happens that the offensive allocation assigns both of
these to the same target. Then the probability the target survives

is X(l-me)(l-an), where X gives the effect of any other weapons
assigned to it. Then the change in the number of targets surviving
if the defense had used the more uniform allocation (m+1,n-1) is

X(1-pr™) (1-p™ - X(1-pr™ ) (1-pr™ ) = Xp(1-1) (7™ "]y = 0

So in this case the defense prefers the more uniform allocation.

Now suppose that it happens that the offensive allocation
assigns the two weapons to different targets. Then these two tar-
gets contribute an amount to the expected number of survivors
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equal to X(l-p‘rm) + Y(l-pr"), where X and Y indicate the effect
of the other weapons assigned to them. Analogously to the situa-

ation encountered before, the outcome X(l-pr“) + Y(l-p‘rm) is
equally likely. Thus the overall change produced by using the
more uniform defensive allocation is measured by

(X(l-prm) + Y(1-p™ + X(1-p7™) + Y(l_p,-m)>
- (X(l-p7m+1) + Y(l-prn-l) + X(1-p™ 1) 4 Y(1-p7m+1)>

= -(X+Vp(1-7) (-7l = o
Again, the defense prefers the more uniform allocation. Thus the
optimal defensive allocation is as uniform as possible.

Calculating exactly the value of E(f) resulting from these
optimal allocations is tedious but straightforward. Set k = [D’A],

r =D - Ak, P1 = p(l-p)k and P2 = p(l-p)k*'l. The attacker has
A - r superior weapons with target kill probability Pl’ and r in-
ferior weapons with target kill probability Pz, but of course he does

not know which is which. Set j =[A/T] and s = A - Tj. Recognizing
that the hypergeometric distribution is involved, one finds that

B() =58y + (1 - %)s2 ,

where

and

) .
Sp= 9 (l-pl)i(l-pz)j'i(j‘_‘i)(Ai'r)/(‘?)

i=1

It would be of interest to determine the boundary of
(A/T,D T,p,p)-space on which the E(f) corresponding to the ran-
domized attacker-oriented defense strategy and the appropriate
offense strategy is equal to the E(f) when preallocation offense and
defense strategies (as determined by Matheson) are used. Such in-
formation would enable one to make decisions about which type of
strategies to use.
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4.6.2 Offense Knows How Defense Will Assign All Missiles

Another interesting case is the offense-last-move version of
the above, namely that in which the offense knows how the defense
will assign missiles to each offensive weapon. This is a less likely
situation than the previous one, but there is at least one rather
plausible case where it could arise, namely when D = A and the de-
fense assigns missiles to the first D arriving weapons in a sequen-
tial attack.

As will be seen, the offensive allocation problem is rather
involved, but the optimal defense is to allocate missiles as uni-
formly as possible. The proof is similar to that of the previous
section.

Assume ihe contrary, so that in the optimal allocation, two
weapons receive m and n missiles respectively, wheren - m + 1.
In the notation of the previous section, the prohabilities that a tar-

get survives an attack by these weapons are 1 - prm and 1 - prn
respectively, Compare this defensive allocation with one in which
the two weapons in question receive m + 1 and n - 1 missiles. Con-
sider the optimal offensive allocation against the latter defensive
allocation.

If the two weapons are assigned to the same target in the
optimal oifensive allocation, the same calculation used in the pre-
vious section shows that the offense does better against the less
uniform defensive allocation. Next suppose that the optimal offen~
sive allocation against the more uniform defensive allocation
assigns the two weapons to different targets. Then the expected
number of survivors among the two targets can be written

X(1 —me“) +Y(1 -prn'l)

Because this is an optimal allocation, one may assume X "= Y,
for if X <Y, one has

(X(l—meJ’l) + Y(l-prn-l)> ~ (X(l-p?n_l) + Y(1-p~,-m+1)>
= (Y-X)p(rm”-Tn'l) = 0
But if X = Y one has
(X(l-me) + Y(l-an)> - (X(l-])fm""l) + Y(l-prn_l))
= —prm(l-T)(X-an'm'l) -0

so the defense prefers the more uniform allocation.

bbb ki bl i e

|
Ju

s v it

il

b d




4.6.2 163

Thus, the defense should allocate missiles as uniformly as
possible. The same is true of the offense, in a sense: however, it
is difficult to specify what "as uniformly as possible' means. A
fairly satisfactory algorithm is available if the defense uses his
optimal allocation. The offense recognizes that he has two types
of weapons to be assigned to targets — A - (D-A|D/A]) superior

ones with a kill probability Pl = p(1-p)[D' Al and D - A[D/A] in-
ferior ones with a kill probability P, = p(l-p)[D' A]+1. The prob-
lem thus has an interesting equivalent — the allocation of missiles

of two different types (say, different warhead sizes) in a no-defense
situation. If he assigns m; superior weapons and ny inferior

weapons to the ith target, the probability of survival of the target
m, n.
is equal to §; = (1-P;) '(1-P,) L

It can be shown that the minimum possible value of E(f) is
achieved if all §; are equal. In general, it is impossible to allocate

m; (summing to A - (D-A[D’A])) and n, (summing to D-A[D/A]) so
that all Si are equal, and it is a complicated combinatorial problem
to find that allocation of the m; and the n, leading to the smallest

realizable value of E(f). The following algorithm for allocating the
m, and n; has been proposed:

(1) sequentially assign each superior weapon to that target
with the highest probability of survival S.1 (taking all

earlier weapons assignments to targets into account),

(2) after superior weapons have been exhausted, assign in-
ferior weapons to targets in the same manner, and

(3) make pairwise comparisons between targets to see
whether there exist exchanges of weapons which will
further decrease E(f).

Burr and Graham (1970) have studied algorithms of this sort.
They prove that the above algorithm leads to the optimum, provided
that a = log(l-Pz)f’log(l-Pl) is an irrational number. In fact, only

step (3) is actually needed by the algorithm: steps (1) and (2) are
intended fto give a solution somewhere near the optimum before the
repetitive step (3) is begun. It is also worth noting that in the opti-
mal allocation at most three distinct pairs (mi,ni) can occur. The

condition that a be irrational has the effect of eliminaling so-called
degeneracies, that is, cases in which there can exist two essen-
tinlly different allocations giving the same value of E(f). Since a
can easily be rational, it would be desirable to find a rule to handle
degeneracies. One possibility would be to perturb « in some
fashion.
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If DA is an integer, then the offense strategy is easy to
specify — assign [A/T]| weapons to Ty =T- (A-Tﬁi/’l‘]) targets,

and |[A/T] + 1 weapons to T = A - T[A/T! targets. The expected
fraction of survivors if both sides use optimum strategies is

(D/A)+1> _ ._

E(f) = (T, D) (1-p(1-p> A) 4 (T,/T)(1-p(1-p)
1 2

One E(f) has been calculated, the weapons analyst can decide
whether it is more advantageous for the defense to use an sttacker-
oriented strategy or a preallocation strategy. It would be of inter-
est to determine the boundary on (A’ T,D/T,p,p)-space on which
the two strategies have the same E(f).

|

4.7 OFFENSIVE DAMAGE ASSESSMENT STRATEGIES

The preceding two sections discussed the modifications that
must be made in both offensive weapon and defensive missile allo-
cation strategies when the defense knowledge of the attack or its i 3
consequences is altered. This section considers the analogous
problem for the offense. How much better can the cffense do if he
attacks in waves, and has some knowledge of the effectiveness of e
earlier waves before deciding which targets are to be attacked on
Llée current wave? What must the defense do to counter such an
offense?

4.7.1 Strategies if Targets Are Soft and Defensive Missiles Are
Reliable

To be specific, assume that the offense attacks a set of T tar-
gets defended by a single missile stockpile. Suppose that the offense
can determine whether or not each of his weapons has been attacked
by a defensive missile. 1f one assumes that qp = 1 and Qq = 0 (that

“‘M.‘
I 1L Iyl 1
iy m il

is, a defensive missile always destroys an incoming weapon, and =3
the target is destroyed by an unintercepted weapon), this knowledge =
is equivalent to knowing with certainty which targets have been de- E
stroyed o.: earlier waves. As before, let a denote the cffensive :
weapon stockpile per target, and d (< a) the defensive missile
stockpile per target: both stockpiles are known to the offense and
defense. Suppose that the offense is restricted to a k-wave attack: =
that is, on {k-1) occasions, he can evaluate the effect of earlier =
waves before assigning a new wave of weapons to targets, Finally, 3
suppose that the offense wishes to maximize the expected fraction
of targets destroyed and the defense wishes to minimize this
quantity.

Goodrich (1967) derives the optimum offensive and defensive
strategies to be used in the situation described above. At the ith
wave, the offense allocates a, weapons per target to each of the
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so-far-undestroyed targets (Z‘ai =a). Note that fractional alloca-
tions are permitted. If a fraction fi of the targets remain unde-

stroyed after the first (i - 1) waves, then the actual attack level per
target attacked is ai,/fi. Suppose that the defense notes that a;

weapons per target have been assigned on the ith wave, and fully
defends a fraction di/ai of these targets with an allocation of di

weapons per target from its stockpile (.'>3di =d). Clearly, f, is
equal to (dl,-’al)(dz"az\ S (di_l,x’ai_l), and the fraction of targets
destroyed on the ith wave is f.l(l-(di,-"ai)). Therefore, the fraction
of targets destroyed in a k-wave attack is

k 1-1 k
E(f) = Z N ((dj/aj)) (1-(di/ai)> =1- ] (@3
i1 j=1 =1

In order to minimize E(f}, the defense observes a; and selects di
so that d,/a, = d/a. The offense strategy is immuaierial, and the

fraction destroyed is E*(f) = max min E(f) = 1 - (d.:’a)k.
a

However, a better strategy is available to the detense. He
can ignore the offensive allocation a;, and select di = dT Kk missiles

to be used in the defense of each wave. It is not difficult to see that
the fraction of targets destroyed when this strategy is used is less
than or equal to E*(f), with equality occurring only if the offense
allocates aT/k weapons to each wave. In short, the defense can
take advantage of any nonoptimum offensive strategy besides ignor-
ing the size of the offensive allocation.

For example, let T =12,k =2, d = 2 and a = 4, and suppose
the offense attacks with 72 weapons on the first wave and 24 on the
second wave. The defense can counter this by allocating 36 mis-
siles on the first wave, saving 6 of the targets, and 12 missiles on
the second wave, saving 3 of these 6; the fraction destroyed is 3.4,
However, a superior defense strategy consists of allocating 24
missiles on the first wave, saving 4 of the targets, and 24 missiles
on the second wave, saving all of these 4 targets again: the {raction
destroyed is 2/3. Of course, the offense can counter this allocation
by assigning 48 weapons to the first wave and 48 to the second wave.
Then, the defense can do no better than save 3 targets as before.

These results are directly applicable only when the number
of offensive weapons and defensive missiles are integral multiples
of the number of targets attacked and defended at each wave (as in
the example). Goodrich (1967) describes how the offense and de-
fense strategies must be modified if this is not the case — if
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different integral numbers of missiles or weapons must be assigned
to different targets in a single wave of the attack.

4.7.2 Strategies if Targets Are Hard and Defensive Missiles
Are Reliable
The preceding analysis assumed that aq the probability that

the target survives an attack by an unintercepted weapon, is equal
to zero. Suppose that q is 1 - p instead. How does this modify the

offensive and defensive strategies? This problem is much more
difficult; in order to make any headway, Goodrich (1967) introduces
the simplifying assumption that the offense does not reattack a tar-
get on future waves if a weapon assigned to that targel was not in-
tercepted by the defense (even though the target may survive). The
expected fraction of targets destroyved on the ith wave becomes

a./f.
fi(l-(di_/ai)><1-(1-p) ! 1), where the last term denotes the prob-
ability of target kill by (ai--"fi‘,- unintercepted weapons acting inde-

pendently of each other. As before, the expected fraction of targets
destroyed in a k-wave attack is given by

i

k p a.’'f.\
E(f) = Z fikl-(di_."ai)ﬂl-(l-p) Y I
i=1

where

It appears impossible to solve in closed form for the offensive and

defensive strategies satisfying max min E(f), under the constraints
a d

that ‘:,ai =a and Edi = d. Goodrich points out that dynamic pro-

gramming can be used to obtain the optimum strateg.es if a com-
puter is available. However, this is likely to be difficult, since
dvnamic programming tends to be unsuitable for max-min problems
in practice.

However, an upper bound for E*(f) = max min E(f) can be
a d
easily obtained. Assume that an infinite number of waves can be
assigned by the offense. Let the first wave attack be ap=a- d

weapons per target. If the defense responds with d1 missiles per
target, let the second wave attack be Ay = dl weapons per target;
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if the defense responds with d2 missiles per target to the second
wave, let the third wave attack be aq = d2 weapons per target; and

so on. The undefended targets on the first wave are attacked with
a - d weapons apiece; the undefended targets on the second wave
attacked with dl’/fl = dl(a -d) /d1 = a - d weapons apiece: and so on.
In an infinite-wave attack, every target is eventually attacked but
not defended: hence, the expected fraction of targets destroyed is

E(f) =1 - (1-p)279

The same fraction of targets is destroyed if the attack sends
in weapons one at a time and the defense engages the first dT
attackers one-on-one: after the defense stockpile is exhausted, the
offense allocates his remaining weapons evenly among the targets.
It is impossible for the offense to do better than this.

Now let k again be finite, and suppose that the defense, in-
stead of seeking the optimum strategy, adopts one of the strategies
discussed previously — that is, suppose the defcnse observes a,

weapons per target on the ith wave and allocates d.l missiles per
target so that di'/ai =d/a = h. Goodrich shows by the method of

Lagrange multipliers that the optimum offense stralegy corre-
sponding to this defense strategy is to allocate the same number
of weapons to each target being attacked:

- _ . 2 _ k-1
Qy =2a;,3, = alh,a3 = alh yor Ry T alh ,

so that ay = a(l-h),/(l—hk). The expected fraction of targets de-
stroyed is

K- .
E(f) = (l-(l-p)a(l'h)/(l-h )>(1-hk)

For example, if p=1/2, k=2, T =9, a = 15/9, and d = 10/9, then
the offense allocates 1 weapon per target to the first wave and 2/3
weapon per target to the second wave. However, since only 6 tar-
gets are attacked on the second wave, the offense allocates 1 weapon
per target to the targets actually attacked. The defense strategy
allocates 6/9 missiles per target on the first wave (fuily defending

6 of the 9 targets), and 4/9 missiles per target on the second wave
(fully defending 4 of the 6 surviving targets). The expected fraction
of targets destroyed is E(f) = 5/18.

4.7.3 Strategies f Defensive Missiles Are Unreliable

It would be of interest to derive the optimum defense and
offense strategies for a k-wave attack when the defensive missile
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reliability p is less than unitly, for eitherp =1 or p < 1. In order
to make either problem analytically tractable it may be necessary
to use as a criterion of effectiveness the expected number of weap-
ons penetrating the defense (sumimed over all targets) instead of the
expected fraction of targets destroyed. Problems such as these
have been considered in Chapter 3.

More generally, suppose that the offense knows not only
whether or not his weapon has been engaged (and, therefore, de-
stroyed with probability p =1 or p < 1), but also knows where the
weapon has impacted with respect to the target. If a cookie-cutter
damage -function is assumed, this is equivalent to assuming tbat
the offense knows whether or not he has destroyed the target (and
can therefore decide whether or not to include it in future attack
waves); if z diffused Gaussian damage function is assumed, he can
at least assess the probability of targzet kill (and take this into
account in future attack waves). No work on this problem is
known.

4.7.4 Damage Assessment for Unconstrained Offensive Weapon
Stockpiles

Brodheim, Herzer and Russ (1967) discuss a somewhat differ-
ent offensive damage assessment problem. They assume that the
offense is attacking a set of T isolated point targets defended by a
single stockpile of D defensive missiles. Each defensive missile
has a probability p of destroying an offensive weapon, and each unin-
tercepted weapon has a probability p of destroying the target it is
aimed at.

The offense and defense both know the values of T, D, p and p;
however, the defense does not know the size of the offensive stock-
pile. The offense assigns one weapon at a time to a target, and be-
tween firings can observe whether or not the target survived the
weapon. The offense continues to fire weapons at undestroyed tar-
gets until he has destroyed all T targ-ts.

Assume that the defense wishes to allocate defensive missiles
to incoming weapons in such a way as to maximize the expected num-
ber of weapons required to destroy T targets. The optimum missile
allocation can be found by means of a recursive argument (dynamic
programming), working back from the end of the engagement to the
start. Let £(i,)) be the expected number of offensive weapons re-
quired to destroy T targets, given j defensive missiles available.
The initial conditions are easily calculated:

£(0,j)
£(i,0)

0 for all j
1+ (1-p)f(i,0) + pf(i-1,0) ,

1

so that f(i,0) = i/p. The recursive equation is:
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£(i,j) = max (l + f(i,j—m)(l-p(l-p)n‘) + f(i—l,j-m)p(l-p)m>
0=m<=j

From this, one can iteratively find f(T,D) and the associated defense
strategy with the aid of an electronic computer. One should note
that this problem generalizes one considered in Section 3.2.4.

If this recursive equation is solved repeatedly for different
values of i, one can find that value of i corresponding to a specified
offensive stockpile A. The quantity i/T can then be regarded as an
upper bound to the expected fraction of targets destroyed when the
offensive damage assessment is imperfect, as assumed in the
models discussed earlier in this section.

4.8 SUMMARY

This chapter, the core of the monograph, considers the joint
offensive and defensive strategies when a salvo of identical weapons
attacks a group of identical targets, any of which can be defended by
any of a stockpile of identical unreliable missiles in one-on-one en-
gagements. The criterion used throughout the chapter is the ex-
pected fraction of targets saved. Damage radius and aiming error,
separately treated in earlier chapters, are subsumed into a single
probability of kill of the target by an unintercepted weapon. The
offense and defense know each other's stockpile sizes, the weapon
reliability, and the missile unreliability; the models in this chapter
differ principally in the amount of additional information each may
have about the attack.

After a short discussion of defense-last-move (defense knows
allocation of weapons to each target) and offense-last-move (offense
knows allocation of missiles to each target) strategies, the problem
of how each side preallocates when neither knows the other's alloca-
tion is discussed at considerable length. Less is known about a re-
lated class of strategies in which the offense preallocates normally
but the defense allocates missiles to the defense of target groups
instead of single targets.

The defense can save somewhat more targets if the offense
attacks sequentially (one weapoa per target in each wave) and the
defense can assess damage to targets between weapon arrivals. On
the other hand, if the defense cannot even determine which target a
weapon is directed against at the time that an intercept must be de-
cided upon, preallocation strategies for the defense are impossible
and he must assign missiles as evenly as possible to weapons.
Damage assessment is a two-way street, and the final section de-
termines the advantages that accrue to the offense if he can assess
target damage during the course of a sequential attack.
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CHAPTER FIVE

OFrEN ¥ AND DEFENSE STRATEGIES FOR A
GROUF ' TARGETS WITH DIFFERENT VALUES

In the preceding chapter it was asswned that all targets in
a proup have the same value for both the defense and the offense.
In this chapter, this requirement is relaxed -~ it 15 assumed in-
stead that the ith target has a value Vi & positive real number

which is known to both the otiense and defense. The question ol
how these values are agreed upon is not considered. 1If, for ex-
ample, the targets to be defended are urban areas, the value may
be proportional to population: ii the {argets to tie defended are
JCBM silos, the value may be proportional wo the waurbead yield or
some related guantity.,

In veneral, the mathemalical model introduced at the begin-
ning of Chapter 4 is carried over to multivalued tarcets. It is
clear that offensc and deicnse strategics will depend importantly
upon the extent of knowledge the otfense has about the defense, and
vice versa, The criterion of effectiveness is now the expected
value of the targets saved, rather than the expected fraction of the
group. No restriction 1o onc-on-one missile sngagements is made
in this chapter. However, in Seclions 5.5.1-5.7.2, it is usually as-
sumad that defensive missiles have perfecet reliability so that 4
onc-on~-on» missile defense 18 sufficient,

The delinitions of offensive and defensive stockpiies must be
slivhtly modified. In Chapter 4, most caleculalions were earricd
# out on a per-tavget basis because all targets were wenticul; this
g is 1o longer possible, Instead, define a and di ag the number of

st sl el o

L.

offensive weapons and the number of defensive mwissiles assicned

: to the ith target, respectively. The number of targets in the proun
18 denoted by T, Let A and D denote the total stockpiles available
for the engagement: thus,

i 1.0

T

A Z a. and N -
i

i1 1:

et it bl
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The constants A and D are assumed to be known to both the oftense
and the defense.

In Chapter 4, the quantities Uy and ST defined as the survival

probabilitics of a tarpet attacked by a single unintercepted weapon
and a single intercepted weapen, respectively, were introduced,
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Both dy and q, were assumed to be constants known to the offense
and the defense. In this chapter, Q is often regarded as a variable,
denoted by qO(i), dependent upon the target beiny attacked. The
reason for permitting g to vary is twofold: i1 targets are to have

varying values, there is usually no additional mathematical diffi-
culty in permitting their other properties to vary, and it is reason-
able that targets of different values have different vulnerabilities.
For instance, a single unintercepted weapon will ordinarily destroy
a much larger fraction of a city of 50,000 than a city of 1,000,000
population,

Because qy =9 + p(l-qo), where p is the defensive missile
kill probability, it is clear that 9 also depends upon the tarret

attacked, and theretiore is denoted by ql(l). Note that
1= ql(i') > qo(i) = 0.

The expected value surviving of a single target attacked by
a; weapons and defended by d.1 missiles is

' _min(a;,d. ) max(0,a-d,)
E(i) = v;qy(1) G (D) ’

and the expected value surviving of the group of targets is

T
E(V) =§:E<i)
i=1

The defense wishes to maximize E(V) and the offense wishes to
minimize E(V) subject to their respective stockpile constraints,
a.
A and D. 1 there 1s no defense, E(1) = viqﬂ(i) '
The above criterion implies that only one-on-one 1nissile

engapements are allowed., Act~"U none a: the optimization
methods introduced in this cho,.. ¢ this criterion in the above
forn.. InSectic. $5.2.1-5.3.2, the. more general criterion

E(i) = E(i,ai,cli) 1s introduced; in Sections 5.4.1-5.4.2, a variant of

E(i) climinating the awkward exponents is defined; in Sections
5.0.1-5.6.4, the above model is specialized by assuming qQ = 0
and 4y = 1.

As mipht he anticipated, it is considerably more difficult to
specify optimum offense and defense stratepies tor a group of tar-
gets of different value than it was tor a group of targets of identi-
cal value. In general, the approaches that have been developed
lead to approximate answers rather than exact ones. 1t is not al-
wave possible to prove that a given procedure will leud to the true
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optimum strategies; the reader is cautioned against an uncritical
acceptance of the results,

5.1 OFFENSE ALLOCATION TO A GROUP OF TARGETS IN THE
NO-DEFLNSE CASE

Before examining more complicated models, it is worth con-
sidering the problem of optimum offensive allocation against a
group of undefended targets having different values and different
probabilities of kill. The offense wishes to allocate an integer
valued set of weapons (al,az, R ,a.T) so that the expected value

saved of the group of targets,

T a

T
E(V) =) El) = viagh) ©
i=1

i=1

will be minimized, subject to the condition that a, = 0 and that he
use no more weapons than are in his stockpile:

T
a. =A
i
i=1

This problem has been recognized by missile syste.n analysts
for some time, and both exact and approximate solutions are avail-
able. It can be formulated as a transportation problem and solved
by straightforward linear programming methods, as is done in den
Broeder, Ellison and Emerling (1959), or it may be solved using
an iterative procedure given by Manne (1953).

Both of the above methods yield integral answers, but require
the use of a digital computer. If the numuber of weapons, A, is
large with respect to the number c¢f targets, T, somewhat simpler
approximation methods can be used which yield nonintegral values
for the a;. A method using Lagrange multipliers is presented by

Lemus and David (1963) and with more rigor by McGill (1970).
Specifically, the offensive missile allocations are given as a func-
tion of the Lagrange multiplier, x:

* i . N
a, (M =log(-a/v, log qO(L)) /log qq(1) .

The value of A is chosen (by trial and error, if necessary) to make
* L 4
the sum of the a (x) cequal to A. If any of the individual a, are neyd-

tive, these targets are eliminated from consideration (they are not
worth wasting coffensive weapons on) and the process i'epeated on
the reduced set.
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x
Eventually one arrives at a set of positive a; which are then

rounded up or down to integer values. Dym and Schwartz (1969)
have partially justified this heuristic procedure by showing that
when all the qo(i) are equal, the optimal integer solution is attain-
able from the optimal continuous solution by a rounding procedure
based on the fractional part of the continuous solution. In fact,
when the qo(i) are equal, the problem becomes identical to that of

Section 3.2 .4.

Danskin (1967) obtains an approximate solution to the alloca-

tion problem by a slightly different approach. Specifically, he S
minimizes the function

:

[

T

T
E(V) =Z E(i) = Z Vi exp (\-bl_ai ) ,
i=1

i=1

a.
subject to the constraiats a = 0, l;ai = A. Here, the term qO(i') !
has been replaced by the exponential for analytic convenience. The
constant b, takes into account the fact that targets of different

%
4

il

value have different resistances to destruction; qo(i) = exp(-bl). ;
To solve this problem, Danskin first proves a lemma which E’

he attributes to the physicist J. Willard Gibbs: =
Suppose (ai =a;, 1=12,... ,T) maximizes E

T 3

the function E f.(a,) subject to the side 2

i=1 4

conditions 2)3.1 = A, a; - 0. Supnose the f.1 ' o ;

arc all differentiable. Then there exists :
a constant A such that fi(ai' ) =il a; >0
*,

/

A )
and fi(ai) < Nifa =0,

In other words, the optimizing offense stra’ .y has the property
o

that the slopcs ot the various fi(‘ili) with positive allocations are

all equal — the "marginal utility' principle in economics. The K

Gibbs ‘emma is related both te the Lagrange multiplier principle ,‘

and the Kuun-Tucker conditions in the theory of mathematical
progranmming.

Note that this lemma exhibits a property of optimuam strale-
gies; however, it does not say that any strategy having this

e
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property is therefore an optimal one. However, if there is only
one strategy having the property, and the maximum is known to
exist, then the strategy in question is indeed the maximizing one.
(Of course it may be npossible to determine in advance that the so-
lution must be unique, for example if the functions fi are convex.)

Danskin uses this fact to obtain the optimal continuous offense al-
location for undefended targetls. He proves that the offense attacks
a target with
\'ibi

2

-1
a; - b—l log,

ES
weapons if \'.1!).1 >, and vith a, =0 weapons if viby T A The value
of the constant A is determined by means of the constraint equation
*

Sa-l = A, using trial-and-error procedures. In short, the criterion

for attacking or not attacking a target is given by the product \'ibi:

the higher this value, the more worthwhile it is for the offensc to
attack it,

In Chapter VI of his book, Danskin (1967) generalizes this
method of allocating weapons to undefended targets. The offense
is no longer restricted to attacking with a single stockpile of weap-
ons having a specific yield; instead, he has W stockpiles of weapons,
each with its own distinct yield. How should all these weapons be
allocated to the targets to minimize the expected value surviving?

This problem is difficult to solve in general; Danskin outlines
a method of solution for the following special case. Assume that
the ith target is destroyed if a weapon from the ith stockpile lands
within a distance Rii’ and is undamaged otherwise; assume also that

weapons from the ith stockpile have an impact-point probability
density tunction that is circular Gaussian, centered on the target
with variance u?\_ = (;2' = (1.2. Let aij denote the number of weapons
from the jth stockpile allocated to the ith target, and let the stock-
pile sizes be Aj. Finally, let aii/Ai = fii' The problem is to find
that set of f;, 1 = 1,2,...,Tandj=1,2,...,W, which minimizes
the surviving value

A

1 W
; C e 2 52
E(V) = v, CXDY- E fijAjRij 2.j ,
i=1 1=1

T
A
subject to the constraints Z =1 0=1,2,0.,W.
i=1

A
§
3
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The solution is carried out iteratively, adding one weapon
stockpile at a time. However, the solution is much simplified if

the quantity hi' = A.R‘?. /’2012 i5 separable; that is, if hij can be

factored into the . rm {(i)g(j). Foruwunately, this is the case for one
situation that is very plausible physically, na.uely if the squared

distance Riz. 1s given by the formula biY. Y, where bi is a function
of the resistance to destruction of the ith target, and Y]. is the

vield of a weapon from the jth stockpile. Details of the separable
solution are given on pp. 104-5 of Danskin (1967).

1t is worth noting that Danskin's allocation of different weapon
types against a set of undefended targets can sometimes be used to
find the allocation of a single weapon type against a set of defended
targets. Specifically, assume that the defense has D missiles and
the offense has A > D weapons available. Assume also that the
offense assigns weapons to targets one at a time, and the defense
assigns one missile apiece to the first D weapons which arrive.
The first D weapons can be regarded as unengaged weapons with a
reduced lethal radius (corresponding to a smaller probability of
target kill); the final A - D weapons have their {ull lethal radius.
In short, Danskin's method can be used to determine how the first
D (engaged) weapons and the final A - D (unengaged) weapons should
be allocated among targets having different hardnesses and values.
This assumes that the resulting fractional allccations can be inter-
preted meaningfully. Note that if one demands that allocations be
integral, this problem is the unequal-value analog of the problem
of Section 4.6.2. Burr and Graham (1970) conjecture that a result
similar to theirs may hold for the unequal-value case; but to
prove it is likely to be aifficult. In any case, dynamic programming
couid be applied to the problem.

5.2 TWO GENERAL TECHNIQUES FOR ONE-SIDED ALLOCATION
PROBLEMS

The problem analyzed in the preceding scction is an example
of a one-sided allocation problem. For a specific defense, il is
frequently not difficult to determine the optimum offense allocation,
and for a specific offense, it is frequently notl difficult to delerminc
the optirnum defense allocatlion, since thesc arc cffcctively onc-
sided problems. This section introduces two general technigues
suitable for such problems — dynamic programming and Lagrange
multipliers. Note that the defense~last move and offense-~last-
move allocations introduced in Chapter 4 arc not examples of one-
sided allocation problems. A one-sided allocation technique can-
not determine the heost defensive allocation when the olfense has
the last move: it can only determine the best defense stralepy
to counter a specific offense strategy.
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5.2.1 Dynamic Programming

The following description of dynamic programming is adapted
from Bellman and Dreyfus (1962) and Young (1965). The methodol-
ogy will be presented as the defense problem of maximizing the ex-
pected value saved against a given offense; the corresponding of-
fense problem is similarly formulated. Let E(_i,di) be an arbitrary

function denoting the expected value saved at the ith target if a
defense d, is allocated to it. It is convenient to generalize the con-

straint equation slightly. let the cost of a defense missile allocated

to the ith target be Cis and assume that one can spend no more than
C on defense missiles:

T
Zcidis‘c .

i=1

Note thal when all ¢, = 1, this reduces to the usual stockpile
constraint,

Dynamic programming solves the problem of maximizing
EE(i,di) subject to 1‘,c.ld.l = C by imbedding it in a two-dimensional

family (k,R) of maximizations and solving these maximizations by
recursive methods. Specifically, maximize

K
ZE(@,di) - Eglid): K=12,...T ,
i=1

subject to the constraints

K
d =0, ZcidisR, 0=<R=C; K=12,...,T
i=1

Let max EK(i,di) he denoted by hK(m. The successive maximiza-
tion problems can be solved by the reccursive cquation

- . (1 \
hK(R) = IHSX-'R (L(\K,dK J+h
K'K”~

R-c¢ \, .

( d,, )
0-—c K-1% KK

i

| ) ! | !

{‘,‘r 1
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In other words, one first determines hl(R\ for0=R<=C;
then one uscs these maximizations to determine h2(R) for 0= R=C;
*
and so on until one finally obtains hT(C) and the associated di‘ To

carry this out usually requires the aid of a digital computer, It is
clear that if the ¢, are all integers, it is sufficient to calculate

hK(R) for integral values of R: R = 1(1)C. Young (1965) points out

that the computation time is strongly affected by the choice of the
c; values; in general, it is advantageous to make the greatest com-

rmon divisor of the ¢y as large as pussible. Thus, ¢y = 100,

Cy = 300, g = 400 is much easier to work with than Cy = 104,
Cg = 301, Cq = 397. In many missile allocation problems, the ¢,
can be set cqual to unity,

It should be pointed out that dynamic programminyg can be
applied to considerably more general problems. For instance, the
T

constraint can be replaced by E ci(di\, where ecach ¢y is an arbi-
trary function. i-1

5.2.2 Lagrange Multipliers

The use of Lagrange multipliers for solving one-sided al-
location problems is discussed in some detail by Evercett (1963,
1965) and Charnes and Cooper (1965}, Unlike the dynamic program-
ming method, the Lagrange multiplier method does not necessarily
lead to a maximiziprg defense allocation. However, it does guarar-
tee that if any allocation at all is found, it will maximize the ex-
pected value of targets saved.

As before, let the cost of a defensive missile allocated to
the ith target be i and assume that one can spend no more than C

on defense missiles:

T

Z Cidi =

i=1

Let E(i,di) be an arbitrary function denoting the expected value
saved at the ith target if a defense di is allocated to it. The prob-
lem is to maximize L‘E(i,dl) subject to L‘ci(i.l == C.

The following obvious but powerful lemma is a special case
ol Everetl’s main theorem concerning Lagrange multipliers,
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Let A denote a positive real number.

If (d},dy, .. .,dy) maximizes SE(i,d)) - AXc,d,

%

over all (dy,dy, .. .,dy), then (dl,dz, .. T)
maximizes _,E(i,di) over those (dl,d yeee dT\
such that Scid.1 = C*, where C* = ‘L)c.ldi.

In other words, if an unconstrained maximum of the Lagrangian
(1,d;) - »Xc,d; can be found, then the maximizing

R S *
(dl,dz, .. .,dT) 1S also a solution to the constrained maximization

problem. The unconstrained maximum might be found, for example,
by differentiating the Lagrangian with respect to the di’ setting

these cquations equal to zeru, and solving for di' However, the

differentiability of the Lagrangian is not a necessary requirement:
all that is required is that it be possible to maximize the Lagrang-
ian, by whatever means.

Often, the situation of interest in this chapter is that in which
the d.1 are restricted to be integers. The above lemma can he ap-

plied to this case either by making E(i,d) a step function with the
jumps at integral values, or by adding to the statement of the above
lemma that the d.l are everywhere restricted to be integers. These

two ways of viewing the situation are mathematically equivalent,
but the latter is the more straightforward and will be the one used.

What value of x should be taken? In general, different values
of A lead to different resource levels, C, and therefore it is neces-
sary to solve the Lagrangian for various x, trying to find one such

that Ec.lcli = C*,

If T is at all large, one might expect the many combinatorial
possibilities to be a major stumbling-bloeck in applying the Lavrang-
ian method. However, the overall maximization can be achitved on
a target-by-target basis; that is, it is suificient to maximize ecach
function E(i,di) - ac,d; separately. Of course, one must use the
same value of X in each of the T maximizations. Jf the Lagrangian

for each target has been obtained, then the lemma guarantees that
the result is a global maximum o the overall nroblem.

The primary difficulty with the T,agrangian method is the
fact that in general it leads o solutions for certain isolated values
o1 the resource level, C. If both C* and the maximum L‘Ev/i,d"\, 3
are plotted as a function of ), the curves resemble an irregalar
staircase. dLh level part of the staircuse cor responds to a civen

L L bl MMUUMWMW e

allocation ( 17 12, Ceey l,l._) t the noxt step corresponds to an alloca-
tion in which one or morse of the ci have been increased.
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If the staircase steps are small, the allocation corresponding
to the actual stockpile constraint, C, is either the true maximizing
strategy, or else is near enough {o it for practical purposes. How-
ever, if the staircase steps are large, it will be a matter of luck
whether the resulting value of C* is close enough to the desired
value to be of use. Unfortunately, large jumps in C* represent the
case most likely to occur in practice. However, there are some
saving features, It can happen that some C* does come close to
the desired value, and in any case the two values on either side of
the desired C* give bounds on tha solution, Moreover, it some-
times may be convenient to find an approximate solution from a

nearby Lagrangian solution. Briefly, one perturbs the allocatinon
* *

* * * . - * . .
(dl’dZ’ - .,dT> into (dl + €0y + €9, 0o uydp ET) using integer

€;, SO that S(d’; + €i)c.1 = C:; Everett calls Eleil the e-depth.

Sometimes, it is sufficient Lo subsiitute strategies having a
small e-depth (say, less than five or so) into = (i,di) to locate a

larger expected value of targets saved, corresponding to a larger
value of C. In short, the Lagrange method always yields a lower
bound to the optimum allocation, and further trial and error on the
Lagrangian will usually yield a better value.

5.3 GENERAL METHODS FOR CONSTRUCTING TWO-SIDED
OFFENSE-LAST-MOVE STRATEGIES

This section, and the two sections following, examine a variety
of methods for determining offense and defense strategies when the
offense has the last move — that is, can make his own allocation
after observing the defense allocation. As mentioned earlier, a
variety of different criteria of loss have been used in order to
make this difficult problemy more tractable.

5.3.1 A Lagrangian Approach to Max-Min Problems

Pugh (1964) uses an arbitrary criterion E(i,ai,di); unfortu-

nately, his heuristic method gives incorrect defensive allocations
(in general), but often gives correct offensive allocations in re-
sponse to the resulting derfense allocations. However, Pugh is able
to calmdate approximate upper and lower bounds for the expected
value of targets saved if optimum strategies are used by both
sides. If the upper and lower bounds are close to each other, then
Pugh's strategies (which correspond to the lower bound in terms of
expected value of targets saved) can be used with assurance that
they are approximately optimuem.

Specifically, let E(i,ai,di} denote the expecled value saved at
the ith target if it is defended by di missiles and attacked by ay
weapons. Assume also that the total weapon stockpile is A and the

il
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defensive missile stockpile is D. If the offense can allorate weapons
after observing the defensive allocation of missiles to targets, then
the expected value saved is given by

E*(V) = max mmz E(i »3y d

where the maximum is taken over all defense strategies such that
Zd; = D, and the minimum over all offense strategies such that

Sai<. A.

For any given defense strategy, the Lagrangian method intro-
duced in the prccedmg; section will give a bound on the optimum of-

fense strategy ( 1,32, .. ._aT). In other words, it is not difficult

to obtain a lower bound to the expected value saved, E*(V). Pugh
suggests using the Lagrangian method to obtain both offense and
defense strategies. Specifically he introduces the function

T
L{X,+} = max mip E 13. d Zd +ow Z
d i1

a

For any assumed value of X ana w, it is not in general difficult to
find an unconstrained maximin of the bracketed expression, since

the maximin can be calculated on a target-by-target basis, just as
in the preceding section. Difficulty will be encounter ed only when
a; and d can range over a rather large set of values. By trial and

error one may be able to find that (,w) pau \\,thh leads to a mini-
mumg ( 1,«12, see,a ) and a maximizing ( 1’d2’ o ,d*T) such that
ud =D and Ya. = A. Pugh proposes that these strategies be taken

as the optimum strategies in the original problem. Of course, it is
cven less likely than in the one-sided case that one can find such
A and w.

Even if such A and :c can be found, there is no mathematical
justification for this procedure. Although the offensive allocation
that results will be an optimal response to the resulting defensive
allocation, it is possible to construct examples in which the defens-
ive allocation is not optimal. (Howcver, this does lead to 1 lower
bound on the expected value saved, E*(V), since the offensive alloca-
tion is optimal.)

Nevertheless, Pugh observes that in many practical problems
and simple trial cases the strategies obtained by the Lagrangian
turned out to be corrvect. For the missile analyst who wishes more
than empirical justification, Pugh introduces a method for
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calculating approximate upper and lower bounds to the expected
value saved, E*(V), when the correct strategies are used. I the
difference between these bounds is small, then the use of the =
Lagrangian strategies (which lead to the lower bound of E*(V)) is
practicable. It seems plausible that the difference will be small
whenever one has many targets of different values; a precise
statement of such a criterion would be useful to have.

A lower bound to E*(V) is given 'y IE (i,a; ,d; ) - Ay2d] 3

* X % * *  x LI . R
+ mOLai, where (A_O,wo,al,az, .. .,E.T,dl,dz,*. - ,dT) is a maximin 3
solution to the Lagrangian, and Zd.l =D, Za; = A. (If these con-
straints cannot be satisfied using the Lagrancian approach, they, 3
too, must be bounded.) An upper bound to E*(V\ is somewhat more
tedious to calculate, as it involves finding maximin solutions to the

Lagrangian for other values of A and w (leading to strategies wilh
weapon stockpiles not equal to D). For example assume that one

T it Ay, . dl,dz,...,dT)

to the Lagrangian, and that La = A", :,d =D'. If

i
{

has found the maximin solution (

E(i,a,d ) - A (A=A + w (D-D) Z E{i,a;,d )
then Pugh shows that one can eliminate a range of A, >‘1 A< Al’

where .\1 substituted for ,\1 in the above equation changes the in-

equality. If there are enough different Lagrangian solutions avail-
able, Pugh claims that only a small region of X in the vicinity of
29 will not be eliminated — say, AL S 20 = Ay One can determine

an upper bound for E*(V): the maximum value of L(},«) in the
region )\L == )\H, w = wye

Note that there is no guarantee that this method will yield
reasonably close upper and lower bounds to E*(V), no matter how
many maximin solutions to the Lagrangian are calculated. Unfor-
tunately, one does not know whether Pugh's method will succeed or
fail until after considerable work has been done.

There exist cases in which the situation is more satisfactory.
Penn (1971) considers such a case; see Sectien 5.6.4 of this mono-
graph for details. Pearsall (1971) considers the possibility of
bounding the sclution of general max-min or min-max problems of
the above sort by arbitrarily introducing mixed strategies for the
offensc, retaining the Lagrangian approach. This transformed
problem may still not have a satisfactory solution, bul Pearsall
derives a set of complicated conditions under which it does., Un-
fortunately, the details are too intricate to give here.
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5.3.2 A Dynamic Programming Approach to Max-Min Problems

Pugh attempted to apply the method of Lagrange multipliers
to derive optimum offense and defense strategies in the offense-
last-move problem. In contrast, Randolph and Swinson (1969) apply
the method of dynamic programming to this problem. It is not too
surprising to learn that they, like Pugh, run into fundamental mathe-
matical difficulties; dynamic programming can no more be rigor-
ously used than Lagrange multipliers. Instead, they end up by de-
riving upper and lower bounds to the expected value saved.

Specifically, Randolph and Swinson form the dynamic program-
ming recursion relation

ci(A,D) = max min {E(i,ai,di) - c'..l_l(A-ai,D-di n}
0<;ai§A OSdiSD
Starting with i equal to umty, one solves iteratively for the opti-
mizing values a, dl’ 95 2, .. fr,d and the corresponding c (A D).
One might be tempted to inter pret cl(A D) in the following wa). no
matter what the policy might be for the last T - i pairs (ai,di), the
policy over the first i pairs (ai’di) will be maximin. However, this

is not necessarily true for i = 3; in fact, it is possible to obtain
different values of ci(A,D) for different permutations of the targets.

The difficulty, of course, occurs because insufficient information is
stored in the backwards induction process of dynamic programming.
In fact, the final cT(A,D) obtained by this iteration will be only an

upper bound to the expected value of the total engagement, E*(V),
On the other hana, Randolph and Swinson show that if one
adopts the offensive allocation ( ;,a;, e .,a?r> derived by this proc-
ess, and then uses dynamlc programming to determine that defens-
ive allocation (d d2, ceand. I‘> corresponding to this nonoptimal of-

fensive allocation, then

T
= min E 1a d
=1

a
i

is a lower bound to the expected value E*(V). To solve the offense-
last-move problem, then, Randolph and Swinson suggest calculating
((-T(A,D'), E'(V)) for various random permutations of the targets,

and stopping when the minimum CT(A,D) 18 acceptably near the
maximum E'(V), It is hard to say how many permutations need be
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selected to obtain a given accuracy: the authors demonstrate in a
three-target problem (for which there exist only three different
permutations to be tried) that min cT(A,D,\ is about 0.? percent above
max E*(V).

There is a surprising philosophical similarity between Pugh
on the one hand and Randolph and Swinson on the other. Both lead
to upper and lower bounds bracketing the true E*(V); the quality of
the results (i.e., the speed of convergence) is in general unknown
for cither one, In general, it is probably more worthwhile to seck
more cxplicit optimization methods based on specific properties of
E(i’ai’di)’ This will be the approach taken in the next two sectiuns.

5.4 TWO-SIDED OFFENSE-LAST-MOVE STRATEGIES USING A
SPECIAL PAYOFF FUNCTION

In Pugh (1964), the expected value surviving of a group of
targets was specified only in general terms: SE\i,a.l,d.l\,-. It seems
reasonable to expect that at least some of the mathematical diffi-
culties encountered by Push might be avoided by restricting onesclf
to explicit E(i,ai,di\. One such function was partially defined at the

beginning of this chapter:

min(a.,d. } max(0,a;-d, )
E(D) = vjq,(D BT EY '

s

where qo(i) is the probabilily of target survival (or expected fraction

of target surviving) against an unengaged weapon divected against
it, and q](i) is the analogous probability against an engaged weapon.

Both are dependent on the target considered and require further
specification.

5.4.1 A Partial Solution in an Idealized Case

Unfortunately, it is quite difficult analytically to handle expon-
cnts of the form given above. To get around this difficully, one can
approximate the actual defense by an idealized defense in which each
offensive weapon is intercepied by d.l,"ai defensive missiles. Be-

cause di/a.1 is in general not an integer, il is convenient to express
E(it in terms of exponentials rather than powers of qi(i\:

a.
21 = v - — i Y L _ g 1
E(l) = v, (1 S, exp( t.ld.1 ai/.) = vyt

The term exp(-tidi/ai‘» is the probability that an individual offens-
ive weapon penetrates the defense; ti is related to the defensive

Ll
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missile reliability p; by (l-pi) = exp{'-ti). The term s, is the proba-

bility that an unintercepted weapon will destroy the target (that is,
qo(i)\,. The quantity in parentheses (denoted by ui\ is the probability

that the target survives an attack of one weapon; this is raised to a
power to yield the probability that it survives an attack by a,
weapons.

The problem to be solved can now be stated quite simply.
Assume that the offensc weapon stockpile is A and the defensive
missile stockpile is D. If the offense can allocate weapons after
observing the defensive allocation of missiles to targets, the
expected value of targets saved is given by

T
E*(V) = max min ) _ E(i) ,
d a ¢y

where the maximum is taken over all defense strategies such that
L‘di < D, and the minimum over all offense stratesies such that

Za; = A, What offense straiegy (a;,a;, .. .,a:r) and defense strategy

d},dy, ..., %) yields E*(V)?

Danskin (1966, 1967 does not attempt to find the optimizing
slrategies; apparently this is a very difficult analytic problem. In-
stead, he considers a more restricted problem — that of obtaining
partial criteria for deciding whether or not a target should be de-
fended at all. He introduces two formulas:

., 1
Ci_‘iIOgl-s. ,
i
tisi
Di:, 1 1
\l-si) Ogl—si

For each target, the number-pair (Ci,Di\, is readily calculated.
Danskin proves the following lemma:

Assume that the ith target is defended in an optimum strategy.

1. IfC. = Ci and Dj > Di’ the jth target will also be de-
fended in the optimum strateyy .

2. If Cj = Ci and D]. < Dy, the jth target may or may not be

defended in the optimum strategy; if it is not defended,
the optimum attack strategy hits both targets i and j.
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3. If Cj < Ci and Dj - Di’ the jth target may or may not be

defended in the optimum strategy; if it is not defended,
the optimum attack strategy hits target i but not target j.

IfC. < C‘1 and D, < Di’ no conclusion can be drawn, Note that
if the C-1 and D, are ordered in the same way, only the first conclu-

sion applies; that is, the optimum defense is one in which all tar-
gets having values of Ci above a given constant CO are defended.

This situation occurs if vy varies but 8 and ti are constant over tar-
gets, or if ti varies but S; and v; are constant over targets.

5.4.2 An Approximate Solution in 2 Limitine Case

Obviously, Danskin's result is not of much use to the missile
defense designer; he does not know how much defense to assign to
each target. Perkins (1961), however, is able to determine an ap-
proximation to the optimum defense and offense strategies yielding
EX(V). He succeeds in expressing the solution in closed form only
in a limiting situation — when the ratios A/D and A/T are both
quite large. In addition, he allows fractional allocations. All tar-

gets must be attacked quite heavily; to be specific, a; must exceed
a(i), where af is the solution to the cquation

. 0t o b ;. '
(vi - E(i,a),4 )) /aj = - = E(i,a;,d, )i
1 dizd

If any of the offensive allocations a: are less than afl), then it will
pay the offense to borrow weapons from other targets (or, if such
borrowing lowers other a.* below a?, refraining from attacking some
turgets) in order to build the attack up to a?. Discontinuities such

as these in the offense strategy cause the closed-form solution of
Perkins to hreak down.

Perkins first proves that defense and offense allocations are
always proportional to each other in the closed form solution:
* y * * * * / * /
dl' ay = d2/a2 T .. = dT, aq = D/A

This being so, it is sufficient to find the offense strategy as a func-
*
tion of vy For the ith target, the offense assigns a; weapons:
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- log, (-v.1 1
a; = (logeC - log, (-v;log u; )) Nlog v,

where W is the probability that the target survives an attack of one
weapon, defined earlier as (1 - s, exp(-t.ld.l/ai\). (Perkins actually
derives the offensive allocation for an arbitrary function fi(di_/ai\
instead of the specific exponential exp(-tidi/ai) .) Note that the ratio
d, "a.L must be replaced by D/A in order to compuie u;- The constant
C is found with the aid of the offensive stockpile constraint A:

T
A Z log, (-\'ilogeui \)/logeui
log,C = 1:1T
Z (1/10g,u, )
i=1

Also, Perkins shows that

T * T

a. .
E*(V) = Z vl = C Z 1/(-loggy, )

1=1 i=1

Perkins presents a lengthy scheme for insuring that a valid
solution is obtained; the reader is referred to his paper for details.
To determine whether or not the closed-form solution given above

*
is valid, one first observes whether or not any of the a, are nega-

tive. If so, these targets are eliminated from the set (that is, they

are left undefended) and the closed-~form solution is derived for the

remaining targets, When all a; are positive, a final check is neces-
sary., The number of offensive weapons assigned to the ith target,

*
a; , must satisfy the following inequality (calculated from equations

(38), (24) and (22) in Perkins):

*
* -ai
a; logou, +u; < 1 +td, (1-ui> '/“'1 .
If this inequality holds for all i such that a: > 0, then the closed-

form solution is valid. When this inequality does not hold, {urther
(more complicated) checks are required.
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5.5 TWO-SIDED OFFENSE-LAST-MOVE STRATEGIES FOR

RELIABLE MISSILES

In this section, the expression giving the expected value of
targets saved is drastically simplified. Assume that an uninter-
cepted offensive weapon destroys the target at which it is aimed
with probability p, and that an intercepted offensive weapon is itself
destroyed with probability one. All engagements are therefore one-
on-one, and

max (0,a;~d, )
E(i) = v,(1-p) !

The expected value saved of the group of targets is

T
E(V) =Z E() .
-1

5.5.1 A Lagrangian Approach to a Specific Max-Min Problem

Eisen (1967 attempts to employ the heuristic Lagrangian
appsoach of Pugh (1964), discussed in Section 5.3.1, to find plausible
solutions of the above problem (fractional allocations being per-
mitted). Specifically, he tries to find the unconstrained (except for
the obvious requirement that all di and a, be nonnegativel max-min

néa.x n;n (E(D - A+ wai)
1 1

Unfortunately, his analysis is incomplete, leading to a restricted
set of solutions; therefore, a complete solution will be sketched
below

It is fairly easy to determine the inner minimization. Set

X

it

-loge(l-p‘) ,

t (w_/x\(l - loge(w/vix))

Tt can be seen that ti sV in all cases. Dropping the subscript i for

convenience and selling E = F (i), the inner minimization can (after
some algebra and differential calculus) be written in two forms:

1. min(E - xd + wa) =v-2adif w=vxorifd= (v-t)/u,
a
in which case a = 0 vields the minimum.

A
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2, min(E -xd+wa)=t-xd+wdifw=svxandd = (v-t)/ 0,
a
in which casea =d - Ioge(w,»’vx) /x 7ields the minimum.

If < vxandd =(v-t)/w, the two values are the same, and the of-
fense can select eithera =Q ora =d - log,e(;u/vx) /% at will.

From the above, one sees that the value of the inner minimum
is a piecewise linear function of d with at most two pieces. This
fact makes it fairly easy to find the optimizing values of d and a for
any X and «. There are three cases:

1. A < «. Hered =({v-t)/w, provided . < vx. One may
choose a to be either 0 or d - loge(-a.\ AXVX = (v - (/%)
at will. If w =z vx,d=a =0.

2. A =w. Here one may choose any d in the range

0 <d-=< (v-t)/w, provided w < vx. U d = (v-t) /w, one
may again choose a to be either 0 or (v/w) - (1/%) at will,
Ifd < (v-t) /., thena = d - loge(u:,x’vx)_/x. As before, if
w=z vx,d=a-=0.

3. A > w. Inthis cased =0 aiways, and
a = max(0, -loge(w/vx) /X).

These solutions give the offense and defense allocations at a single
target of value v. As noted in earlier sections, one attempts to
select X and w by trial and error so that Eai = A, Idi = D.

Eisen's solution corresponds to case (1) with the additional
restriction that a = (v/w) - (1/x) whenever possible. It is of inter-
est that A functions only as a switch among the three cases. If one
wishes to allocate missiles and weapons from a pair of stockpiles
A and D, case (2) gives the widest range of possibilities, since (2)
includes the allocations of (1), and (3) is trivial. The fact that d at
a target can often be chosen anywhere in some range, even for w
fixed, makes it likely that it will often be possible to match A and D
rather well by taking A = w. It would be of great interest to know
how the results of this heuristic method compare with the actual
constrained overall maximin.

5.5.2 A Special Case: Reliable Weapons

Suppose now that an unintercepted offensive weapon destroys
the target at which it is aimed with probability one, and that an in-
tercepted weapon is destroyed with probability one. Then

EM =v; if a; =d,

=0 if a, >d,
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The expected value surviving of the group of targeis is

T
E(V) :E B(i)
ic1

The problem to be solved is the following. Assume that the
offensive weapon stockpile is A and the defensive missile stockpile
is D. If the offense can allocate weapons after observing the de-
fensive allocaticn of missiles to targets, the expected value of tar-
gets saved is given by

T
E“(V) = max minZ E( ,
d a3

where the maximum is taken over all defense strategies such that
}.;di = D, and the minimum over all offense strategies such that

Ya. < A. What offense strategy (a;,a;, ces ,a:r) and defense
* % *
strategy (dl'dz’ eoydyp yields Ex(V) ?
This problem has been treated by van Lint and Pollak (1972).
Specifically, they assume an offensive stockpile size normalized to

unity and a defensive stockpile size of H = D/A. The admissible
offense strategies are real numbers (al,az, . ,aT) such that

Sa.l = 1; the admissible defense strategies are real numbers such
that =d; = D/A. In an actual allocation, the a; and d; must, of course,

be integers; therefore, the strategies derived by van Lint and
Pollak are limiting ones, It is possible to estimate the error n-
volved when A and D are small; hence the results may be useful
then, too.

Using techniques from the theory of linear equations and
number theory, van Lint and Pollak show that there are certain
canonical defense strategies corresponding to defense stockpiles
111,112, e ’HK‘ If the actual defense stockpile size is H, the de-

fense can achieve the same expected target value saved by using
only H; defensive missiles, where H;=H= Hi‘l’ In other words,

it is possible to list the complete set of optimum offense and de-
fense strategies for 1= D/A < T; when D/A > T, a perfect de-
fense is possible, and when D-A < 1, no defense i+ possible. The
offense strategy actually selected sometimes depends upon the
relative target values: however, it is an easy matter to check
through the admissible offense strategies to find that one which
minimizes the expected value of targets saved.
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The table below indicates all possible optimum defense and
offense strategies as a function of H = D/A, for targets of arbi-
trary value in groups of two through five. The targets are listed E- .
in descending order of valuc: ViR Vg T Vg TV, T Ve The defense

strategies are self-explanatory; the offense attacks the indicated
value points with enough force to overwhelm the defense there.
When there are two or more entries in the offense column, the of-
fense chooses the one that maximizes the value destrcyed. When e
two or more defense strategies are listed with a given D/A, the
defense chooses the one that minimizes the maximum value
destroyed.

Two Targets
Defense Strategy

(d* d‘) D/A Value Destroved
1772 Required by Offense
(1,0) 1 \.'2 ' 7“
(L,n 2 None 7
Three Targets :
Delense Strategy
<d* ed DA Value Destroyed 3
172773, Required by Offense
(1,0,0) 1 (v9,vg) jff
(172,1/2,1/2) 372 vy E
(1,1,0) 2 Vg .
(1,1,1) 3 None 7'
Four Targets 4
Defense Strategy
(d* d* a4 d*) DA Value Destroyed -
1:%2:%3,44 Required by Offense
(1,0,0,0) 1 ("‘2,"‘3,"’4) _
(1/3,1/3,1/3,1/3) 4/3 (v 1 ,\'2)
(1/2,1/2,1/2,0) 3/2 (visVy)
(2/3,1/3,1/3,1/3) 5,/3 v or (vg,vy) E

(1/2,1/2,1/2,1,2) 2 vy

LR T
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Four Targets (continued)

Defense Strategy

5.5.2

* k¥ D/A Value Destroyed

(dl’dZ’dB’d‘}) Required by Offense
(1,1,0,0) 2 (v3,v4\
(1,1/2,1/2,1/2) 5/2 \2)
(1,1,1,0) 3 Vg
(1,1,1,1) 4 None
Five Targets
Defense Strategy )

oK Rk X D/A Value Destroyed
(45,43, d5.45 ) Required by Offense
(1y0)090,0) 1 (Vz;vgiv47v5)
(1/4,1/4,1/4,1/4,1/4) 5/4 (vl,vz,vs)
(1/3,1/3,1/3,1/3,0) 4/3 (vl,vz,vs)
(2/5,2/5,1/5,1/5,1/5) 1/5 (v45Vg) OF (v1,v5,7,)
(1/2,1/2,1/2,0,0) 3/2 (vl,v4,v5)
(1/2,1/4,1/4,1/4,1/4) 3/2 (vl,vz) or (v2,v3,v4)
(3/5,2/5,1/5,1/5,1/5) 8/5 (vl,vs) or (vz,va,v‘;)
(2/3,1/3,1/3,1/3,0) 5/3 (vl,vs) or (vz,vs,vs)
(1/3,1/3,1/3,1/3,1/3) 5/3 (vl,v2)
(3/4,1/4,1/4,1/4,1/4) 7/4 vy or (vz,vs,\'_,l)
(1/2,1/2,1/4,1/4,1/4) 7/4 (vl,vs) or (v3,v4,v5)
(3/5,2/5,2/5,1/5,1/5) 9/5 (vl,v4) or (vz,v3)

or (vz,v4,v5)

(1,1,0,0,0) 2 (v3_.v4,v5)
(1/2,1/2,1/2,1/2,0) 2 (vl,v5\
(2/3,1/3,1/3,1/3,1/3) 2

vy or (\'2,\'3)
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Five Targets (continued)

Defense Stx ate

q d d?, D/A Value Destroyed
( 1072 3’ D/ Required by Offense
(3/4,1/2,1/2,1/4,1/4) 9/4 vy or (\'2,\'4)
(1,1/3,1/3,1/3,1/3) 7/3 (vz,vs)
(2/3,2/3,1/3,1/3,1/3) 7/3 vy or (\-'3,\’4)
(1,1/2,1/2,1/2,0) 5,2 (v2,v5‘,
(1/2,1/2,1/2,1/2,1/2) 5/2 vy
(1,2/3,1/3,1/3,1/3) 8,3 Vg O (\'3,\'4)
(1,1,1,0,0) 3 (vg)¥s)
(1,1/2,1/2,1,/2,1/2) 3 vy
(1,1,1/2,1/2,1/2) 7/2 Vg
(1,1,1,1,0) 4 Vg
(1,1,1,1,1) 5 None

Unfortunately, the number of combinatorial possibilities goes
up rapidly with the number of targets, so this approach is feasible
only for very small groups. It is also worth noting that the methods
of van Lint and Pollak produce all possible optimum defense strate-
gies, but in addition may produce some nonoptimum defense strate-
gies. Although none of the defense strategies in the above tables is
nonoptimum, it can be demonstrated that (for example) the defense
strategy (2/1'3 2/3,2/3,2/3,1/3,1/3,1/3), corresponding to D/A - 11/3,
is inferior to the defense atrate@r (]/2 1/2,1/2,1/2,172,1/2,1/2),
correspondmg to D/A =7/2, for all possxble vectors (v 1VorVg Ve

).
V5 Vgrtn).

An important practical criticism of the van Lint and Pollak
defense strategies is that they depend upon an exact knowledge of
the offensive stockpile size, A. It is clear from an examination of
the optimum defense strategies that if the offense has a small incre-
ment of additional stockpile, he can change his strategy to a sub-
stantially better one.

It is not difficult to propose a much simplier defense strategy
which is not quite as good as the van Lint and Pollak one when the
offensive stockpile is known, but has essentially equivalent per-
formance if the stockpile is somewhat uncertain (say, to within 10
or 20 percent of some nominal value). One simply allocates defens-
ive missiles proportional to target value, so that the offense cannot

e
=
B

b
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obtain any advantage in value destroyed per weapen expended by
attacking any subsat of the targets. This approach is developed in
more detail in Sectinn 5.7.2.

5.6 OFFENSE AND DEFENSE PR ALLOCATION STRATEGIES : -2
WHEN NEITHER SIDE KNOWS THE OTHER'S ALLOCATION

'The preceding three sections have all made the same basic
assumption: the offense is able to observe the defensive allocation
of missiles to targets before making his own allocation of weapons
Lo targets (offense-last-moeve), This section, in contrast, examines
the much more difficull mathematical problem of determining opti- =
mum offensc and defense strategies in the (game-theoretic) case
when each side knows the other's total stockpile size but not his ’
allucation (o tarvets. Even for the equal-valued target situation of
Chapter 4, this model proved quite difficult to analyze for arbitrary
values of dg and Qs the survival probabilities of a target attacked
by a single unintercepted weapon and a single intercepted weapon,
respectively. Therefore, it is nol surprising that the results pre-
sented in this section are especially fragmentary.

5.6.1 One Offensive Weapon, One Defensive Missile

On page 54 of his book, Dresher (1961) specializes the model -
as follows: he assumes a group of T targets with values vy > Vg
>l > Vi and offensive and defensive stockpiles of size unity
(A=1,D=1). He assumes that g is equal to zero, but allows the

defensive missile to be unreliable; if p is the probability that the =
defensive missile kills an offensive weapon, then 9y = p- The de- = |

fense strategy consists of specifying the probability with which the :
single missile is used to defend the ith target, and the oifense =
strategy is defined analogously. Let these strategies be denoted by :
X; and y,, respectively (Ix; =1, Zy; = 1) and -

i=1

Then Dresher shows that the optimum offense strategy is

el

i<t ,

i = /W,

y. =0, 1>t
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The optimum defense strategy is

1, 1 tep o
xi—-B(l‘v—lW—>’ l_t’

Here the quantity t is chosen to maximize the expression (t-p) /Wt.

It is striking that the offense probabilities are inversely propor-
tional to value whenever they are positive,

The expected value of targets destroyed (that is, the value of

the game) is given by (t-p) f'Wt if both sides use optimum strategies,

5.6.2 Piecewise Linear Payoff Functions

On page 124 of his book, Dresher (1961) succeeds in general-
izing the solution to arbitrary stockpile sizes of A and D for which
A = D, but finds it necessary to set p equal to unity, in effect to
permit fractional allocations and also to introduce a somewhat
artificial payoff function:

T
V - E(V) = Z v; max(0,a; - d;)
i=1

In other words, the damage to a target is proportional to the excess
of offensive weapons assigned to it, This is reasonable, for in-
stance, when the target is so extensive that overlapping damage
rarely occurs. Interestingly, Dresher finds that the optimum of-
fensive strategy is to attack a single target with the entire stock-
pile, A; the defense allocates its missiles among the more valuable
targets, leaving the less valuable ones undefended.

In a related paper, Cooper and Restrepo (1967) show how the
optimum offense and defense strategies can be found when A < D,
p =1 and the payoff function is

T
Expecied gain for the offense = Z Ki(ai,di‘) ,
i=1

where Ki(ai,di) = vy (ai-di) if a; > d.1 and Ki(ai,di) = -ha.l if a; < d

If h = 0, this payoff reduces to Dresher's payoff given above; the
second expression reflects a loss to the offense if his weapon ai-
location to a target is less than or equal to tie defensive missile
allocation to the same target. Unfortunately, the computations re-
quired for the offense and defense strategies are rather extensive;

it
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Cooper and Restrepo work out the optimum strategies only for
(T-D A~ D<= TA(T arbitrary) and fov A-" D < 2A (T = 3).

5.6.3 A Game-1heoretic Solution for Two Targets

The pame-theoretic allocation problem for two targets of
arbitrary values of Y1 and Vo has been completely analyzed, if

weapons on both sides are perfect, and if each side knows the
other's total stockpile (A for the offense, and D for the defense),
but not how they are allocated among T targets. Let Q be 0 and

a4y be 1 — that is, a target is sa.cd if the defensive allocation is

greater than or equal to the offensive allocation, and totally de-
stroyed if the offensive allocation exceeds the defensive allocation.
It is more convenient to define the payoft in terms of expected tar-
gets lost instead of expected targets saved:

E(V) =0 if a1 = d1 s ag < d2 s
= Vg if a, = d1 , a2>d2 ,
=V U a1>d1 s ag = d2 ,

=V + vV i - < >
=V +Vvy al\dl, Ay >d,

In specifying the optimum defensive and offensive strategies and
the corresponding value of the game (the expected value of targets
lost), it is convenient to consider {ive cases: D = A - 1 (neither
side dominant), 2A - 1 = D = A (defense dominant), D = 2A (de-
fense overwhelming), D + 2 = A - 2D + 1 (offense dominant), and
2D -+ 2 = A (offcnse overwhelming).

When D = A - 1, it is easy to obtain the optimum offense and
defense strategies. I Vi =V, all strategies of both sides are

equivalent. U v, £ vy, the unique optimum offense strategy is to
9 1 I &)

allocate all A weapoﬁs to the more valuable target; all defense
strategies remain equivalent. The value of the game is
V = max(vl,vz): the offense destroys the more valuable target.

When D = 2A, any defense slralegy is optilmum as long as A
or more defensive missiles are allocated to each target. All of-
lense strategjes are equivalent, and the value of the game is V = 0,

When 2D + 2 = A, any offense strategy is optimum as long as
D + 1 or more weapons are allocated to each target. All defense
strategies are equivalent, and the value of the game is V = vyt Vg

in the remaining two cases, the optimum strategies become
more complicated. One can determine all optimal strategies, not
just one pair of thera; but the analysis is tedious. One defines
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a set of extremal optimum defense strategies, each one cf the
general form "allocate i missiles to the target of value Vi and

the remaining D - i missiles to the target of value Vo, with proha-
bility X" where :xi = 1. To distinguish among different extremal
strategies, superscripts can be used on the probabilities X, (Ex-

tremal optimum offense strategies are defined analogously, with
probabilities denoted by yi.) Any optimum defense strategy can be

written as a convex linear combination of extremal optimum de-
ferse strategies:; if Tp. = 1, then the defense strategy allocating 1
, missiles to the target of value v, with probability pjx]i is opti-
- )
mum. Thus, it is sufficient to specify all extremal optimum strate-
gies corresponding to a given (D,A).
When 2A - 1 =- D == A, the extremal optimum defense strate-

gies can be characterized as follows, Each extremal optimum de-
fense strategy corresponds to a sequence M = (ml,mz, . ,mK) of

integers such that 1 = my=m,= ... % mye < R. It is not difficult

to show that there are (R*}‘é‘lﬁ such sequences. Here, K is the
smallest integer greater than or equal to (A+1)/(D-A+1), and

R = K(D-A.1) - A. For any sequence M, the corresponding ex-
tremal optimum defense strategy is that strategy which allocates
i(D-A+1) - m; missiles to the target with value vy (and therefore

D - i(D-A+1) + my to the target with value \-'2\,, with probability
- i-1 K-i
; Vi "2

K-1 K-2 K-2 K-1"'

| i=1,2,...K .
4 Vg H VvV T s vy +v1'

The extremal optimum offense strategies are defined analo-
gously. Enach one corresponds to a sequence N = (nl,nz, c ,nK) of

integers such that (D-A+l) = Dy =Ny ... = R. It is not difficult to

show that there are (D-A+§-R+l) such sequences. For any se-

quence N, the corresponding extremal offense strategy is that
strategy which allocates i(D-A+1) - n; weapons to the target with

value vy (and therefore A - i(D-A+«1) + n, weapons to the target

with value "2) with probability
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KT, K2 KT K1 b=12...K
VZ + 1 2 + e + 1 2 1

If both sides use extremal optimum strategies (or convex
linear combinations of extremal optimum strategies, which are
therefore also optimal), the expected value of targets lost (the
value of the game) is

, K-2 K-3 K-3 . K-2
V:‘rlvz(‘z +‘1\'2 +...+‘1 ‘2 +\1 )
’
vlz(_1 + ¥y v12<"2 et \'}1('2 Vo + \'If'l

where K is the smallest integer greater than or equal to
(A+1)/(D=-A4+1).

The following numerical example will illustrate the above
formulas. Let D=9 and A =6; then K =2 and R = 2. There are
three possible (ml,m2) sequences: (1,1), (1,2) and {2,2). The cor-

responding three extremal optimum defense strategies are:
1. Allocate 3 missiles to v, with probability vz/'(vlwz),

Allocate T missiles to v, with probability vl/(v1+v2),

2. Allocate 3 missiles to vy with probability vz/(v1+v2),
Allocate 6 missiles to v, with probability vl/(v1+v2).

3. Allocate 2 missiles to vy with probability 0 /(v1+v2),
Allocate 6 missiles to vy with probability vl/(vl._va).

There are six possible (nl,nz) sequences: (2,2), (2,3), (2,4), (3,3),

(3,4) and (4,4). The corresponding six cxtremal optimum offense
strategies are:

1. Allocate 6 weapons to vy with probability V1"’/(V1*"2)’
Allocate 2 weapons to vy with probability vz/(vlwz).

2. Allocate 6 weapons to A with probability vl_/(v1+v2),
Allocate 1 weapon to ) with probability Vg _/(v1+vz).

3. Allocate 6 weapons to vy with probability vl/(v1+\'2),
Allocate 0 weapons to v, With probability v, /(vlwz).

—

4. Allocate 5 weapons to vy with probability vy _/(v1 o
Allocate 1 weapon to v, with probability vz,/(v1 o)

’
.
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5. Allocate 5 weapons to v, with probability vl._/(v1+v2),
Allocate 0 weapons to v, with probability v, /(v1+v2).

6. Allocate 4 weapons to vy with probability vl,/(vlwz),
Allocate 0 weapons to v, With probability vz,/(v1+v2).

The value of the game is vlvz/(vlwz).

When D + 2 = A < 2D + 1, the extremal optimum defense and
offense strategies can be defined in terms of those already intro-
duced for 2A - 1 = D =: A. Specifically, set D=A - 2 and A = D.
The extremal optimum defense strategies are obtained by substi- E
tuting D and A& into the extremal optimum offense strategy formula, .
and the extremal optimum offense strategies are obtaired by sub- 2
stituting D and A into the extremal optimum defense strategy form-
ula. The expected value of targets lost is them =

Lo L-1 L-1 , L
V- \2 +\1V2 +...+\1 \2+\1 ,,
- 2— ’
sz'l + vy v;"jz P v{" Vo 4 v{”l

where L is the smallest integer greater than or equal to
(D+1) /(A-D-1).

It should be noted that if one restricts oneself to the simpler ‘
problem of finding just one optimal strategy for each side and the 3
value of the game, it should be possible to accomplish somewhat =
more, Further, if one wishes merely to solve the game for some 5
specific choice of A, D and values of v;, one can expect to deal ”

with somewhat larger problems (say, five or more targets, depend- =
ing on the sizes of A and D). =

5.6.4 Targets Partitioned Into Homogeneous Classes

What can be done to determine offensc and defense strategics A
for larger numbers of targets of unequal value when qp = 0 (soft :

targets) and qy = 1 (reliable defensive missiles)? Penn (1971) uses

the method of Lagrange multipliers (as with Pugh's two-sided e
offense-~last-move strategies discussed in Section 5.3.1) to deter- :
mine offense and defense preallocation strategics and the expected
value of targets lost (the value of the: game) for any number of tar-
gets of unequal value. Penn's stratogies suffer from the same
problem of implementation that Matheson's do, namely that, es-
pecially for small numbers of targets or weapons, the probability
densities called {or may not be realizable, Alternatively, Penn's
strategies may be considered to have been determined under the
constraint that the expected levels of total resource utilization are
A and D, respectively. For this reason, his results differ some-
what {ro.. the strategies derived for two targets In Section 5.6.3.
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Penn shows in his paper that for this modified allocation procedure
the Lagrange method does not generate spurious solutions (as it
did when applied by Pugh to a two-sided offense-last-move
strategy).

Penn's preallocation strategies are a generalization of the
Matheson strategies for Qq = 0 and q = 1 presented in Section

4.3.2. It will be recalled that Matheson's strategies are useful only
when the number of targets is large enough so that the real-valued
preallocation strategies can be reasonably approximated by actual
targets (for example, if 0.348 of the targets should be defended
with 3 missiles apiece, then 2 out of 6 targets are assigned 3 mis-
siles). In order to use Penn's strategies, one must have a large
number of targets of each value in order to make missile and
weapon assignments approximating the underlying strategies. It
should be noted that this problem can be solved conveniently in a
specific case by means of linear programming., The technique is
the same as that which can be used on the other generalizations of
the Matheson problem discussed in Section 4.3 .4,

The equations giving the offense and defense strategies and
the expected value of targets lost cannot be readily written in terms
of the offensive and defensive stockpiles, A and D. Instead, they
are given as functions of auxiliary quantities (Lagrange multipliers)
A and w. In order to find the strategies and payoff, one must first
calculate X and w by means of a search, given A, D and the target
values VisVos e Vye

Here a possible inconsistency arises. The formulas relating
A and D to X and « depend upon whether the offense or the defense
is dominant; however, dominance is defined in terms of A and w.

It is possible that the offense dominant formulas may lead to A and
w values which specify defense dominance, or vice versa; however,
this is unlikely to arise unless one is quite near the boundary of
the two regions (in which case using the incorrect strategy won't
really matter).

The offense-dominant formulas for determining x and w are
(gvl [vj/R] + 1) ([vj/x] + 1) ,
n .
_ w oLy 7
D=3 5[] ([vy] + )

=1

Note that the first equation is a function of A alone. The corres-
ponding defense-dominant formulas are
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n
A;% [vy7+] <["j/“‘] * 1> !

]

=]

= . ) - ._(.U . / ] - bt .
D /<] (1 o [vi/e] - 5= )
j=1 ) 1
Note that the second equation is a function of w alone. Once A and

w have been determined, offense dominance is established if w < 1},
-and defense dominance if w = A.

Let xi(v.) denote the expected fraction of targets of value vj
that are defended by i missiles, and let yi(vj) denote the expected
fraction of targets of value v, that are attacked by j weapons. When
the offense is dominant, the preallocation strategies are

/ _ i = I J
xi\v].) = u,,/v]. , i=12,..., M x] ,

Xo(vi) =1- [v]./)\] (w/vy) s

-

yi(vy) =AY, =12, ..,ij./x] ,

y[Vj/x]ﬂ(vJ') - 1- [y ] ()

The expected value of targets lost is

E(V) =§ ( ;- -;%] [vi/2] ([vjf’%] . l>>

When the defense is dominant, the preallocation strategies
are

xi(vj) = w/v, i=0,1,.. .,[vj/w]-l ,

] ’
"[oye] 0 /e i)
yi(v.‘) =)\/vj , i= 1,2,...,[\'j/w] .

Yolvy) = 1- [vj/w] ()
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The expected value of targets lost is

n

E(V) = 1%% [vie] (7] - 1) -

]:
These strategies are quite similar to the strategies of Section 4.3.2.

A short example may help clarify this procedure by attempt-
ing to apply it to the numerical example of Section 5.6.3. Let D =9
and A = 6; assume that one has two targets with values of 1 and 3.

. Then, using the defense dominant equations, one finds that w = 1/5

and X = 6/55; since w > ), defense dominance is confirmed.
The offense strategy is

yo(l) =5/11, (1) = 6/55 for i=12,...,5 ;
y0(3) =5/11, ¥;(3) = 2/55 for 1=12,...,15

The defense strategy is
xi(l) =1/5, i=0,1,...,4 ;

x;(3) = 1/15, i=0,1,...,14

The expected value of targets lost is 6/5. Note that these strate-
gies are not implementable and that the expected loss is somewhat
different from that derived in Section 5.6.3. This is hardly sur-
prising, since T, A and D are all so small. Goodrich (1970) has ex-
tended Penn's methodology to the case of hard targets (q0 > 0).

5.7 DEFENSE STRATEGIES WHEN THE OQFFENSIVE STOCKPILE

SIZE IS UNKNOWN

In the preceding sections, it was assumed that the defense al-
ways knows the stockpile size, A, of the offense (although not how
it will be allocated to individual targets). This section suggests
ways in which defensive missiles might be allocated if this infor-

mation is unavailable,

The performance of a defense strategy must be measured
against a range of possible attack sizes rather than a single attack
size. It seems reasonable to design a defense strategy so that the
expected value of targets destroyed is proportional to the (unknown)
attack size; if this is so, the offense has no chance of selecting a
favorable attack size which will maximize the expected value of
targets destroyed per weapon expended. This is an example of a
robust strategy as described earlier (Section 1.2). In general,
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there is no way of {inding a strategy which yields a linear return
to the offense; however, approximately linear strategies can be
found.

5.7.1 Defense Strategy Assuming Offense-Last-Move

Assume that the allocation of defensive missiles to targets of
value v 1?Vgy - - +»Vop Can he observed by the offense before an allo-

cation of weapons to targets is made. The object of the defense is
to allocate d; missiles to the ith target so that

§; = max {(Vi - E<i’ai’di>>/ai} ;

the maximum expected value destroyed per weapon expended is as
small as possible. If fractxonal allocations are permitted, this can

be achieved by selecting (dl dy, ... dfr) such that S, = K at all de-
fended targets (d > 0> and S = Kat all undefended targets (d; = 0>.

The quantity K is adjusted by tr1a1 and error until © d = D, the de-
fensive stockpile.

It is con]ectured that the allocations (dl’dz’ - .,dT> and the
corresponding ( l,az, - ,aT) obtained by this method are quite
similar to the ones obtained by Pugh (1964) in Section 5.3.1, if one
assumes an offensive stockpile Za; = A. If the defense uses the

above strategy in place of Pugh's max-min strategy, will it lose
more or less expected target value? It might appear that more
value will be lost b-: iuse the information about A is not being
utilized; however, sirce Pugh's method is approximate, the above
procedure may lead to results that are better than Pugh's.

5.7.2 Defense Strategy When Neither Side Knows the Other's

Allocation
Assume that a set of targets of integral values v 1t 2, eV

is being defended. Assume that each side allocates his missiles or
weapons to the targets in ignorance of the other side's allocation.
Assume that defensive missiles have perfect reliability — that is,
44 the probability of an engaged weapon damaging a target, is zero.

Finally, assume that an unintercepted weapon damages exactly one
unit of target value; that is, it takes vy unintercepted weapons o
destroy totally a target of value Vi Although this linear damage

function is less realistic then an exponential one, the calculation
of target damage associated with a specific attack is much simpli-
fied. It is conjectured that the approximate linearity of the
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defensive strategies will not be much affected by using a more
realistic damage function.

One way to derive a defense strategy is to construct one
analogous to a strategy derived for equal-valued targets, In Section
4.3.2 it was stated that if Gy = 0 and qy = 1, and if d defensive mis-

siles per target are available, then if d is an integer, the optimum
defensive allocation assigns 0 1,2,...,2d-1 or 2d missiles to the
defense of a target, each with probablhty 1/(2d+1). If one has a
group of targets with different values, the analogous strategy is
obvious: If \f is an integer, assign 0,1,2, .. .,2vi-1 or 2vi defense-
‘ive missiles to a target of value v;, each with probability 1/(2v;+1).
Note that this implies that one has a defensive stockpile of size

_,v1 = D. For stockpile sizes D = KZv;, where K is an integer, one
can scale up the allocations proportionately: 0,1,2, .. .,2Kvi-1 or
2Kv, defensive missiles assigned with probabilities 1,/(2Kvi+1), or
0,K,2K,... ,K(2vi-1) or 2Kvi defensive missiles assigned with prob-
abilities 1/(2v;+1). For intermediate values of D, various approxi-
mations to the allocations can be devised.

The following simple example shows how such a defense
strategy can he simultaneously realized for all targets. Assume
that one has three targets of values vy = 2, vy = Vg = 1 and a stock-

pile D of four defensive missiles. The 15 possible allocations of
missiles to targets (VI’VZ’V3) are listed below.

Probability Allocation Probability Allocation

Py (4,0,0) Py (0,2,2)
Py (3,1,9) P10 (0,4,0)
P3 (3,0,1) P1y (0,0,4)
Py (2,1,1) Py1o (0,3,1)
Pg (2,0,2) Py3 (0,0,3)
Pg 2,2,0) P14 (1,3,0)
Pr (1,2,1) Pys (1,0,3)
Pg (1,1,2)

How should one choose the p; 8o that p. = 0, Zp, = 1, and so
that the allocation of missiles to 1ndiv1dudl targets have the pattern

specified above? To begin with, it is clear that Pyg=Py1=++=Py5 =0,

T
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for these allocate three or more missiles to targets having a value
of one, and this is more than the maximum allowed. For the tar-
get of value Vi the p; must satisfy the following linear eguations:

py=1/5,

Py + Py = 1/5 ,

Py +Pg +Pg=1/5
Pp +Pg = 1/5 ,

Py = 1/5

For the target of value Vo, the Py must satisfy the following
linear equations:

pl +p3 +p5 = 1/3 ’
pz +p4 +p8= 1/3 y
p6 +p7 +pg: 1/3

Finally, for the target of value Va, the p; must satisfy the
following linear equations:

Py + Py +Pg=1/3,
Py +Py +Py=1/3,
ps +p8+p9:1/3

This constrained set of linear equations can be solved by
Gaussian elimination to obtain

p1=1/5 ’ p6=1/15"p5 ’
pz = 1/15 + p5 s p7 = 1//15 + ps 3y
p3'—'2/15'p5 s p8=2’/15-p5 s
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where Py can take on any value in the range 0 = Py < 1/15, In other

words, there are an infinite number of possible solutions to the
problem. In other problems, however, it may happen that no solu-
tion is possible,

The performance of this defensive strategy cannot be assessed
‘until one specifies the offensive strategy for each possible stock-
pile value A. Assume that the offense knows that the defense is
using this strategy; he will then allocate his weapons to targets in
such a way as to maximize the expected value of target destruction.
By considering all possible offensive allocations, it is not difficult
to discover the optimum allocation and the corresponding payoff for
each value of A:

Stockpile Allocation of Weapons Expected Value

Size to Targets Destroyed
1 (0,0,1),(0,1,0) 5/15
2 0,1,1) 10/15
3 0,1,2),(0,2,1),(3,0,0) 15/15
4 (4,0,0) 21/15
5 (6,0,0) 27/15
6 (5,0,1) 32/15
1 (5,1,1) 37/15
8 (5,1,2),(5,2,1) 42 /15
9 (5,2,2) 47/15

10 (5,2,3),(5,3,2) 52/15
11 (5,3,3) 57/15
12 (6,3,3) 60/15

It is evident that the expected value destroyed is quite close to a
linear function of attack size A,

If the value of one target exceeds half the number of defense
missiles available, the defensive strategy must be modified slightly.
This occurs, for examplc, when vy = 3, Vg = Vg = 1, and D =5. In
this situation, the valuable turget is defended with 2v; - D,
2v. - D+1,...,D-1 or D missiles, each with probability 1,/(2D-2vi+1).

i
The p; can be found by Gaussian elimination as before.

The reader should remember that no optimum defense strate-
gies have been derived in this section; instead, a plausible defense
strategy has been proposed. It is entirely possible that an optimum
strategy would yield a curve of expected value of targets destroyed
versus offensive stockpile size that is below the curve for the

mmnmm:\nmnmmmrw"mdmm:yw:.:nimmunmum.mumurmﬁl\\luwﬁmwlmiiwa\m:mm‘mmwiwnmuumim.‘mmmﬁw&?«lW\HMMWMWMMM“”‘ bt
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plausible strategy. However, it is conjectured that the plausible
defense strategy performs nearly as well as the optimum one. It
is clearly superior to a defense strategy which allocates defensive
missiles proportional to target value (a simple defense strategy
useful when the offense has the last move, as discussed in the last
paragraph of Section 5.5.2). In fact, one can derive the following
result. Let G denote the ratio of the number of offensive weapons
required to obtain a given expected destruction when the defense
uses the randomized allocation, to the number of offensive weapons
required to obtain the same expected destruction when the defense
uses a fixed allocation proportional to target value. Then, if

-
D= Vi,

T

T
Z (m'm (D,2vi) - Vi) Z vy

1=1 i=1

G =

B -

The quantity G is bounded by 1 and 1.5. In the example given earlier

in this section (v1 =2, Vg = Vg = 1), G =1.5; ingeneral, G = 1.5 if
2 max(v.l\ = Ivg.

5.8 ATTACKER-ORIENTED DEFENSE STRATEGIES

So far, this chapter has been entirely concerned with preal-
location defense strategies — those in which the defense assigns
missiles to the defense of specific targets. In Chapter 4 it was
pointed out that it sometimes may be impossible for the defense to
know which targets weapons are directed at; in such a situation,
the defense must use an attacker-oriented defense instead. It was
shown there that under certain circumstances an attacker-oriented
defense may actually lead to a larger expected fraction of targets
saved than a preallocation defense, and therefore would be pre-
ferred even if the defense knows the targets weapons are directed
at.

If one is restricted to offense-last-move, the uniform
attacker-oriented defense strategy described in Section 4.6.2 is
optimum when the targets have different values and the objective
is to maximize the expected value of targets saved. The proof is
identical to the one given in that section. Furthermore, the algor-
ithm presented there for the determination of the optimum offens-
ive strategy against the uniform defense strategy can also be car-
ried through, but it is not known whether the algorithm is reliable
in this case. Burr and Graham (1970) conjecture that the algorithm
will find the optimum, providing that no degeneracies occur. For
details of the algorithm, the reader is referred to Section 4.6.2.

What if neither side knows the strategy employed by the other?

Assume that one is defending T point targets having values
ViF Vg 2 Vg with a stockpile of D missiles, each of which
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has a reliability of p. Assume that the offense has a stockpile of
A weapons: if a weapon is not destroyed by a missile, it will de-
stroy the target it is directed against with probability p. The quan-
tities A, D, T, p, p and the v; are known to both the offense and the

defense. The defense is unable to determine which target a weapon
is directed against.

As in Section 4.6.1, the optimum defense in this case is a
uniform random attacker-oriented strategy: the proof is the same
as that of Section 4.6.1. That is, he allocates [D/A] missiles
randomly to A - D + A[D/A] incoming weapons, and [D/A] + 1 mis-
siles to the remaining D - A[D/A] incoming weapons. The offense
has no way of knowing which number of missiles have actually been
allocated to a given weapon, unless D/A is an integer. When it is
an integer, the problem becomes essentially that of Section 3.2 .4,
and can be solved exactly by the methods there. Moreover, the
approximate solution given belcw becomes exact.

If D/A is not an integer, determining the optimum offense
strategy is considerably more complicated. The strategy can be
approximated very closely as follows. First, decide which targets
are worth attacking. The offense allocates weapons to the TO tar-

gets of greatest value, where T0 is the maximum value of i satisfy-
ing the inequality

o\ 1/-D)
, (A-1)/(i-1
i 1 v, Q ) /(i-1)

i=1

i

and Q is the probability that a weapon will not destroy the target it
is directed agzainst:
Q=1-p(1-py) ,

where

by = (1-D/a +[D/A]) (1 - (1-p[P/AT)

+(D/A - [D/A]) (1 . (1-p)[D/A]+1)

The reason that the strategy given here is only an approximation is
the fact that the probability that a target will survive an attack of k

weapons is not Qk, since the events are not independent. However,
if A is reasonably large, this discrepancy should be negligible.

Granting this approximation, the prcblem becomes essentially
identical to that of Section 3.2.4, and which was also mentioned in
Section 5.1.0. The number of weapons assigned to target v,,
1= =T, is given by )
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a; = (log C - log vj)/log Q,

where
Ty

C= ﬂvi Q‘O-
i=1

This leads to nonintegral a.; however, they can be rounded
off to yield an exact solution to the problem (except for the avove-

r.~ntioned approximation concerning Q7). The fact that such round-
1 is possible can be deduced from results of Section 3.2.4, and
also follows directly from the result of Dym and Schwartz (1969)
mentioned in Section 9.1,

If both sides usc these (unrounded) strategies, the expected
value of targets destroyed is closely approximated by

1/T

0
T, T, T
. o
E(V) = E vi-l 11y T, Q
i=1 j=1

\

If the defense is able fo determine which turget each weapon
is directed against, he has the uption of using a preallocation strate-
gy instead. It is important to compare the above E(V) with the cor-
responding preallocation E(V) to see which strategy is preferable
for the defense.

5.9 SUMMARY

This chapter extends many cf the concepts introduced in the
previous chapter to the situation in which targets have unequal
values; the criterion then generalizes to expecied value saved, Mot
surprisingly, general strategies are much more difficult to obtain;
even the problem of allocating weapons to targets in the no-defense
case in order to minimize the expected value saved is not trivial,

Either dypamic programming or Lagrange multipliers can
solve the one-sided prublem of allocating weapons against a known
defense (or missiles against a known offense); however, the two-
siced problem of the uptimum defense allocation of missiles, given
that "~ offense can ohserve this and then allocate weapons, 1s quite
diffi<.* 10 3onlve, Several models are presented, differiag princi-
vall. i, tr.c degree of generality of the payoff function (the expected
va.o 2 o1ved wheu 1 missiles intercept j weapons at a single target).
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When neitlie- side knows the other's preallocation before
making his o./n, limited results are known. An exact allocation for
two targets of different values (or for a single weapon against a
single missile) can be given. One can also give an approximate al-
location (not stockpile-constrained) for more realistic numbers of
targets, weapons and missiles if missiles and weapons are buth
perfectly reliable.

The chapter concludes with a brief analysis of defense strate-
gies required when the defense cannot determine which target a
weapoen is directed against when an intercept must be decided upon.
It is suggested that a defense allocation that makes expected damage
proportional to attack size is prudent if (contrary to the assumption
throughout the rest of this chapter) the attack size is unknown,

i

al

L
&

el itz e e nlifata o

W e e 1 ¢

e b e

'S



" T

CHAPTER S 1X

APPLICATIONS OF OFFENSE AND DEFENSE
STRATEGIES TO SPECIAL PROBLEMS

This final chapter examines some problems which arise when
the idealized offense and defense strategies of the preceding chap-

~ ters are applied to various special situations. Unfortunately, there

is very little material in the mathematical literature dealing with
these applications. The mathematical models are in general quite
complicated; it is difficult to obtain analytic results except in very
special circumstiances. In many cases, it is necessary to resort to
a high-speed digital computer either to search through many alterna-
tive strategies, or to simulate the offense-defense problem using
Monte Carlo techniques. Indeed, it happens all too frequently that
none of the above approaches gives very satisfactory answers to

the mathematical problem.

This chapter presents a more or less systematic classifica-
tion of each problem according to its input assumptions, It is hoped
that the framework is sufficiently broad so that a reader with a
specific problem can identify its mathematical model and contrast
it with related models. In particular, he can decide whether or not
it is appropriate to approximate his model by a mathematically more
tractable one.

6.1 ATTACKS ON THE DEFENEE SYSTEM

The primary objective of the offense is to minimize the num-
ber of targets surviving. When the targeis are defended, he has two
ways of accomplishing this: (1) attack the targets directly; (2) at-
tack the defense system first and then the targets. Because unde-
fended targets are ordinarily much more vunerable to destruction
than defended ones, the offense may find the sccond option atiract-
ive even though a part of his stockpile must {irst be allocated to the
defense system attack.

Usually, there is one component of the defense system which
is the most profitable to attack, either because of its inherent vul-
nerability to damage, or because of the relatively small numbers of
this component deployed. Radars, for example, tend to be difficult
to protect against blast damage because of their large size, and be-
cause under some circumstances they can be rendered temporarily
useless by atmospheric blackout from an astherwise harmless burst
of a weapon. Furthermore, rauars are ordinarily quite expensive
and therefore few are used in a defense system. In this section,
attacks against the defense system are described in terms of attacks
against its radars; however, the reader should understand that in
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212 6.1

some applications it may be more profitable to attack the control
centers, the communications or the tactical computer instead.

In general, the mathematical model of Chapter 4 is assumed
to hold. Specifically, one has a set of T identical point targets to
be defended, and a set of R identical radars to carry out this task.
It is assumed that any one of the radars can successfully defend the
targets; the offense must destroy all R radars before he can atlack
an undefended set of targets. The targets and the radars are lo-
cated sufficiently far apart so that an cffensive weapon which de-
stroys one target or radar does not affect any other target or radar.
The defense can carry out attack evaluation (that is, he knows which
target or radar is being attacked in time to make an intercept if
-desired), but he cannot do damage assessment (change his strategy
in the course of the engagement depending upon which targets or

radars have been destroyed). The latter assumption is rather un-
realistic, as the defense should know immediately if one of his
radars is destroyed: however, the defense in many ¢ases will be
defending only one radar anyway so no reallocation is possible.

In any case, the assumption provides a bound on the outcome,

The defense has a stockpile of D missiles, and the offense a
stockpile of A weapons; each side knows the value of both D and A.
The probability that an unintercepted (or intercepted) weapon does
not destroy the target at which it is aimed is 4q %or ql); the analo-

gous probability of radar survival is Qg (or qlr)’ These quantities

are known by both the defense and the offense. Although it is ap-
propriate to restrict the defense to one-on-one missile engagements
when defending targets, it is not necessarily reasonable to restrict
the defense to one-on-one missile engagements when defending
radars., In particular, one can assume three different defensive
strategies:

1. Qe 9o * p(l-qol.) (one-on-one) ,
2. Ayp =9, * (1 - (1-p)2> <l-q0r> (two-on-~one) ,

3. ay.=9gp* <1 - (1-p)2> (l'qOr) (shoot-look=-shoot) ,
where p is the defensive missile kill probabilily., The second and
third strategies give identical Ay but the second stratepy uses

two defensive missiles whereas the third strategy uses one missile
with probability p and two with probability (1-p). When p is equal
to unity, only the first defensive strate;ry need be used.

The critericn of effectiveness is E(f), the expected fraction
of targets saved in the set. Il has the generic form

E(f) = PE (D + (1-P) E (D,

=
1=
=

=
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where P is the probability that all radars are destroyed, Eu(f) is
the expected fraction of targets saved if undefended, and Ed(f) is
the expected fraction of targets saved if defended. Note that Ed(f)

can be a function of P. The object of the offense is to minimize
this quantity (subject to his stockpile limitation), and the corres-
ponding goal of the defense is to maximize this quantity. It should
be recognized that the expected fraction of targets saved may be a
misleading criterion, In the target attacks discussed in Chapter 4,
the fraction of targets saved was a random variable having a proba-
bility density iunction with a single mode centered on E(f). How-
ever, the fraction of targets saved in a radar attack has a bimodal
probability density {unction; most of the probability content in this
density is located in the vicinity of E ( ) and Ed(ﬁ, not at E(f}. On

the other hand, if the offense mdependently attacks many sets or
modules of radar-defended targets, the bimodal character tends to
vanish -- one is simply summing a number of binomial variables,
which leads to a Gaussian disiribution of expected fraction saved.
Nevertheless, after carrying out an optimization based in E(f), it is
prudent to record the probability that all radars are destroyed as
well as the two dependent expectations E (D and E (D).

represents the number of atlackexs and d the number of
defendexS‘fox the ith target,

in(ad,) 0,a-d.
o _—quln n a qomax( a 1) ’

The praobability of radar destruction, P, takes on a variety of func-
tional forms depending on the defense stirategies used. For example,
if the ith radar is attacked by a,, weapons and defended by d.“, mis-

siles, and engagements are one-on-one, then

R < min<air:dir) qmax(o’“ir‘dh‘))

qlr or

6.1.1 Some Simple Modele Involving Reliable Missiles and Soft

Radurs

The best way to illustrate the complexities of radar attack of-
fense and defense strategies is to start with a very simple problem,
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and add on complicating factors one at a tirne. Assume that the of-
fense has the last move; that is, it can make its allocation after ob-
serving how the defense has allocated missiles to the defense of
radars and targets. This situation will occur, for example, if the
defensive missiles have a limited range and the targets and radars
are far apart; each defended point has its own stockpile. Assumne
that defensive missiles are reliable (that is, Qp =qy, = 1); assume

also that radars are completely vulnerable to attack (that is,

A9, = 0). Clearly, d1 = .., = d’l‘ and dlr = ... = dRr' However,

the balance between L‘dir and l}di depends upon the strength of the

. offense. 1If the offense is so strong thut he can afford to allocate

his weapons evenly among the defended targets (instead of attacking
a subset of them), then .“dir should be set equal to Edi. However,

not all offenses are this strong; for example, Jet D = 48, A = 36,
T =12 and qy = 2/3, and suppose that the defense allocates 24

missiles to radar defense and two missiles apiece to each target,

If Lhe offense first neutralizes the radar, he has one weapon left
per undefended target, and E(f), the expected fraction saved, is 2/3.
However, if he ignores the radars and attacks four tarpgets with four
weapons apiece and four targets with five weapons apic.-2, then E(f)

is only (1/3) 4 (1/3)(2,./3)3 } (1/3)(2/3)2 = 47/81, and ‘he »ffeuse will
prefer this attack. In other words, it may be worth .;aile for the de-
fense to shift some missiles from radars to targety in order to make
E(f) equal for the two attacks. Note that the defense nc .ds ouly one
radar: additional radars contribute nothing to the defense in thus
simple model, This model is discussed by Shapiro, Abramson and
Coburn (1968).

Suppose now that the defense c¢an place his missiles in a
central stockpile, and usc any missile to defend any radar or tar-
get in the set, wa. offense no longer has the last move; for sim-
plicity assume instead that the defense has the last move. As usual,
the offense has two options — attack the targets ignoring the radars,
or attack the radars first and the targets subsequently.

How does the defense respond Lo an attack? The defense must
defend one radar against attack (selected at random so the offense
does not know which) as long as defensive missiles remain in the
stockpile; if he allows a single weapon to penetrate, the radar is
destroyed and the remaining stockpile is wasted. il the defense
still has missiles available when the attack against tarpgets begins,
he matches missiles to weapons starting with the most lightly-
attacked targets; therefore the attacker will attack targets as
evenly as possible,

If the offense clects to attack radars first, he will attack all
radars with the same number of weapons; he knows that the defense
need only allocate missiles to the defensc of the most lightly-
attacked radar. Note that he attacks the radars in order to reduce
or exhaust the defenslive stockpile, not to destroy the radars
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themselves; it is impossible for him to destroy all radars until no
defensive missiles remain. However, it is instructive to examine
the form of the attack even in this drastically simplified and less-
than-realistic eituation. This is perhaps the simplest model in
which the following question can be meaningfully asked: how many
radars does the defense require in order that the payoff (the ex-
pected number of targets saved) in a radar-first attack is less than
or equal to the payoff for a targets-only attack?

Rather than write down general formulas, it is useful to exhibit
the calculations carried out for a simple example. Let D = 12,
A =36 and q; = 2/3; assume that there are T = 12 targets and . = 1

radar (with defense-last-move, all targets will be saved unless
A > D). Suppose that the offense attacks the radar with 6 weapons;
the defense respondc with 6 missiles. Finally the offense attacks 6
targets with 2 weapons each and 6 targets with 3 weapons each,
and the defense responds by matching the offense at 3 of the 2-

weapon targets:

E(D) = (1/4) + (1/4)(2/3)% + (1/2)2/3)° = 0.509 .

Carrying out similar calculations for all possible radar attacks
from 0 to 12, are finds that the preferred attack is 12 weapons,

exhausting the defense and yielding an E(f) of only (2/3)2 = 0.444.
Clearly, one radar is insufficient; in fact this can be demonstrated

by the formula

D D\ _A/T _ (A-D)/T
" + (1 - —> q0 = q0 .
Suppose now that there are R = 2 radars. Now the defense has a

two~to-one advantage in trading missiles for weapons during the
radar attack. A sample of possible attacks is given in the table

Ik " Moo b ey = i
it b e e b e b e o A i e ‘nhH//////U//HU/UH’]UAM!/f‘m\H/MWUHIHM i

helow:

Size of Attack Weapons for Missiles for X
on Each Radar Target Attack Target Defense E(f)
0 36 12 0.531
3 30 9 0.574
6 24 6 0.583 :

9 18 3 0.63"

12 12 0 0.667

The radars are no longer the soft spot in the defense; the attacker
can achieve his best result by attacking targets directly.

The offense can decide upon his allocation before the attack
takes place. However, in the defense-last move model given above,
the defense must make decisions during the course of the attack.
In particular, the defense must decide whether a radar or target
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attack is taking place and instruct his missiles accordingly; fur-
thermore, when the radar attack is finished, the defense must im-
mediately work out the appropriate strategy corresponding to the
remaining offensive and defensive stockpiles. All this demands a
greal deal of up-tc-date information on the part of the defense, and
il may be prudent to construct a defense strategy which does not
depend upon this capability. Specifically, one can in principle de-
sign a defense strategy analogous to the Matheson strategy of
Section 4.3.1; that is, the defense decides before the attack to de-
fend a fraction R, of the radars with one missile each, R, of the

radars with two missiles each, and so on; the actual radars are
selected at random. The remaining defense missiles are analo-
gously allocated to the targets. Using this strategy, the defense
may end up with radar-allocated missiles which are never used to
defend targets. It is conjectured that this defense strategy is con-
siderably inferior to the defense-last-move strategy; undoubtedly
more radars would be required to reduce the payoff of a radar at-
tack below that for a target attack. Such a strategy appears to be
quite difficult tc derive in general.

o i

6.1.2 Radars are Resistant to Damage

Suppose now that the mode] is generalized to allow fcr radars
resistant to damage; that is, suppose that 99 > Ggp > 0. ¥ the of-

fense has the last move, it is clear that the optimum defensive al-
location divides the missiles assigned to targets equally among the
targets. On the other hand, it does not matter how the missiles as-
signed to radar defense are allocated, because all the radars must
be destroyed to nullify the defense. In short, the defensc strategy
can be characterized by a single quantity Dr’ the number of missiies

(out of a stockpile of size D) assigned to radar defense.

Unfortunately, the offense strategy cannot be specified so :
simply. Not only must he determine Ar (the number of weapons as- -

signed to the radars, out of a stockpile of size Aj, but also he must
decide upon the allocation to targets not knowing whether they can
bhe defended or not by their missile stockpile. All that the offense
can do is to control the probability that the targets will be unde-
fended (i.e., that the radars will be destroyed) by the number of ex-
cess Ar > Dr he assigns to the radars to exhaust the radar defense

and then destroy the radars themselves. Clearly, the offensive al-
locations against defended or undefended targets will be somewhat
different, and the best the offense can do i8 a compromise allocation
based on the probability of radar kill.

The form of the strategy is now clear. For any choice of D,
by the defense, the offense will pick that A and target allocation

which minimizes E(f), the expected fraction of targets saved; on the
other hand, the defense will pick that D . which maximizes this
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minimizing E(f). Unfortunately, it is very tedious to carry out these
calculations in practice, except for extremely small numbecis of
weapons, missiles and targets.

If the defense can place his missiles in a central stockpile,
denying the offense the last move, the problem becomes significantly
more involved. AS in the last section, it seems plausible to assume
that if the defense has the last move he will select one raaar at
random to defend. However, the optimality of this strategy remains
to he demonstrated. More generally, it would be of interest to gen-
eralize the Matheson preallocation strategies to the case of radar
defense; however, this appears very difficult to carry out.

6.1.3 Unreliable Defensive Missiles

Finally, what is the form of the optimum defense strategy (and
offense strategy) when the defensive missile reliability, p, is less
than unity ? Unfortunately, few theoretical models for finding such
strategies have been proposed. Most studies assume a relatively
limited set of strategies and find the best one by examining all pos-
sibilities. The mathematical models of Chapter 4 do not seem
particularly useful for deriving optimum defense strategies for the
radars, because the objectives are different: target defense strate-
gies are designed to minimize the expected fraction of targets de-
stroyed, whereas radar defense strategies are designed to maxi-
mize the probability that at least one radar survives.

Any comprehensive radar defense strategy must take the fol-
lowing considerations into account:

1. How many radars should be defended? The advantage of
defending a subset of radais is that the offense is likely
to waste weapons overkilling undefended radars.

2. Should the defense use preallocation strategies (assign a
fixed number of missiles to each radar before the attack,
concealing this from the offense) or group preferential
strategies (defend a random subset of radars against any
attackers as long as any missiles remain in the stock-
pile) ? If an unintercepted offensive weapon has a high
probability of destroying the last surviving radar, it
seems unwise to hold back any missiles for target
defense.

3. Under what circurstances should the defense switch
from a one-on-one defense to a two-on-one defense ?
For example, a two-on-one defense of a single radar
may be a much better strategy than a one-on-one defense
of two radars. Should two-on-one be used early in the
engagement, and one-on-one as the missile stockpile is
depleted? Of course, if shoot-look-shoot is available,
it should be used.

4, The defense should know when each radar is destroyed.
Can a damage assessment defense be designed to take
advantage of this ability ?
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The target defense strategy is somewhat simpler to define; typi-
cally, one cuan use the Matheson strategy of Chapter 4, or a defense-
last-move strategy as an upper bound on the expected fraction of
targets saved. Note that the defense will not know the number of
offensive weapons allocated to targets until the target attack begins;
ote also that if a shoot-look-shoot radar defense or a group radar
defense is used, the defense will not even know the number of its
own missiles available for target defense until the radar attack is
done. Can one devise an overall defense strategy which does not
require decisions like these during the course of the engagement?
Is such a strategy significantly inferior in terms of the expected
fraction of surviving targets? Turning to the offense, can he observe
whether or not his radar attack has succeeded and then select his
target strategy, or must he decide on this prior to the attack?

Assume that the offense allocates A, weapons to the radar
attack and A - A.to the target attack. The defense can observe Ar

before deciding how many missiles to allocate to radar defense;
therefore, the offense selects A, and the defense selects D, to
satisfy

E(f) = max min ( PE_(f) + (1-P) E,(D)) .
f) mr 11&1:( u + d )

The offense allocates Ar weapons evenly to radars; the defense al-

locates missiles evenly to radars (either one-on-one or two-on-one)
until Dr is exhausted. Shoot-look-shoot is not allowed. The defense

then allocates the remaining D - Dr missiles to targets according to
a Matheson strategy; the offense allocates the remaining A - AL

weapons to targets according to a Matheson strategy if he observes
that one or more radars survive, or uniformly if he observes that
all radars have been destroyed. (If the defense cannot determine
A - Ar’ or the offense cannot astass radar damage, one can derive

lower bounds for the expected fraction of surviving targets E(f).)
Finally, for the one-radar case, one can calculate E(f) using a shoot-
look-shoot strategy. Assuming D > Ar’ each weapon attacking the

radar is allocated one missile, and a second missile if the first
one fails; any missiles lef{t over from the radar defense are then
allocated to target defense using a Matheson strategy. Note that no
opt‘émlization of either A or Dr is attempted in this morec complex
model.

It is possible that the offense will want to reduce the uncer-
tainty of the radar attack outcome by designing his attack so as to
have a high assurance that all radars will be destroyed: P = PO.

The outcome of the attack can then be characterized by two parame-
ters instead of three:
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Eu(f), the expected fraction saved if the targets are
undefended, and

PO, the probability that the attack fails to achieve
this goal.

Unfortunately, the defense is not likely to know the value of P0 se-

lected by the offense; the defense must therefore evaluate the sen-
sitivity of his strategy to a variety of different possible PO' This

of course, negates one of the most attractive characteristics of this
model: if P0 is known, the number of alternative attacks to be eval-

uated is drastically reduced (either P =0 or P = PO).

Suppose that the defense is restricted to a one-on-one defense
of both radars and targets. Assume that the defensive missile re-
liability is p, and that 4y and 4o, are the survival probabilities of

targets and radars, respectively, against unintercepted weapons
directed at them. Assume that the offense has a stockpile A and
the defense a stockpile D. Assume that the defense intercepts each
attacker as long as his stockpile holds out. Assume that the offense
attacks the R radars with a_ weapons apiece and the T targets with
a; weapons apiece: T

A=Rar+Tat .

The quantity a.is chosen by the offense to minimize the expected

fraction of targets saved. How many radars must the defense supply
in order to make it more attractive for the offense to attack tar-
gets with his entire force? In other words, how many radars are
needed to keep them from being the soft spot in the defense?

A digital computer can be used to ind the required number of
radars in case D = A; one can prove that in this case the number
is independent of D, so that one may assume D = A. As D drops be-
low A, so does the required number of radars: but this will not be
considered. The expected fraction of targets saved in a target-only
aftack is approximated by

))A/T

Ey(D = (4 + o(1-9,

The expected fraction of targets saved in a mixed target-radar
attack is approximated by

(A-Rar) /T (A-Ra, )/T

where K, the probability that all R radars are destroyed, is given
by
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R

N
\

K = <1 - (ag, + p(l‘qw))ar)

\

Note that these equations are strictly correct only when all expon-
ents are integers; more complicated formulae for non-integral ex-
ponents can be used instead if greater accuracy is desired.

How does one determine the minimum necessary R? In
principle, one selects a value of R and then computes Em(f) as a

tunction of a, over the range 0 < a, = A/R; the smallest integral
R for which E_(f) > E(f) for all a  in this range is the required

number of radars. Although this is very difficult to obtain analyti-
cally, a digital computer can be easily programmed to start with R
equal to one and increase it until E., H > Et(f) always.

Consider an example in which T =20, p= 0.8, qq = 0.8,
Aoy = 0.6 and A = D = 300. It turns out that the offense should attack

six radars with 30 weapons each and the twenty targets with 6
weapons each. This attack destroys all six radars with probability
0.60, and leads to an Em(f) of 0.47, which is less than Et(f) = 0,54,

the target-only attack of 15 weapons on each target. However, if
the defense provides a seventh radar the offense will do better to
aftack the targets.

This model can be readily modified to incorporate PO’ the

minimum acceptable probability of radar destruction in a mixed
target-radar attack. However, it is worth remembering that this
model allows for a rather restrictive defense strategy — it is pos-
sible that the defense could get by with fewer radars if he were
allowed to defend targets and radars other than uniformly. How-
ever, it is difficult for the defense to specify preallocation models
unless he knows how many weapons the offense plans to allocate to
the radars.

6.1.4 A Model With Offensive Damage Assessment

Brodheim, Herzer and Russ (1967) discuss attacks on the de-
fense system under a somewhat different set of assumptions than
the ones so far considered in this section. As before, it is assumed
that one has a set of T identical point targets to be defended, and a
set of R identical radars to carry out this task. Any one of the
radars can successfully defend all of the targets; the attacker must
destroy all R radars before he can attack an undefended set of tar-
gets. The targets and the radars are located sufficiently far apart
so that an offensive weapon which destroys one target or radar does
not affect any other target or radar. The defense has a stockpile
of D missiles, and this quantity is known to the offense. The proba-
bility that an unintercepted weapon destroys the target it is aimed
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at is p, and the corresponding probability for the radar is D, The

probability that a missile successfully intercepts a weapon is equal
to p. Both the offense and the defense know p, p and P

However, there are several important differences in the as-
sumptions. The defense no longer knows the size of the offensive
weapon stockpile, but he does know that the offense plans to continue
attacking until all T targets have been destroyed. The offense at-
tacks sequentially, one weapon at a time being assigned either to a
radar or to a target; the defense knows that the object of the offense
is to keep attacking until he has destroyed all T targets. Further-
more, the offense can carry out perfect damage assessment between
firings; he knows exactly which targets and radars have been de-
stroyed. Of all these assumptions, the offensive knowledge of target
damage seems to be the most difficult to achieve in practice,

The criterion of effectiveness is the expected number of of-
fensive weapons required to destroy T targets; the defense seeks
to maximize this by assigning a suitable number of defensive mis-
siles to each offensive weapon (this number depends upon the re-
maining defensive stockpile size, as well as whether a target or
radar is being defended), and the offense seeks to minimize this by
deciding whether to attack a target or a radar with the next weapon
(this depends upon the number of surviving targets and radars, and
the remaining defensive missile stockpile).

It is impossible to write down in analytic form the offense and
defense strategies and the expected number of weapons needed to
destroy T targets. However, one can derive these quantities re-
cursively (by the method of dynamic programming), working back
from the end of the engagement. Let ft(i,j,k) be defined as the ex-

pected number of offensive weapons required to destroy i surviving
targets, given j surviving radars and k remaining defensive mis-
siles, and given that the offense next attacks a target. Let fr(i,j,k)

be the analogous expected number of weapons, given that the offense
next attacks a radar. Let

£(1,,%) = min(t,(1,3,K), £.(,3,1)
The initial conditions can be readily calculated:

ft(O,j,k) = fr(o;]"k)

0 for all jand k ,

i/p for all i, jand k ,

it(l)])o) = ft(l,k,O)

£.(1,§,00 =£.(1,0,k) =1 +i/p  foralli, jandk .
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The recursive equations are

£(1,3,k) = 1 £(i,j,k= . j, k- -
(iR = max (1t kem) (1= pUi-p)™) « fi-Ljkemip(1-)™)

LI = max (18 kem) (1 py (1)) (0,5 Lkemip (1-0)™)

mmm=mm@&mmmgm¢g.

Using these, one can calculate the expected number of weapons re-
quired, as well as the associated ffense and defense strategies,

for the case i = T , j =R and k =D. For most cases of practical
interest a digital computer will be needed. Note that the above also
solves the problem if the attacker only wishes to destroy I </ T tar-
gets: in fact this is the problem Brodheim, Herzer and Russ actually
considered. In fact, the target structure really plays no part in the
problem.

Brodheim, Herzer and Russ conjecture that the optimum of-
1ense strategy always takes one of two forms — all weapons are as-
signed to targets, or else weapons are assigned to radars until all
radars are destroyed. It would be of interest to tabulate (as a func-
tion of dg> 93> Agpr dyp D and T) the critical number of radirs

needed so that it is immaterial which is attacked first.

6.1.5 Attacks on Defensive Missile Silos

Weiner and McCraith (1970) assume (analogously to Brodheim,
Herzer and Russ) that the offense has a stockpile of indefinite size
and will continue to attack until I or fewer targets remain unde-
stroyed. However, they introduce an offense option not previously
considered = that of attacking the defensive missile silos them-
selves, as well as the radars and the targets. In order to evaluate
this somewhat more complex strategy, it is necessary for them to
assume that an undefended target, radar or defensive missile silo
is destroyed with probability one, and all defensive missiles fired
at offensive weapons intercept them with probability one. All en-
gagements are therefore one-on-one, and any defensive missile can
be used to intercept an offensive weapon aimed at any target, radar,
or defensive missile silo. All radars must be destroyed to nulhfy
the defense.

The offense attacks in waves. Each wave consists of one
weapon directed at each of the D defensive missile silos, or at each
of the R radars, or at each of the T targets. The offense cannot
assess damage between waves; that is, he does not know which of
his weapons were intercepted. How should successive waves be
assigned so as to minimize the offensive stockpile required to de-
stroy I or more targets?

s 00 GRG0 5o R il i G u\u‘mwmeMuuwWhW

[

bkt s S Al

8 L el I

FER

sl g



6.1.6 223

The defense strategy is relatively simple and is known to the
offense beforehand. If the offense attacks radars, the defense as-
signs one missile to the defense of a specific radar (unknown to
the offense). If the offense attacks targets, the defense assigns I
missiles to the defense of T targets (again unknown to the offense).
If the offense attacks defensive missile silos, the defense uses half
of his unused and undamaged defensive missile stockpile to defend
the missile silos of the other half of the stockpile.

Although the restriction is not essential, it is easier to de-
scribe the offense strategy when the number of radars, R, and the
ratio of total targets to defended targets, T /I, are both integer powers
of two. The number of offensive weapons required to ensure that
I or fewer targets survive is

A=T-TR-D(l+logR) for R<T

= D(1 + logy(T/D) for  R=T/

!

What are the offense stratepies? If R < T/, the offense attacks
defensive missile silos in long waves of D weapons each, reducing

the missile stockpile from D to D/R. Then the offense attacks radars
in (D/R - I) waves of R weapons each, reducing the missile stock-
pile to I. Finally, the offense attacks and destroys T - I targets in

a single wave of size T. If R = T/I, the offense attacks defensive
missile silos in logz(T/I) waves of D weapons each, reducing the

missile stock]})ile from D to D/(T/I}. Then the offense attacks tar-
gets in D/I(T/1) = D/T waves of T weapons each, reducing the mis-
sile stockpile to zero. (Actually, the defense must defend 1 + 1 tar-
gets on each wave, in order to deny the offense its desired destruc-
tion until the defensive missile stockpile is exhausted.)

The assumption that the offense can do damage assessment
between waves is not present in this model; however, the equolly
unrealistic assumption that the defense knows the value of 1 is pres-
ent. More realistic defense strategies ought to eliminate the latter
assumption, perhaps by introducing a tapered defense in which fewer
and fewer targets are defended on successive waves. This would,
in fact, be a multiple target analogue to somic of the defense strate-
gies discussed in Chapter 3.

6.1.6 Attacks on Command and Control Centers

In the preceding section it was shown what modifications of
the offense and defense allocation strategies must be madc if the
defense system itself is vulnerable to attack. This section dis-
cusses a closely related problem = that of determining an offense
strategy when the targets consist of not only a group of value points
but also one or more command and control centers guiding the
normal operation of the targets. The offense can either attack the
targets or the command and control centers in order to put the
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targets out of operation, Of course, the two types of attack may nct
always be equivalent; a destroyed target may be much more dif-
ficult to replace than a destroyed command and control center.

Relatively little work has been done on this problem; the fol-
lowing discussion is taken from Piccariello (19624). Assume that
one has a set of T undefended targets of identical value; each tar-
get has a provability q of surviving a weapon aimed at it., These

targets are associated with a group of C command and control
centers; each control center has a probability q)c of surviving a

weapon aimed at it. If all command and control centers are de-
stroyed, the targets are considered to be completely destroyed.
Targets and centers are located sufficiently far apart so that a
weapon aimed at any one of them does not affect the others. As-
sume that the offense has a stockpile of A weapons. How should he
allocate weapons to targets and centers in order to minimize the
expected fraction of targets surviving? Note that the defense does
not enter explicitly here. Onc¢ may assume either that there is no
defense or that the defense has an unlimited stockpile of unreliable
missiles and is constrained (say) to one-on-one engagements.

Let X i=12,...,T, be the number of offensive weapons al-
located to the ith target, and let yj, j=1,2,...,C, denote the number

of weapons allocated to the jth center. The problem, then, is to
minimize

1 c ¥ T x

1

B0 =1 (1- 17 (1)) 29
J:l : ! 1:1

subject to the constraint

T C
A:in+Z}'j=AT+AC

i=1 j=1

If X4 and y. are not restricted to integral values, Piccariello

shows that the minimum strategy is always one in which either
AT =0or AC = 0. It then tollows that the optimum strategies are

either x; = A/T or ¥ = A/C.

However, this is not necessarily true for strategies restricted
to integers; the following simple example demonstrates that the
minimum strategy can have A~ >0 and Ap >0. Let T =5, A =71,

C=2, Qe = 1/4 and g be arbitrary. If all weapons are allocated
as evenly as possible to the targets, the expected fract on of targets
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surviving is (2/5)q% + (3 /S)qo. If all weapons are allocated to the
centers, the expected fraction of targets surviving is
1-(1-1/9%)(1 - (1/9?) - 319/16384. Finally, consider the
allocation which places one weapon on each target and center. The
expected fraction of targets surviving is then

qo(l - (1 - (1,:"4))2) = ’qu,/16. However, for all 4 it is true that

a9, 16 7 (2/5)q€ +(3/5)q, and for qq -7 319 7168 it is true that
'qu_/16 < 319716384, One can show, in fact, that the minimum strate-
gy is the one for which AC =2, AT = 9.

6.2 MIXTURES OF LOCAL AND AREA DEFENSE MISSILES

The preceding chapters of this monograph have been con-
cerned with a single type of defensive missile. Many realistic de-
fense models postulate the availability of two types of defense mis-
siles of substantially different coverage: a local missile which can
defend apgainst weapons directed at a single target, and an area
missile which can defend against weapons directed against one of a
group of targets in an extended region. This section examines the
somewhat complex models of expectaed target damage and offensive
and defensive missile allocation which result from such defense
systems.

6.2.1 Defense-Last-Move Models for Area Missiles

One model of the defense of a set of targets of different values
using both area and local 1aissiles is presented by Galiano (1967a).
Specifically, assume that one has a set of T targets of values
ViVas oo yVipe These targets are defended by a stockpile of DA area

missiles which can cover any target in the set, and a stockpile of
DL local missiles which can defend only single targets and must be

deployed prior to the attack. The offense hatc a stockpile of A
weapons. The defense knows the value of A, and the offense knows
the value of D, and the allocation of DL among the targets. The

complete allocation of offensive weapons to targets can be seen be-
fore the area defensive missiles are allocated (defense-last-move
strategy for area missiles). A target is destroyed by an uninter-
cepted weapon aimed at it with probability one, and aefensive mis-
siles have perfect reliability.

What are the offense and defense strategies? (Galiano assumes
that the offense attacks a subset of the targets, each one with a num-
ber of weapons proportional to its value. The defense, in turn, is
assumed to allocate local missiles in numbers proportional to tar-
get value. This local defense is optimum if the object of the offense
is to maximize the target damage per weapon expended, and no area
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missiles are present, It was also suggested as « reasonable one to
use (in Section 5.5.2) if the defense does not know the offensive
stockpile, although of course he does here. The area missiles de-
fend as much total target value as possible; at each target they de-
fend, the area missiles destroy just enough of the weapons directed
at that target so that the local missiles can destroy the remainder
of the offense weapons directed at that target,

It is evident that if the parameters are allowed to vary con-
‘tinuously, the only parameter in the offense and defense strategies
that must be optimized is the fraction of the total target value which
the oifense elects to attack, Let AL denote that part of the offensive

- stockpile intercepted by local missiles, and A'AL that part inter-
cepted by area missiles. Then the fraction of value under attack is
AL'/DL’ and the fraction of target value destroyed is given by

AN

' D A
1m0 (1 524 )
oL/ L

The optimum value of AL is

* 1/2
Al =A- (DAA> ,

provided this expression is =Dy otherwise A;_‘ =Dy In other words,
the offense attacks any subset of targets VisVar oo sV such that

(v1 + Vg 4 et Vi)/(vl + Vg b et v is equal to Ai_.'/DL‘ The ex-

pected fraction of targets desfroyed is

1- B0 = (A- (DAA>1'/2>2/ADL ,

* I3 .
unless AL = DL’ in which case E*(f) = DA/(A-DL).

Galiano extends this model somewhat by allowing the defense
to locally defend only a fraction, h, of target value. This might
occur, for example, if there are large installations of radars asso-
ciated with local defense which makes it unprofitable locally to de-
fend targets of small value. Assuming that the offense still finds
these targets worthwhile to attack, the area defense must be diluted
to protect them. The expected fraction of target value destroyed is

/ A D,
1-E(f)=(1-h+h—£><--—A—),

il ;mmwmwmmm
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the optimum value of AL is

=
=
=
=

AL = A- (DA(A .\ DL<h-1 ) 1))>1,/2 |

and the expected fraction of targets destroyed is

(124 00) - (o a oy 7))

(A~ DL(h'1-1)> b, (h7}) /

The optimum value of h can, in principle, be calculated from a
knowledge of the relative costs of defense missiles and radar
installations,

Galiano's model is slightly generalized by Kooharian, Saber,
and Young (1969). Specifically, they assume that it requires either
t local missiles or s area missiles to destroy a single incoming
weapon. It is apparent that if the parameters are allowed to vary
continuously, this is equivalent to the above with D A replaced by
DA/s and DL replaced by DL/t. Thus

D tA
1-E(f =1 -5 >DL,
s(a-a;)) P

/

2

b+ s 4 el omro e bt ar oAbl m\m‘nuﬁw\‘hnijuu}‘L‘»i‘m‘ Lk

1-Ex(f) =

it Aulid i -Uw

and the optiraum value of AL is

bk

T s

AL = A- (DAA/5>1'/2

The offense attacks a subset of the targets ASTACTRRREAS such that

b A i

: (v1+v2+. ‘e +vi)/(v1+v2+ ces +vT) is equal to tAL/DL. If only a frac-
o tion h of the targets are defended by local mnissiles,

\

' tA D
1-E(f)=<1-h+hDL>l- A . E
L s(A-AL) |

The authors reparameterize the problem using the variables
T = DL/V (number of local missiles defending a target of unit value)

and p= (tAL_/DL)V/s(A-AL) (target value saved per area missile
employed); the offense optimization is then carried out on p instead
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of AL' The authors consider mixtures of weapons indexed by the

ratio s/t, assum:ng that the defense can discriminate between weapon
types prior to commitment of missiles. They show that the offense
will use weapons with high s/t ratios against locally undefended tar-
gets, and weapons with low s/t ratios against locally defended tar-
rets (with at most one weapon type used against both target types).

6.2.2 Preallocation Models for Area Missiles

Apparently, no one has determined the optimum defense of a
set of targets of different values using both local and area missiles
when the defense does not know the offense allocation to targets but
can identify which target is being attacked in time to intercept it
with an area defense missile, and the defense uses a preallocation
strategy for area missiles, However, Galiano (1968) analyzes this
problem for targets of equal value, assuming the defense has a
stockpile of cla area missiles per target and d; local missiles per

target, and the offense has a stockpile of a weapons per target. Each
side knows the stockpile size of the other side; furthermore, a tar-
get is destroyed by an unintercepted weapon aimed at it with proba-
bility one, and defensive missiles have perfect reliability.

The most important differences between Galiano's model and
the earlier ones discussed in this section is that offense and defense
allocations are allowed to vary continuously, and that a tarpget is de-
stroyed if and only if the weapon allocation exceeds the missile ai-
location at that target (even by an infinitesimal amount). In short,
Galiano introduces a continuous Blotto game as described in Section
4.3.6. Because of the bias in favor of the offense, this continuous
Blotto game cannot be readily compared with the allocations else-
where in this section.

It is evident that the local missiles should be distributed evenly
among the targets. Therefore, in order to destroy a target, the
weapon allocation must exceed the area missile allocation by more
than d,. Two cases must be distinguished — offense dominance

(whenLda(a - (cljv,/2>> < (a-d{’>2> and defense dominance

(when da<a - (d{/z» = (a-d; )2> If the offense is dominant, then
he attacks a typical target with a; weapons, where 4 is a real num-

ber selected from the uniform probability density function between
d, and 2a - d.. The defense defends a typical target with area mis-

siles with probability da/(a-d (’); if defended, a target is allocated

d, area missiles, where di is a real number selected from the uni-
form probhability density function between 0 and 2a - 2d,. The ex-
pected {raction of tarpets saved is E(f) = da/Z(a-dil). If the defense
is dominant, then he defends a typical target with area missiles with

i ot i i
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1/2
probability (1/d,) (a2 +2d.,d.)" - (4,/d); if defended, a target

is allocated di area missiles, where di is a real number selected
from the uniform })robabﬂity density function between 0 and
2

L
4, + (dg + dad;> . The offense attacks a typical target with

0 1/2
probability 2a /{d, + 2d, + (d2 + 2d.d,) ); i attacked, a target

is allocated a; weapons, where a; is a real number selected from
the uniform probability density function between d; and

1,
d, + da + (di + “ad,=) . The expected fraction of targets saved is

1,2
- 2 ! .
E(f)=1- (a/d%) (da + d‘,. - (da + 2dad-r;> ) When d, is set equal

to zero, these results reduce to the continuous Blotto game discussed
in Section 4.3.6. '

It should also be pointed out that the equal-value case can be
regarded as another generalization of the Matheson game of Chap-
ter 4 and can be solved by linear programming (see Section 4.3.4).

6.2.3 Models Involving Area Missiles of Limited Range

In the preceding two sections, area defense missiles were
assumed to cover a single region encompassing all the targets.
This section generalizes this model to allow for two or more
different regions, either partially overlapping each other or com-
pletely independent (sometimes a reasonable approximation to
regions which overlap to a limited extent). As one might expect,
it is impossible to give either the expected value destroyed or the
allocation of area vs. local missiles in simple formulas; one must
resort to linear programming ¢ gorithms or to simulation.

Consider a nested allocation problem involving both local and
area missiles, Instead of a set of targets in a single region covered
by area missiles, assume that there are several nonoverlapping
regions to be defended, each containing several point targets of dif-
ferent values. Local missiles can defend only a single target; area
missiles can defend any of the targets within a region. If the de-
fense has a stockpile of DA area missiles and DL local missiles,

and the offense has a stockpile of A weapons, how should area mis-
siles be allocated to regions and local missiles to targets to mini-
mize the expected value of targets lost, assuming the most damag-
ing offensive attack against that allocation?

As usual, one must make further assumptions about the c¢~pa-
bility of the area missiles. Consider two models: an arca defense
strategy for area missiies (random arrival), which may be called a
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separable model, and a defense-last-move strategy for area mis-
siles, which may be called a nonseparable model. Unintercepted
weapons destroy targets at which they are aimed with probability
unity: the reliability of area and local missiles is given by Pa and
PL: One-on-one missile engagements are assumed.

Unfortunately, there appears to be no known algorithm for
calculating the minimax strategies and expected value of targets
destroyed in this nested allocation model: one must enumerate all
cases and search for the minimax directly. One can show by a
numerical example that one cannot find the optimum allocation by
breaking the problem into two parts, within-sector and between-
sector, and optimizing local and area missile allocations separately.
As might be expected, the direct search for the minimax is even
more laborious in the nonseparable model than in the separable one;
the defense allocation of area missiles to targets after observing
the offensive allocation must also be taken into account,

If one is willing to change the damage criterion, an approximate
solution to the nested allocation problem can be found. Suppose that i
the offense has a stockpile of indefinite size, and wishes to allocate )
weapons to targets so as to minimize his cost in terms of weapons
expended per unit of value destroyed. Given a reasonably balanced
local missile allocation to targets, it is a relatively straightforward
task for the defense to allocate area missiles among sectors so that
the offense minimum cost pcr unit value destroyed is the same for
every sector. The local missiles, moreover, can be allocated to
targets within a sector so0 that the offensive minimum cost per unit
value destroyed is the same for every target within a sector, ignor-
ing the contribution of the area missiles to the defense. A few
numerical examples have been worked out showing that the alloca-
tions using this criterion are similar to the minimax allocations. .
It would be of great value to the missile defense designer to know
the mathematical conditions under which this substitute criterion
generates allocations which are good approximations to the mini-
max allocations.

Miercort and Soland (1971) consider an even more general
pattern of area missile coverage ~ several partially-overlapping
regions superimposed upon a set of point targets of different values.
The r most valuable targets are assigned local missiles for point
defense, Both the area and local missile allocations and coverages
are known to the offense prior to the attack. Miercort and Soland
assume reliable defensive missiles (pL =Py = 1): on the other

hand, they allow a general function of target damage by unintcr-
cepted weapons. If x. unintercepted weapons attack target j, then

the expected value destroyed is given by v.f(x.), where f(xi) is a

] .
concave and nondecreasing function with f€0‘ = 0. An area defense
strategy for area missiles (controlled arrivals) is assumed; that ,
is, the defense uses his area missiles to counter any incoming :
weapons, and then uses his local missiles after the arca missile '
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stockpile for that region has been exhausted. All missile engage-
ments are one-on-one.

No attempt is made to optimize the defensive allocation be-
tween local and area missiles; Miercort and Soland restrict them-
selves to finding that allocation of an offensive weapon stockpile of
size A to point targets which will maximize the expected value de-
stroyed. Their optimization is presented as a branch-and-bound
algorithm; the reader is referred to Miercort and Soland for
details.

6.3 MODELS FOR LOCAL AND AREA MISSILES INVOLVING COSTS

The models in this section differ from those in the previous
section in that the defense is given a fixed budget to divide as he
pleases among local and area missiles. Thus, the optimization in-
volves this division, as well as the conduct of the defense if attacked.
Sections 6.3.1 - 6.3.5 are the only ones in this monograph in which
cost is considered; it is appropriate to consider cost in this case,
since the defense potentially has resources of two types. In each
case in this section, cost is held constant, while the defensc tries
to minimize the value destroyed.

Let a denote the number of offensive weapons allocated to each
target in the set, and let d be the number of area missiles per tar-
get which the defense can purchase if he selects a pure area-missile
defense. It is convenient (although not essential) to restrict a and
d to integral values. Let K > 1 be the ratio of the cost of an area
missile to that of a local missile. The defense has the option of
providing d-j area missiles per target and jK local missiles per
target, for j =0,1,...,d. The defense is assumed to know the
value of a, and the offense is assumed to know the values of d and
j selected by the defense, as well as K. The offense has the option
of attacking all targets with a weapons apiece or a fraction { of the
targets with a/f weapons apiece, 0 < f < 1. These offensive strate-
gies can be indexed using the letter i in various ways; for example,
f=i/jKfor 0 <i=jK, or{=a‘(a+), fori=0,1,2,... . By attack-
ing a subset of the targets, the offense avoids some of the local de-
fense weapons.

It appears quite difficult to carry out an analysis of this mis-
sile allocation problem except in the simplest situations. Specifi-
cally, assume that a one-on-one defense is used, and that the targets
are sufficiently far apart so that a weapon aimed at one target af-
fects no other targets, Assume that 9> the probability that a tar-

get survives an unintercepted weapon directed at it, is zero, and
that a5 the probability that a target survives an intercepted weapon
directed at it, is unity.

It should be noted at the outset that the defense can save all
the targets if d - a by using all area missiles and intercepting each

attacker as it arrives. (This can be called an attucker-oriented
defense.) Therefore the analyses below will assume d < a.

—=
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The allocation between local and area missiles depends 3
strongly upon the assumptions made about the effectiveness of the E
area missiles. Three different models are considered:

1. The complete allocation of offensive weapons to targets
can be seen before area missiles are allocated to them =3
(defense-last-move strategy for area missiles). =3

2. As each weapon arrives, the defense assigns an area g
missile to it, not knowing which target is being attacked, 2
until the stockpile of area missiles is exhausted. The
offense cannot control the arrival-order of his weapons ==
(area defense strategy for area missiles, random - =
arrivals).

3. As each weapon arrives, the defense assigns an area
missile to it, not knowing which target is being attacked,
until the stockpile of area missiles is exhausted. The
offense is able to control the arrival-order of his weapons
(area defense strategy for area missiles, controlled i3
arrivals). E:

6.3.1 A Defense-Last-Move Model

The defense-last-move strategy pertaining to case 1 for area
missiles is considered first. It is unlikely that this situation will
often arise in practice; nevertheless, it furnishes an upper bound
for defense capability. Moreover, should area defense missiles
not be useful in this model, it seems unlikely that they can be
profitably employed when less is known about the attack.

The defense has available d-j area missiles per target (aver-
aged over the original set of targets) and jK local missiles per tar-
get. Note that these area missiles are not assigned to the defense
of any particular target; however, it is convenient to keep track of
offensive weapons an defensive missiles on a per-target basis. If
the offense attacks a fraction i/jK of the targets with ajK/i weapons
apiece, then jK of these weapons will be destroyed by local defense
missiles at each target attacked, leaving (a-i)jK/i weapons at each :
target attacked to be assigned to area defense missiles, In other =
words, there are a-i weapons per target (averaged over the original
set of targets, not just the attacked targets) to be assigned to area =
defense missiles. If the defense has the last move, it can save a =
fraction (d-j)/(a-i) of the targets being attacked using its area mis-
siles. The expected fraction of targets destroyed if the defense
mixes area and local missiles using strategy j and the offense at-
tacks a fraction i/jK of the targets is then given by

1- ED = (i/§K (1 - (d-j) /(a-i)) .

i
T b

This equation is equivalent to the one developed by Galiano (1967a)
in Section 6.2.1, if one notes that D, = T(d-j), DL
and AL = (i/jK)dL = iT,

=TKj, A=Ta
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The offense can choose i after observing the defensive choice
of j; therefore, the goal of the defense is to choose j so that the
maximum damage the offense can do is minimized. In other words,
one must find those strategies i and j yielding

1 - E¥(f) = min max (1 - E(f))
i

Permitting fractional allocations, the optimum strategies and the
corresponding E*(f) can be easily found by straightforward tech-

niques of differential calculus., If 1 = (a/d) = K, the optimum de-
fense strategy is given by j = d(1 - (d/a)); in other words, one al-

locates d2 /a area missiles per target. The offense attacks a
fraction i/jK = a/dK of targets, and the expected fraction of targets
destroyed is

1 - E*(f) = (a/dK) (1 - (d_/a)) = (a-d) /dK

Note that this is the same as the corresponding formula by Galiano
(1967a) in Section 6.2.1, if the above substitutions are made. How-
ever, this formula is substantially simpler because j = d(1 - (d/a)).

As has been mentioned above, if a/d < 1, one can deploy only
area defense missiles and the entire set of targets can be saved.
Furthermore, if a/d = K, ali area defense missiles should be used;
the expected fraction of targets destroyed is then 1 - (d/a). It is
interesting that it is necessary to mix area and local missiles only
in some middle range for a/d. The reason for this fact is that when
a is large the defense cannot afford to give up the greater efficiency
of area missiles, and if a is small the defense doesn't need local
missiles anyway. Note, however, that in the latter case, one could
also use a mixture of area and local missiles and still save all the
targets defended.

6.3.2 A Model in Which the Offense Arrival QOrder is Random

The area defense strategy for area missiles (random arrivats),
pertaining to case 2, is considered next. The defense has d-j area
missiles per target (averaged over the original set of targets) and
jK local missiles. The defense attacks offensive weapons in the
order of their arrival, first using area missiles; when this part of
his stockpile is exhausted, he uses local missiles. The area mis-
siles are assigned in ignorance of the targets the weapons are aimed
at; each local missile defends its assigned target against an offens-
ive weapon directed against it. The offense attacks a fraction

a/(a-.i) of the targets in the set with (a+i) weapons apiece, 1=0,1,2,... .

Weapon arrivals are random with respect to the targets the weapons
are directed against.

If the defense mixes area and local missiles according to
strategy j and the offense attacks a fraction a/(a+i) of the targets,
the expected fraction of targets destroyed can be derived with the
aid of the hypergeometric probability density function:
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C _ .
=g 30 () (#320)/(i)

where T is the number of targets and C is the minimum of T(d-j)
and (a+i) - (jK+1). Besides being tedious to compute, this expres-
sion contains the additional variable T. If one is willing to assume
that the number of offensive weapons to be engaged by local missiles
at the ith target is independent of the number of offensive weapons
to be engaged by local missiles at the jth target, then a binomial
argument can be used to derive E(f).

The probability that an offensive weapon is intercepted by an
area missile is (d-j) /a; if there are (a+i) weapons aimed at an at-
tacked target, the probability that exactly m are intercepted by area
missiles is approximated by

o _om _i\a+i-m
Po- (R -5

(Recall that d < a has been assumed, so that the above is meaning-
ful for any 0 = j = d.) In order for the target to be saved, there
must be jK or fewer of the (a+i) weapons that wcre not intercepted;
that is, a +i-m=< jK, or m=a +1 - jK. Thus, the probability
that a random target is destroyed is equal to the summation of
binomial terms:

T

a+i-jK-1

_a
P_a+i Z Pm'

m=0

Again using the independence argument above, P is equated to
1 - E(f). This approximation is likely to be a very good one as long
as T is large.

The offense can choose i after observing the defensive choice
of j; therefore, the goal of the defense is to choose j so that the
maximum damage the offense can do is minimized. In other words,
one must find those strategies i and j yielding

1 - E*(D = min min(1 - E(D)
] 1

e e e .

Unfortunately, there is no simple analytic solution to this problem;
one must directly search the matrix of E(f), viewed as a function of
iandj.

Table 1, on the next page, may give the reader some insight
into the behavior of the optimum 1 and j and the corresponding
E*(f) for moderate values of a, d and K.
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TABLE 1 E

OPTIMUM STRATEGIES AND THE EXPECTED 3
FRACTION OF TARGETS DESTROYED =

d=2 d=2 d=2 3
a=3 a=-4 a=>5 =

K E*Di § K E*(Hi j K E<H i
1 704 0 0 1 .9370 0 1 .9900 0 -4
2 474 2 1 2 1380 1 2 942 0 1 &
3 3544 1 3 5542 1 3 714 2 2 3
5 2728 2 5 3647 2 5 4556 2 3
d=4 d=4 d=4 d=4 E
a=>5 a==6 a=8 a =12

K E*() i j K E<D i j KEOH i j K EYfi j
4

1 6630 1 1 .8910 1 1 - - - 1 - - -« 2
2 4175 2 2 5584 3 2 8071 3 2 - - - =
3 3049 2 3 3998 3 3 5735 3 3 923 1 4 g
5 200 18 2 5 .256 16 3 5 .366 13 3 5 571 9 4 3
d-8 d-8 d=8 d-8 E
a=9 a=10 a=12 a=16 3

K Ex(f) i j K E4(f) i j K Ex(O i j K Ex(D) i j ?
1 620 1 1 .8280 3 1. - - - 1 - - - 3
14 475 5 2 1% 6074 4 1° - - - 1% - - -
2° 385 102 2 4818 4 2 6236 6 2 .868 2 7
3 279 193 3 341175 3 .435 157 3 .603 10 7
5 .183 36 5 5 .217346 5 272317 5 .375 26 7 .
d-16 d-16 d =16 d-16 -
a=1"7 a=18 a =20 a-24 %

K Ex(f) i j K E*D i j K E*( i j K E*(H i j :
1 6051 1 1 %690 4 1 - - - 1 - - -
1: 540 5 2 1, .650 4 4 1. 799 2 8 1! - - -
11 458 10 2 1) 564 9 4 1= 682 7 10 1' .870 3 14
2° 371 203 2 .440 18 6 2 .530 15 11 2 .670 11 14 E
3 .268 38 4 3 312357 3 .368 32 12 3 .450 27 14
5 173 73 5 5 .197 68 8 5 .229 64 14 5 .283 59 14 3
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From this table, one can conclude that the offense strategy i
is approximated by dK - a + 1; however,as d — o, K-« and a - d,
the errors in this formula become substantial (for example, when
d =16, a =17 and K = 5, i is predicted to be 64 but is actually 73).
If a > 3d/2,the defense strategy j is approximated by d-1, regard-
less of the value of K. These rules of thumb are helpful in narrow-
ing the area of search in the E(f) matrix,

6.3.3 A Model in Which the Offense Can Control His Arrival Order

The area defense strategy for area missiles (controlled ar-
rivals), pertaining to case 3, is the final model to be discussed in
this section. The defense has d-j area missiles per target (aver-
aged over the original set of targets) and jK local missiles. The
defense attacks otfensive weapons in the order of their arrival,
first using area missiles; when this part of his stockpile is ex-
hausted, he uses local missiles. The area missiles are assigned in
ignorance of the targets the weapons are aimed at; each local mis-
sile defends its assigned target against an offensive weapon directed
against it. The offense attacks a fraction a/(a+i) of the target,
i=0,1,2,... . The key difference between this model and the one
analyzed previously is that the offense can control the order of ar-
rival of his weapons on targets.

The offense exhausts the area missile stockpile with the first
(d-j)T weapon arrivals, and then attacks as many targets as possible
with (jK+1) weapons apiece. If a is sufficiently large the offense can
choose i = 0 and destroy all the targets. If not, he selects i to satisfy
the foliowing equation:

d-j+%(jK+1}=a.

From these two cases one has

i= max(O, :(_jlé%,) - a)

The expected fraction of targets destroyed by the optimal at-
tack is

E(f) = a/(a+i) = min (1, e_j-fd _1+_J>

It is easily seen that (a-d+j)/(jK+1) is a monotone function of j for
j = 0, so that the minimum of the function is assumed at either j =0
or j =d. Thus,

min max E(f) = min(1, a-d, a/(dK+1) ) .
o |
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(Recall that a > d.) It is interesting that if a - d - a/(dK-1), so that
a - d = 17K, then any choice of j is optimal. Otherwise (unless the

above minimax is 1 and no defense is possible) the optimal defense
is one of the two extremes: all local or all area missiles, accord-

ing to the inequalities (1/K) > (a-d) and (1/K) < (a-d).

6.3.4 A Comparison of Models

It is interesting to calculate the expected fraction of targets
destroyed as a function of the effectiveness of the area missiles,
under the assunmption that the optimum mix of local and area mis-
siles is used. Leta =4,d =3 and K = 2.

1. Defense-last-move strategy for area missiles: the de-

fense allocates d2 ‘a = 9/4 area missiles and 6,4 local

missiles per target, the offense attacks a fraction

a/dK = 2/3 of the targets, and the expected fraction of
targets lost is 1/6. The nearest integer solution is to
allocate two area and two local missiles per target: the
offense attacks a fraction 0.586 of the targets and the ex-
pected fraction lost is 0.171.

2. Area defense strategy for area missiles (random arrivals):
the defense allocates two area and two local missiles per
target, the offense attacks 4/7 of the targets with 7 weapons
apiece, and the expected fraction of targets lost is 0.442.

3. Area defense strategy for area missiles (controlled ar-
rivals): the defense allocates no area and six local mis-
siles per target, the offense attacks 4/7 of the targets
with 7 weapons apiece, and the expected fraction of tar-
gets lost is 4/7 = 0.572.

Note that under typical conditions, the defense can achieve
the same results as those of case 2, even if the offense can control
the order of his arrivals, by allocating his d-j area missiles at
random among the a arriving weapons. This is an attacker-oriented
defense such as discussed in Section 4.6.2. and of course can be
applied only if no physical limitation precludes it.

6.3.5 An Allocation Model for Targets of Unequal Value

This subsection generalizes two of the models discussed
earlier to targets of different values. Assume that one has a set of
T point targets with values v, = vo = ... = Vq, wWhere Zv, = V.

These targets can be defended by area missiles with a kill-probability
of py, Or local missiles with a kill-probability of py- The defense

uses a shoot-look-shoot strategy; if a missile {ails, it is renlaced
by another one. Each area missile is the economic equivalent of K
local missiles. Area missiles can defend any target but cannot
distinguish which targets the offensive weapons are aimed at. As
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each offensive weapon arrives, area missiles are launched at it un-
til it is destroyed or the stockpile of area missiles is exhausted.
Only when no arca missiles remain are local missiles employed.

If a weapon is not intercepted, it destroys the target at which it has
been aimed.

The defense has a budget which allows him to purchase Td
area missiles, T(d-1) area missiles and KT local missiles, ..., or
KdT local missiles. The offense has a stockpile of unspecified size,
and wishes to allocate weapons so as to miinimize his cost in terms
of weapons expended per unit of value destroyed. The offense is
assumed to have complete control over the arrival sequence of the
attack.

It is not difficult to show that all targets above a certain mini-
mum value should be defended. If the defense elects to place local
missiles at a target, he should place a number of missiles propor-

tional to the value of the target: dm =fv ,m=12,...,i. (This

vives fractional allocations in general; however, one can also give
a search technique leading to integral allocations.) The defense
strategy then consists of two decisions only: the value of {, and the
choice of i. The sum of dm over the defended targets determines
the number of local missiles used; the remainder of the defense
stockpile is then invested in area missiles.

The offense employs a strategy based upon defensive stockpile
exhaustion. Assume that the defense has allocated T(d-j) missiles
to area defense, and is defending targets ViVoy - eV with

i
dl’d2’ . ..,d.1 local missiles, where (11 n d2 PR di = jKT. The
offense first allocates pAT(d—j) weapons (on the average) to exhaust
the area defense missiles using a shoot-look-shoot doctrine; then
he allocates pLdm weapons to the target of value Vi (if he has de-

cided to attack this target at all) in order to exhaust the local de-
fense missiles: finallv he allocates one weapon apiece to each tar-
get with no local defense and each target with an exhausted local

defense.

What are the optimum defense and offense strategies? 1t is
possible to prove that the optimum defense strategy takes one of

two forms:
1. 1If Py = KpL, use area missiles exclusively.

2. I p, 7 KpL, use a mixture of area and local missiles.

The number Td of targets to be defended by local missiles

is that value of i which maximizes the following
expression:
'r( padel) - i

V- (1= (pg/Kpp ) (vysvgs . oovp)
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Let Vi denote the total value of the Td locally defended
targets. The value of {is found from the cquation

f=C(Ty)/ng

Once f is determined, the total number of local missiles
is given by de and the number of area missiles is given

by Td - 1‘\"(1. K.
The offense strategies are simple. If N KpI-’ attacit all targets
in the set. If P < KpL, either atlack all targets in the set, or at-

tack all targets not defended by iccal missiles: the payvoff is the
fame in either case. The number of weapons cxpended por unit of

value destroved is given by C(Td‘.-.

6.4 OFFENSE AND DEFENSE STRATEGIES FOR A GROUP OF

AREA TARGETS

The mathematical models introduced in this chapter and the
two preceding ones have been designed specifically for point tar-
gets, that is, [or targets of smali size relative to the lethal radius
of an offensive weapon. It is easy to specify a damage model for
point targets: if a single weapon destroys the target with proba-
bility p, a group of n weapons independently directed at the target

destroys it with probability 1 - (l-p)n. Unfortunately, the corres-
ponding damage law for an area target is niuch more difficult to
specify in a simple form. In Chapter 2, the e..pected damage to a
Gaussian target {or to a uniform-valued circular target) by n
weapons having a cookie-cutter damage function is presented in the
form of an integral which cannot be anaiytically evaluated. Conse-
quently, it appears quite difficult to derive offensive and defensive
allocation models for multiple area targets analogous to the models
for multiple point targets given in Chapters 4 and 5. Very little
research has been carried out on this problem.

Can a simple analytic approximate damayge law be postulated

for area targets? In Chapter 2, the square root damage law for un-
defended Gaussian tarcats can be derived if one assumes that

1. the number of offensive weapouns, n, approaches infinity
and the lethal radius, R, of each weapon approaches czero

in such a way that 111{2 = ¢, and

2. the probability density function 2f weapon impact points
is not Gaussian but optimum,

Although the square roct damage law becomes less plausible for
defended Gaussian targets, it may be a useful approximation. In
particular, it secms reasonahle when the defense is unable to
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determine the aimpoints of individual weapons before committing
missiles to them. Assume that the ith target in a defended group has
value v;, distributed according to a circular Gaussian value density

fuaction with variance 0%. Using the square root damage law, it is

easy to construct a function specifying the expected value saved at
the ith target if it i5 attacked by a, offensive weapons and has d.1

missiles (each with perfect reliability) assigned to its defense. If
a. >d.
i 1’

E(L,a;d; ) = v (1 * (ai'di)l/z Rf’“T) exp (‘ (a-9;) 12 R"/°T> ‘
if a; = d,,
E(ia,d ) =v; .

Assuming that the offense has the last move, the optimum offense
and defense strategies for a group of targets of different values can
be derived by the heuristic methods of Pugh (1964) discussed in
Chapter 5. The details of this procedure can be found in Goodrich
(1968), It wowld be of interest to generalize Goodrich's allocation
model to defensive missiles with reliability less than unity.

Note thac this model assumes that, when a; > di’ weapons are
intercepted at random in the original attack of size a,. If the de-

fense can determine where each weapon will impact on the target
before committing a defensive missile to it, it should be possible

to design an improved defense (perhaps one that defends a sub-
region of the target and abandons the rest). Defense models of area
targets iaking advantage of impact point information remain to be
investigated.

Under certain circumstances, generalized area target models
can be handled approximately Ly the methods of Chapters 4 and 5.

6.5 SUMMARY

This chapter attempts to model the offense~defense problem
in more realistic detail than was considered in the previous two
chapters. Specifically, two important defense problems are modeled:
the vulnerability of the defense system itself 1o attack, and the al-
location of high-cost area missiles and low-cost local missiles to
the defense of a group of identical targets. Models of hoth types
are widely scattered through both the unclassified and classified
literature, principally in government and defense contractor reports,
and the object of this chapter is more to call the readers’ attention
to the range of problems involved than to survey systematically the
state of the art.

S




Lo

6.5 ' C 241

In general, analytic solutions appear impossible to obtain ex-
cept in situations so simplified that nearly all realism is gone;
simulation is usually required. However, simulation is also unsatis-
factory because the extremely large number of variables needed to
characterize the model makes sensitivity analyses and exploration
of alternatives tedious. At the end of the chapter, the question of
finding offense and defense strategies for area targets (not specifi-
cally considered since Chapter 2) is raised.
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